
Chin. Phys. B Vol. 22, No. 1 (2013) 010501

Effects of non-Gaussian noise on a calcium oscillation system∗
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We investigate the effects of the non-Gaussian colored noise on a calcium oscillation system using stochastic sim-
ulation methods. It is found that the reciprocal coefficient of variance R has a maximum (Rmax) with increasing noise
intensity Q. The non-Gaussian noise parameter q has an important effect on the system. For some values of q (e.g., q = 0.9,
q = 1.0), R has a maximum with increasing correlation time τ . Non-Gaussian noise induced spikes are more regular than
Gaussian noise induced spikes when q is small and Q has large values. The R has a maximum with increasing q. Therefore,
non-Gaussian noise could play more effective roles in the calcium oscillation system.
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1. Introduction

In recent years, the constructive roles of noise in nonlin-
ear systems have been widely investigated in many fields.[1–6]

One of the important effects is the stochastic resonance (SR)
phenomenon, which shows that noise can help us detect and
amplify weak external signals.[7,8] The concept of SR was
first proposed to explain the periodic oscillation of the earth’s
ice age.[9] The SR has been investigated in physics,[10–12]

chemical reactions,[13,14] biological systems,[15–17] neuron
systems,[18–21] and so on. In the early studies, it was believed
that the occurrence of SR needed three necessary conditions: a
nonlinear system, an external periodic signal, and environment
noise. However, with the progress of the studies, it has been
shown that the output of a nonlinear system becomes more co-
herent at an intermediate noise intensity even in the absence
of the periodic signal input. This phenomenon is termed the
coherence resonance (CR).[22–24]

It is known that noise is unavoidable in a biochemi-
cal reaction system, and some previous studies have demon-
strated that the CR phenomenon can be induced by noise.
In 1997, Pikovsky et al.[22] studied the CR phenomenon in a
noise driven excitable FitzHugh–Nagumo system. Hu et al.[25]

found the CR phenomenon in a system when the asymptotic
state of the deterministic system is stationary. We know that
Ca2+ is involved in many cellular functions, such as muscle
contraction, sensory perception, bursting oscillations, and the
injury of brain tissue. A lot of work has shown that intracel-
lular Ca2+ is one of the most important second messengers in
the cytosol of living cells. Ca2+ oscillations play an impor-
tant role in the control of many cellular processes[26,27] and

regulate a series of biological events including gene transcrip-
tion, protein synthesis, and protein degradation. So the studies
of the effects of noise on Ca2+ oscillations are important to
reveal the essence of cellular living processes. In 2005, Li
et al.[28] studied the internal noise SR phenomenon for intra-
cellular calcium oscillations in a cell system and found that
stochastic calcium oscillations appear when the internal noise
is considered, while the deterministic model only yields steady
states. Li et al.[29] studied noise induced SR in a Ca2+ oscil-
lation system with both implicit and explicit internal signals
based on the model proposed by Li and Rinzel,[30] and they
found that noise can induce both implicit and explicit inter-
nal signal stochastic resonances and observed the internal sig-
nal stochastic bi-resonance. In 2009, Yu et al.[18] studied a
calcium oscillation model simultaneously driven by external
noise and internal noise using the chemical Langevin equation
method and found that the internal noise CR can be suppressed
by the external noise when the extracellular stimulation is sub-
threshold.

In most of the previous analysis about CR (or SR) phe-
nomenon in Ca2+ oscillation systems, the fluctuations were
assumed to be the Gaussian noise. Some experimental and
theoretical results for one kind of crayfish and for rat skin of-
fered strong indications that there could be non-Gaussian noise
sources in those sensory systems.[31–34] Thus, stochastic sys-
tems with non-Gaussian noise need to be investigated. In the
present article, we investigate the influence of non-Gaussian
noise on a calcium oscillation system. In Section 2, the deter-
ministic model is introduced, and then the stochastic model
driven by non-Gaussian noise is derived. In Section 3, we
study the effects of non-Gaussian noise on the system and find
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the CR phenomenon. In Section 4, we give the conclusion.

2. Models and equations
There are a number of models for Ca2+ oscillations, all

of which show a great deal of fundamental similarity. The
model used in the present article describes the dynamics of
Ca2+ in a single cell of rat hepatocytes, which was proposed
by Höfer[35,36] and Cracheva.[37] If the noise is ignored, the
time evolution of the species is governed by the following
macroscopic kinetics:

dx
dt

= ρ

[
ν0 +νc

p
k0 + p

−ν4
x2

k2
4 + x2

+
αkr(x, p)

β
(z− (1+β )x)−αν3

x2

k2
3 + x2

]
, (1)

dz
dt

= ρ

(
ν0 +νc

p
k0 + p

−ν4
x2

k2
4 + x2

)
, (2)

kr(x, p) = k1

{
d2(d1 + p)px

(dp + p)(da + x)[d2(d1 + p)+ x(d3 + p)]

}3

+ k2, (3)

where x and z represent the concentrations of cytosolic Ca2+

and the total Ca2+ in the cell; the structural parameters are
α = 2.0 L·µmol−1, β = 0.1 L·µmol−1, ρ = 0.2 L·µmol−1;
ν0 = 0.2 µmol−1·L−1·s−1 describes a calcium leakage from
the background; νc = 4.0 µmol·L−1·s−1 is the maximum rate
of IP3 (inositol 1, 4, 5-trisposphate) induced calcium forma-
tion (influx); ν3 = 9.0 µmol·L−1·s−1 is the maximum rate
of endoplasmic reticulum (ER) uptake of calcium from the
cytosol; and ν4 = 3.6 µmol·L−1·s−1 is the maximum rate
of calcium extrusion through the plasma membrane. The
other parameters are k0 = 4.0 µmol·L−1, k2 = 0.02 s−1, k3 =

0.12 µmol·L−1, k4 = 0.12 µmol·L−1, d1 = 0.3 µmol·L−1,
d2 = 0.4 µmol·L−1, d3 = 0.2 µmol·L−1, dp = 0.2 µmol·L−1,
da = 0.4 µmol·L−1.

The p is the concentration of IP3. When p is viewed as the
control parameter, the bifurcation diagram is shown in Fig. 1,
and the two bifurcation points appear at p = 1.450 µmol·L−1

and p = 8.892 µmol·L−1. The kr(x, p) is the IP3R (IP3 recep-
tor) release function and describes the gating kinetics of the
IP3 receptor. In the absence of noise, the system is in the sta-
ble steady state at p0 = 1.40 µmol·L−1. To study the effects
of noise on this system, we apply the non-Gaussian noise to
parameter p, so p = p0+ξ (t), where ξ (t) is the non-Gaussian
noise. For ξ (t), we have

dξ (t)
dt

=−1
τ

d
dξ

Vq(ξ )+

√
2Q
τ

Γ (t), (4)

where the generalized potential is

Vq(ξ ) =
Q
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τ

Q
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ξ 2

2

]
, (5)

Γ (t) is the Gaussian white noise with 〈Γ (t)〉 = 0 and
〈Γ (t)Γ (t ′)〉 = δ(t − t ′), Q and τ are the noise intensity and
the correlation time, respectively, and q stands for the depar-
ture from the Gaussian behavior. In the limit of q→ 1, the
process ξ (t) coincides with the Gaussian colored noise with
self-correlation time τ . If q 6= 1, it is a non-Gaussian noise
term. The theoretical analysis shows that the stationary prob-
ability distribution has the form

Pst
q (ξ ) =

1
Zq

[
1+

τ

Q
(Q−1)

ξ 2

2

] 1
1−q

, (6)

where Zq is the normalization factor. This distribution can be
normalized solely for q < 3. The first moment is always equal
to zero, 〈ξ 〉= 0, and the second moment 〈ξ 2〉= 2Q/[τ(5−3q]
is finite solely for q < 5/3. So the value of q will be restrained
as q < 5/3 in our simulations.
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Fig. 1. Schematic bifurcation diagram for the deterministic dy-
namics. The Hopf bifurcation points are p = 1.450 µmol·L−1 and
p = 8.892 µmol·L−1.

3. Results and discussion
In order to give a simple and clear analysis about the noise

near the bifurcation point, we have investigated the CR phe-
nomenon induced by the non-Gaussian noise. Equations (1)
and (7) are integrated by using a simple forward Eular[1] al-
gorithm with a fixed time step of ∆t = 0.05 s. In each calcu-
lation, the time evolution of the system lasts 1000 min after
the transient behavior is discarded. It is found that the non-
Gaussian noise can induce calcium spikes, and the regularity
of the spikes is different at different noise intensity and corre-
lation time. To measure the regularity of the spikes, we intro-
duce the reciprocal coefficient of variance

R =
〈T 〉√

〈T 2〉−〈T 〉2
, (7)

where T denotes the inter-spike intervals.[38] The R is a mea-
sure of the inter-spike interval regularity, represents the de-
gree of CR, and is similar to the signal-to-noise (SNR) (see
Refs. [25] and [39] for detailed description of the SNR).
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The dependence of R on the noise intensity Q for differ-
ent deviation parameters q is plotted in Fig. 2. It is found that
there exists a peak in the R–Q curve, which means that the CR
phenomenon occurs. The maximum (Rmax) position occurs at
about Q= 0.1 for different values of q; and the smaller q is, the
larger Rmax is. We also find that R decreases with increasing
q at large Q (e.g., Q = 0.1 or Q = 0.15). When q is small and
Q is large, non-Gaussian noise induced spikes are more reg-
ular than Gaussian noise (non-Gaussian noise coincides with
Gaussian colored noise at q = 1.0) induced spikes.

0 0.05 0.10 0.15 0.20
0

1

2

3

4

5

6

7

Q

R

 

q=0.8

q=0.9

q=1.0

q=1.1

q=1.2

Fig. 2. The R as a function of noise intensity Q for different values
of q at τ = 2.8.

In Fig. 3, R as a function of the correlation time τ for dif-
ferent values of q is plotted. It shows that for some values of q
(e.g., q = 0.9, q = 1.0), R has a maximum. In Fig. 3, we also
find that R increases with the increasing τ at 2 ≤ τ ≤ 4. But
as τ becomes larger (τ ≥ 4), there is almost no change for R
when τ changes. In Fig. 3, at 1≤ τ ≤ 5, R value for q = 0.8 is
larger than that for q = 1.1 or q = 0.7 , which implies that the
R–q curve should have a peak.

0 1 2 3 4 5
0

1

2

3

4

5

6

7

8

t

R

 

 

q=1.1

q=1.0

q=0.9

q=0.8

q=0.7

Fig. 3. The R as a function of correlation time τ for different values
of q at Q = 0.1.

In Fig. 4, R as a function of the departure q for fixed
τ = 2.8 and different Q is plotted. It is clear that R has a

maximum with increasing values of q. This phenomenon is
in agreement with the result in Fig. 3. We also find that for
some values of Q (e.g., Q = 0.075 , Q = 0.1, and Q = 0.125),
the position of Rmax is at about q= 0.85 but not at q= 1, which
means that an appropriate departure q of non-Gaussian noise
can enhance the optimal CR phenomenon.

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
0

1

2

3

4

5

6

7

q
R

 

 

Q=0.05

Q=0.075

Q=0.1

Q=0.125

Q=0.5

Fig. 4. The R as a function of departure q for different values of Q
at τ = 2.8.

4. Conclusion
In this paper, we have studied the effects of the non-

Gaussian noise on a calcium oscillation system. It is found
that the reciprocal coefficient of variance R has a maximum
with increasing noise intensity Q. For some values of q (e.g.,
q = 0.9, q = 1.0), there exists a peak in the R–τ curve. The
R increases with increasing τ at 2 ≤ τ ≤ 4. But when τ has
a large value (τ ≥ 4), there is almost no change in R when
τ changes. We find that an appropriate departure q of non-
Gaussian noise can enhance the optimal CR phenomenon.
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