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Exciton transfer dynamics in a trimer system∗
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We study exciton transfer dynamics in a trimer system by investigating excitation transfer probability (ETP). We
calculate ETP in the zero-temperature limit and theoretically predict the environment-assisted quantum critical effect, in
which ETP exhibits a sudden change at the critical point of quantum phase transition for the trimer. In particular, we find
that the steady-state ETP can be observed in the presence of the environment interaction.
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1. Introduction
Excitation energy transfer (EET) in natural and artificial

photosynthetic systems has attracted much attention in the
communities of not only physics and chemistry, but also en-
ergy resources.[1–4] Light-harvesting complexes in the photo-
synthetic process can capture the available light energy and
transmit the resultant excitation energy to a reaction center at
nearly unit efficiency. The highly efficient EET has inspired
much work to uncover the basic mechanisms behind the per-
fect energy transfer.[5–10] Understanding the working principle
of such a process and finding artificial analogs of natural light-
harvesting complexes are immensely valuable for both funda-
mental research and practical applications.

Usually, the excitation transfer in photosynthetic systems
is a very complicated physical process. However, all essential
features can be illustrated by the use of dimer and trimer mod-
els which consist of monomeric chlorophylls (Chls).[11] The
dimer model has been widely employed to study the coherent
energy transfer in the photosynthetic systems.[12–19] A trimer
system containing three monomeric Chls can form a simple
light-harvesting complex under certain conditions. The exten-
sion of the dimer model to the trimer one allows one to study
some relatively complicated photosynthetic complexes.

Quantum phase transition (QPT)[20] is a quantum critical
phenomenon which occurs at zero temperature and is driven
only by quantum fluctuation. It is shown that near the quan-
tum critical point, a QPT system possesses ultrasensitivity.[21]

An issue of considerable interest is whether the EET develops
special features in the vicinity of the quantum critical point for
the light-harvesting complexes. For instance, the basic unit
cell in the LH2 light-harvesting complex[22] is a chromophore

trimer.
In this paper, we are going to study the exciton transfer

dynamics in a trimer system, and investigate the influence of
QPT on the exciton transfer and the role of dephasing. We
will show that the QPT can sensitively affect the exciton trans-
fer probability (ETP) in the vicinity of the critical point of the
QPT, leading to the environment-assisted quantum critical ef-
fect (QCE), in which exciton energy transfer exhibits a sudden
change at the critical point of the QPT. It will be shown that
due to the dephasing interaction between the system and its
environment, a steady-state probability of exciton transfer can
be observed.

2. Model and quantum master equation
The physical system under consideration is a trimer sys-

tem shown in Fig. 1. It consists of two dimerized acceptors (A1

and A2) and one donor (D) which are modeled by three two-
level systems. A single exciton transfer is from the donor to
the acceptors. We shall deal with just one exciton in the trimer
system interacting with three independent phonon baths. The
Hamiltonian of the total system then consists of three parts
(with h̄ = 1)

H = HS +HSB +HB. (1)

The system part is

HS =
3

∑
m=1

εm |m〉〈m|+
3

∑
m>n

Jmn(|m〉〈n|+ |n〉〈m|), (2)

where the site basis state |m〉 denotes the state in which only
the m-th site is excited and all other sites are in their ground
states (i.e., |1〉= |100〉, |2〉= |010〉, |3〉= |001〉), and εm is the
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relative site energy. In the presence of interaction Jmn, a sta-
tionary single-excitation state should be delocalized and com-
posed of a combination of the site basis states.
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Fig. 1. (color online) Schematic diagram of the trimer model under con-
sideration, which consists of a pair of acceptors and a donor immersed
in three independent heat baths. A single exciton is transferred from the
donor to the acceptors.

Here, we assume ε1 = ε2 = ε , ε3 = ε , J12 = J0 > 0,
J13 = J23 = J, and an identical environment at every site.
Under these assumptions, we can obtain the following three
eigenstates of HS:

|λ1〉=
|2〉− |1〉√

2
, |λ2,3〉= α± |1〉+α± |2〉±

√
2α∓ |3〉 , (3)

where the two superposition parameters α± are given by

α± =
1
2

[
1± ∆ε + J0√

(∆ε + J0)2 +8J2

]1/2

, (4)

and the site-energy detuning between a donor and an acceptor
∆ε is defined as ∆ε = ε − ε . The corresponding eigenergies
are given by

λ1 = ε− J0, λ2,3 =
1
2

[
ε + ε + J0±

√
(∆ε + J0)2 +8J2

]
. (5)

We now consider the ground-state structure of the trimer
system, which depends on the energy-level structure of the
system. In order to do so, we introduce a critical parameter
∆εc = (J2

0 − J2)/J0. From Eqs. (3) and (5), we can see that
|λ2〉 is the eigenstate with the highest energy level. When
∆ε > ∆εc, we have λ1 > λ3, which implies that the eigen-
state |λ3〉 is the ground state of the trimer system described by
HS. When ∆ε < ∆εc, we have λ1 < λ3, which implies that the
eigenstate |λ1〉 is the ground state of the trimer system. When
∆ε = ∆εc, we have λ1 = λ3, which implies that |λ1〉 and |λ3〉
are two degenerate ground states of the trimer system. Hence,
there exists a QPT in the trimer system under consideration,
and the site-energy detuning ∆ε is a parameter controlling the
QPT. The ∆ε = ∆εc is the critical point of the QPT.

In Eq. (1), HB is the Hamiltonian of the heat baths of the
system, which can be modeled as a harmonic-oscillator heat
bath with the following Hamiltonian:

HB = ∑
m, j

ωm, jb
†
m, jbm, j, (6)

where the sum is over all phonon modes at each site, and
bm, j (b

†
m, j) is the annihilation (creation) operator of the j-th

harmonic oscillator with frequency ω j of the environment for
the m-th chromophore.

In Eq. (1), HSB describes the dephasing interaction be-
tween the trimer system and the heat baths, it reads

HSB = ∑
m, j

gm, j(b
†
m, j +bm, j) |m〉〈m| , (7)

where each site is separately interacting with a set of phonon
modes indicated by sub-index m, and gm, j describes the cou-
pling strength of the m-th site to its environment. In this form,
there is no energy exchange between the system and the heat
baths.

In the zero-temperature limit, the state evolution of the
trimer in the Born–Markov approximation can be described
by the quantum master equation[13,23]

ρ̇S = −i[HS,ρS]

+
1
2 ∑
(i, j)

[Γi j(2σ jiρSσi j−σiiρS−ρSσii)

+Γji(2σi jρSσ ji−σ j jρS−ρSσ j j)] , (8)

where σnm (m,n = 1,2,3) are the project operators in the
eigenstate-representation defined by σnm ≡ |λn〉〈λm|, and the
summation parameters (i, j) in Eq. (8) can take (i, j) =

(1,2),(1,3),(2,3). The effective decoherence rates Γi j can be
expressed in terms of the decoherence rate as

Γ12 = |α+|2γ(ω12), Γ21 = |α+|2γ(ω21),

Γ13 = |α−|2γ(ω13), Γ31 = |α−|2γ(ω31),

Γ23 = 6|α+α−|2γ(ω23), Γ32 = 6|α+α−|2γ(ω32), (9)

where ωi j = λi−λ j, and the decoherence rate γ(ω)= 2πJ(ω).
Here, we assume an Ohmic spectral density with J(ω) = 0
for ω < 0 and J(ω) = (λR/ωc)ω exp(−ω/ωc) elsewhere,
where ωc is the cutoff frequency, and λR is the strength of
the system–bath coupling.

Furthermore, from Eq. (9) we have Γi j = 0 if ωi j < 0.
Thus the solutions of the Eq. (8) may be different according
to two different regimes of the site-energy detuning: ∆ε > ∆εc

and ∆ε ≤ ∆εc, which correspond to the site-energy detuning
∆ε being in the right-hand-side and the left-hand-side regimes
of the critical point of the QPT, respectively.
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3. Exciton transfer dynamics
In this section, we will investigate exciton transfer dy-

namics by calculating the ETP in the trimer system for two
different regimes of site-energy detuning (∆ε > ∆εc and ∆ε <

∆εc) respectively.
We assume that at time t = 0 the excitation is initially

in the donor site D. Then we have ρ33(0) = 1. In the eigen-
state representation of HS, we have 〈σ11(0)〉 = 0,〈σ22(0)〉 =
2 |β |2 ,〈σ33(0)〉 = 2 |α|2 , and 〈σ23(0)〉 = −2 |αβ |, where
〈σmn(t)〉 = TrS[ρS(t)σmn]. The ETP from the donor site D to
acceptor sites A1 and site A2 is given by

P3→(1,2)(t) = 1−ρ33(t), (10)

where ρ33(t) is the population of the exciton at the donor site
D, and can be expressed in the eigenstate representation as

ρ33(t) = 2 |β |2 〈σ22(t)〉+2 |α|2 〈σ33(t)〉
−4 |αβ |Re[〈σ23(t)〉]. (11)

3.1. ETP in the regime of ∆ε > ∆εc∆ε > ∆εc∆ε > ∆εc

In this case, the site-energy detuning takes its values in
the right-hand-side regime of the QPT point ∆ε = ∆εc, and
|λ3〉 is the ground state with λ2 > λ1 > λ3. The solutions of
Eq. (8) for elements 〈σmn(t)〉 can be obtained as

〈σ11(t)〉 = e−Γ13t 〈σ11(0)〉+A (t)〈σ22(0)〉 ,
〈σ22(t)〉 = e−(Γ21+Γ23)t 〈σ22(0)〉 ,
〈σ33(t)〉 = B(t)〈σ11(0)〉+C (t)〈σ22(0)〉+ 〈σ33(0)〉 ,
〈σ32(t)〉 = e−iω32t e−

1
2 [Γ21+Γ23]t 〈σ32(0)〉 , (12)

where the three time-dependent coefficients are given by

A (t) =
Γ21

Γ21 +Γ23−Γ13

[
e−Γ13t − e−(Γ21+Γ23)t

]
,

B(t) = 1− e−Γ13t ,

C (t) = 1− Γ21 e−Γ13t +(Γ23−Γ13)e−(Γ21+Γ23)t

Γ21 +Γ23−Γ13
. (13)

Substituting the above solutions into Eq. (10), from Eq. (11)
we can obtain the transition probability

P3→(1,2)(t) = 1−2 |α+|2 +
4 |α+α−|2 Γ21

Γ21 +Γ23−Γ13
e−Γ13t

−4 |α−|2
[
|α−|2 +

|α+|2 (Γ13−Γ23)

Γ21 +Γ23−Γ13

]
e−(Γ21+Γ23)t

−8 |α+α−|2 cos(ω23t)e−
1
2 (Γ21+Γ23)t . (14)

We now consider the long-time behaviors of transition
probability for the trimer system in the pure dephasing case.
When the evolution time approaches infinity, from Eqs. (4)
and (14), we have

P3→(1,2)(∞) =
1
2
− ∆ε + J0√

(∆ε + J0)2 +8J2
, (15)

which implies that there may exist a nonzero stable ETP that
depends on the detuning ∆ε and the site-site couplings J0 and
J.

3.2. ETP in the regime of ∆ε < ∆εc∆ε < ∆εc∆ε < ∆εc

In this case, the ground state of the trimer system is |λ1〉
due to λ2 > λ3 > λ1, and the solutions of Eq. (8) for elements
〈σmn(t)〉 are

〈σ11(t)〉 = 〈σ11(0)〉+D(t)〈σ22(0)〉+E (t)〈σ33(0)〉 ,
〈σ22(t)〉 = e−(Γ21+Γ23)t 〈σ22(0)〉 ,
〈σ33(t)〉 = e−Γ31t 〈σ33(0)〉+F (t)〈σ22(0)〉 ,
〈σ32(t)〉 = e−iω32t e−

1
2 [Γ21+Γ23+Γ31]t 〈σ32(0)〉 , (16)

where the three time-dependent coefficients are given by

D(t) = 1− Γ23 e−Γ31t +(Γ21−Γ31)e−(Γ21+Γ23)t

Γ21 +Γ23−Γ31
,

E (t) = 1− e−Γ31t ,

F (t) =
Γ23

Γ21 +Γ23−Γ31

[
e−Γ31t − e−(Γ21+Γ23)t

]
. (17)

Through some simple calculation, it is easy to see that the
probability of transition is given by

P3→(1,2)(t) = 1−4 |α+|2
[
|α+|2 +

|α−|2 Γ23

Γ21 +Γ23−Γ31

]
e−Γ31t

−4 |α−|2
[
|α−|2 +

|α+|2 Γ23

Γ21 +Γ23−Γ31

]
e−(Γ21+Γ23)t

−8 |α+α−|2 cos(ω23t)e−
1
2 (Γ21+Γ23+Γ31)t . (18)

The long time steady-state transition probability is obtained as

P3→(1,2)(∞) = 1, (19)

which implies that in this regime the environment can assist
the excitation energy transport, and induces the probability of
transition to a maximum steady-state value.

We can show that the steady-state excitation transfer does
not occur if there does not exist the environment dephasing
interaction. In fact, without the environment dephasing inter-
action (Γi j = 0), the ETP can be obtained as

P3→(1,2)(t) = 1−4[|α+|4 + |α−|4

+2|α+α−|2 cos(ω23t)]. (20)

This shows a periodic oscillation with respect to time, and is a
continuous function for the full regime of site-energy detuning
∆ε , hence a steady-state excitation transfer cannot be reached.
The transient maximal ETP is given by

Max[P3→(1,2)(t)] =
8J2

(∆ε + J0)2 +8J2 , (21)
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which means that only in the case ∆ε = −J0, we can say that
the excitation is transferred with certainty [P3→(1,2)(t) = 1] at
the time moment t = (2k+1)π/ω23, (k = 0,1, . . . ,n).

In order to further understand the phenomenon of
dephasing-assisted excitation transfer in the trimer system, in
Fig. 2 we plot the ETP as a function of time and the QPT
controlling parameter, i.e., the site-energy detuning ∆ε . Fig-
ures 2(a) and 2(b) show the results with and without the en-
vironment dephasing interaction, respectively. In both cases,
we have chosen parameters J0 = 100 cm−1, J = 50 cm−1, and
ωc = 50 cm−1. The critical value of the site-energy detuning
at the QPT point is ∆εc = 75 cm−1. The dephasing parameter
is λR = 20 cm−1 in Fig. 2(a), while Γi j = 0 in Fig. 2(b).

Figure 2(a) indicates that in the dephasing case a sudden
change of ETP occurs at the quantum critical point (∆εc =

75 cm−1) in the trimer system in the whole time evolu-
tion process. Additionally, in the regime of ∆ε < ∆εc, the
environment-assisted exciton transport enhancement phenom-
ena can be clearly observed, while in the regime of ∆ε > ∆εc,
the probability of transition is suppressed. In particular, it can
be seen that a steady-state ETP is induced by the environment
dephasing interaction.
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Fig. 2. Probability of transition P3→(1,2)(t) in the trimer system as a
function of time t and site-energy detuning ∆ε in the low temperature
limit case. Panel (a) shows the result in the presence of only the envi-
ronment dephasing with λR = 20 cm−1. Panel (b) shows the result in
the absence of environment dephasing. The other parameters are chosen
as J0 = 100 cm−1, J = 50 cm−1, ωc = 50 cm−1. Here the critical value
of the site-energy detuning at the QPT point is ∆εc = 75 cm−1, and we
have used the rate 1 ps−1 ≡ 5.3 cm−1 in units of h̄ = 1 and 2πc = 1 with
c being the light speed in vacuum.

4. Conclusion

In conclusion, we have investigated exciton transfer dy-
namics in a trimer system and the influence of QPT on the
excitation transfer probability. It is shown that the ETP ex-
hibits a sudden change at the quantum critical point in the
presence of the environment dephasing interaction. This is an
environment-assisted quantum critical effect induced by the
dephasing environment since the quantum critical effect does
not appear without the dephasing environment interaction. We
have also shown that a steady-state ETP can be generated in
the presence of environment dephasing interaction. Finally, it
should be pointed out that the trimer model is a simple toy
model, but the revealed environment-assisted QCE and phys-
ical mechanisms of the ETP enhancement obtained from this
model may provide insights into the working principle of natu-
ral and artificial light-harvesting systems. These promising re-
sults would motivate further study of energy transfer for more
complex light-harvesting models and environments.
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