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Extended symmetry transformation of (3+1)-dimensional generalized
nonlinear Schrödinger equation with variable coefficients*

Jing Jian-Chun(荆建春) and Li Biao(李 彪)†

Nonlinear Science Center and Department of Mathematics, Ningbo University, Ningbo 315211, China

(Received 30 March 2012; revised manuscript received 25 June 2012)

In this paper, the extended symmetry transformation of (3+1)-dimensional (3D) generalized nonlinear Schrödinger
(NLS) equations with variable coefficients is investigated by using the extended symmetry approach and symbolic compu-
tation. Then based on the extended symmetry, some 3D variable coefficient NLS equations are reduced to other variable
coefficient NLS equations or the constant coefficient 3D NLS equation. By using these symmetry transformations, abun-
dant exact solutions of some 3D NLS equations with distributed dispersion, nonlinearity, and gain or loss are obtained from
the constant coefficient 3D NLS equation.
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1. Introduction
The nonlinear Schrödinger (NLS) equation appears in

many important branches of physics and applied mathemat-
ics, such as the propagation of laser beams in nonlinear media,
plasma dynamics, the mean field dynamics of Bose–Einstein
condensates, condensed matter, nonlinear optics, and quan-
tum electronics.[1–18] The construction of exact solutions for
NLS-type equations is one of the most important and essen-
tial tasks in the study of NLS equations. In the past sev-
eral years, in order to obtain exact solutions of NLS equa-
tions, many effective methods have been developed, such as
the inverse scattering method,[19] the Bäcklund transforma-
tion, the Darboux transformation,[20] the Hirota method,[21]

the Lie symmetry method,[22,23] the Adomian decomposition
method,[24] various tanh methods,[25–28] and the generalized
sub-equation expansion method.[29,30] Ever since Bluman and
Cole[31] and later Olver and Rosenau[32] generalized the Lie
approach to encompass symmetry transformations, lots of re-
search referring to symmetry has been done,[33–39] and the
study of symmetries, symmetry groups, symmetry reductions,
and group invariant solutions of NLS equations has become
one of the most exciting and extremely active areas of re-
search. For example, Gagnon et al.[40] studied the symme-
tries of a (1+1)-dimensional variable-coefficient NLS equation
which involved three arbitrary complex functions of space–
time and reported that the dimension of the Lie point symme-
try group G of the (1+1)-dimensional variable-coefficient NLS
equation was 1 <dimG ≤ 5; Mansfield et al.[41] applied a cer-
tain nonlinear generalization of Lie’s linear method for find-
ing infinitesimal symmetries to a generalization of the (3+1)-

dimensional coupled NLS system; Li et al. presented finite
symmetry transformation groups of a (2+1)-dimensional cu-
bic NLS equation and its corresponding cylindrical NLS equa-
tions in Ref. [13]. In Refs. [42]– [45], Ruan et al. investi-
gated the exact solutions of some types of (1+1)-dimensional
variable-coefficient NLS equations using the extending sym-
metry approach and applied those results to discuss the propa-
gation in optical fibers and the amplification and compression
of pulses in optical fiber amplifiers.

Our main motivation in this paper is to study the group
theoretical properties of a generalized (3+1)-dimensional (3D)
NLS equation with variable coefficients

iΨT +ΨXX +ΨYY +ΨZZ +G(X ,Y,Z,T, |Ψ |)Ψ = 0, (1)

where the potential function G is a function of {X ,Y,Z,T,Ψ}
and is considered as the new dependent variable. Based on the
idea of the extended symmetry, we can get an extending sym-
metry group and the related finite transformation for the origi-
nal equation (1). Using the extending symmetry group, we can
set up a relationship between the solutions of two nonlinear
equations with different variable-coefficient equations. Espe-
cially, if we assume that the original nonlinear partial differen-
tial equation possesses constant coefficients, then we can solve
some special types of variable-coefficient nonlinear equations
from the corresponding constant-coefficient equations.

The organization of the paper is as follows. In Section
2, we report the extending symmetries of Eq. (1). In Section
3, we derive some different type 3D variable-coefficient NLS
equations and their general solutions. In Section 4, some ex-
act solutions of the 3D variable-coefficient NLS equations are
given. Finally, the conclusion is given.
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2. Extending symmetries of a generalized (3+1)-
dimensional NLS equation with variable coef-
ficients
Usually, the symmetry study on Eq. (1) is restricted by the

fact that G is a function of X ,Y,Z,T, and |Ψ |. Here we assume
that G(X ,Y,Z,T,Ψ ,Ψ *) is a new dependent variable which is
parallel to variable Ψ . When G is considered as a dependent
variable, the symmetry of Eq. (1) is called the extending sym-
metry to distinguish from the usual symmetry. The first-order
differential operator of the extending symmetry operator and
the corresponding transformation group of Eq. (1) are given
by

K = ξ ∂X +η∂Y +ζ ∂Z + τ∂T +κ∂Ψ +κ
*
∂Ψ* +ρ∂G,

x = X + εξ , y = Y + εη , z = Z + εζ , t = T + ετ,

ψ =Ψ + εκ, ψ
* =Ψ

*+ εκ
*, g = G+ ερ, (2)

where ξ , η , ζ , τ , κ , and κ* are all functions of X , Y , Z, T , Ψ ,
Ψ *, ρ = ρ(X ,Y,Z,T,Ψ ,Ψ *,G), and ε is the group parameter.
Using the invariance condition of Eq. (1) under operator (2)
and its prolongation

i[κT ]+ [κXX ]+ [κYY ]+ [κZZ ]+Gκ +ρΨ = 0, (3)

where[κT ], [κXX ], [κYY ], and [κZZ ] are infinitesimal forms of
ψT ,ψXX ,ψYY , and ψZZ , respectively, and can be expressed as

[κT ] = (κ −ξΨX −ηΨY −ζΨZ − τΨT )T

+ξΨXT +ηΨY T +ζΨZT + τΨT T ,

[κXX ] = (κ −ξΨX −ηΨY −ζΨZ − τΨT )XX

+ξΨXXX +ηΨY XX +ζΨZXX + τΨT XX ,

[κYY ] = (κ −ξΨX −ηΨY −ζΨZ − τΨT )YY

+ξΨXYY +ηΨYYY +ζΨZYY + τΨTYY ,

[κZZ ] = (κ −ξΨX −ηΨY −ζΨZ − τΨT )ZZ

+ξΨXZZ +ηΨY ZZ +ζΨZZZ + τΨY ZZ , (4)

and considering G = G(X ,Y,Z,T, |Ψ |), i.e., Ψ(∂G/∂Ψ) =

Ψ *(∂G/∂Ψ *), we can obtain the system of determining equa-
tions

ξZ = ξΨ = ξΨ* = ηZ = ηΨ = ηΨ* = ζX = ζY

= ζΨ = ζΨ* = τX = τY = τZ = τΨ = τΨ* = 0,

κΨ* = κ
*
Ψ = κΨΨ = κ

*
Ψ*Ψ* = 0,

τT −2ξX = 0, τT −2ηY = 0, τT −2ζZ = 0,

ξY = ηX , iζT +ζZZ −2κZΨ = 0, iζT −ζZZ +2κ
*
ZΨ* = 0,

(τT −κΨ )GΨ +κXX +κYY + κZZ + iκT +ρΨ +Gκ = 0,

(τT −κ
*
Ψ*)GΨ

*+κ
*
XX

+κ
*
ZZ +κ

*
ZZ − iκ*

T +ρΨ
*+Gκ

* = 0. (5)

Solving system (5) leads to the following result:

ξ =
1
2

α
′X − fXY +β , η =

1
2

α
′Y + f ,

ζ =
1
2

α
′Z +λ , τ = α,

κ =
i
8
[
(X2 +Y 2 +Z2)α ′′+4Y (−i fXX + fT )

+4β
′X +4λ

′Z +8µ
]
Ψ ,

κ
* = − i

8
[
(X2 +Y 2 +Z2)α ′′+4Y (i fXX + fT )

+4β
′X +4λ

′Z +8µ
*]

Ψ
*,

ρ =
1
8
(X2 +Y 2 +Z2)α ′′′− 3

4
iα ′′+

1
2

Y fXX

+
1
2

β
′′X +

1
2

λ
′′+µ

′−α
′G, (6)

where α = α(T ), β = β (T ), λ = λ (T ), µ = µ(T ), and
ν = ν(T ) are arbitrary smooth functions of T , and f = f (X ,T )
is an arbitrary function of X ,T . In particular, µ and ν are
complex functions, while the other arbitrary functions are real.
By considering different cases for the above arbitrary func-
tions separately, we can get the general finite transformation
of Eq. (1). Let x,y,z, t be new independent variables, and ψ

and g(x,y,z, t, |ψ|) be new dependent variables, which satisfy
a new evolution equation

iψt +ψxx +ψyy +ψzz +g(x,y,z, t, |ψ|)ψ = 0. (7)

Solving the characteristic equation

dx
ξ

=
dy
η

=
dz
ζ

=
dt
τ

=
dψ

κ
=

dψ*

κ* =
dg
ρ

= dε,

x|ε=0 = X , y|ε=0 = Y, z|ε=0 = Z, t|ε=0 = T,

ψ|ε=0 =Ψ , ψ
*|ε=0 =Ψ

*, g|ε=0 = G, (8)

we can find the general finite transformation x,y,z, t,ψ,ψ*,

and g. For simplification, we only consider some special cases
of Eq. (1) which can be determined easily and possess physical
significance in the following sections.

2.1. The first type of extending symmetry

If f (X ,T ) = AX +BT , (A,B ̸= 0), the corresponding fi-
nite transformations x,y,z, t,ψ,ψ*, and g are given by

x =
(

f1(y, t)− f1(Y,T )+
X√
α(T )

)√
α(t),

f0(t) = f0(T )+ ε,

y =
(

f2(x, t)− f2(X ,T )+
Y√
α(T )

)√
α(t),

z =
(

f3(t)− f3(T )+
Z√

α(T )

)√
α(t),

ψ = exp( f4(x,y,z, t)− f4(X ,Y,Z,T ))Ψ ,

ψ
* = exp( f *4 (x,y,z, t)− f *4 (X ,Y,Z,T ))Ψ *,

g =
1

α(t)

(
α(T )G+ f5(x,y,z, t)− f5(X ,Y,Z,T )

)
, (9)

where ε is the group parameter, and f0, f1, f2, f3, f4, f5 are de-
fined by

f0(t) =
∫ 1

α(t)
dt, f1(y, t) =

∫
β (t)−Ay
α(t)3/2 dt,

f2(x, t) =
∫ Ax+Bt

α(t)3/2 dt, f3(t) =
∫

λ (t)
α(t)3/2 dt,
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f4(x,y,z, t) =
i
8

∫
(x2 + y2 + z2)α ′′(t)+4By+4β ′(t)x+4λ ′(t)z+8µ(t)

α(t)
dt,

f *4 (x,y,z, t) =− i
8

∫
(x2 + y2 + z2)α ′′(t)+4By+4β ′(t)x+4λ ′(t)z+8µ*(t)

α(t)
dt,

f5(x,y,z, t) =
1
8
(x2 + y2 + z2)α ′′(t)− 3

4
iα ′(t)+

1
2

β
′(t)x+

1
2

λ
′(t)z+µ(t). (10)

Under the condition α = T , µ = iT, and λ = β = 0, system (9) can be expressed as

t = T, z = T exp(ε/2), g = i+(G− i)exp(−ε),

x =
[−(4A2 +1)Y +2BT ]sin(Aε)+ [(4A2 +1)X +4ABT ]cos(Aε)−4ABexp(ε/2)T

(4A2 +1)exp(−ε/2)
,

y =
[(4A2 +1)X +4ABT ]sin(Aε)+ [(4A2 +1)Y −2BT ]cos(Aε)+2Bexp(ε/2)T

(4A2 +1)exp(−ε/2)
,

ψ = exp
[
−Bexp(ε/2)(X +2AY )sin(Aε)+Bexp(ε/2)(2AX −Y +2BT )cos(Aε)

4A2 +1

+
exp(ε)(4A2 +1− iB2)iT +2ABX +B2T −BY − iT −4iA2T

4A2 +1
i
]
Ψ ,

ψ
* = exp

[
−
(
−Bexp(ε/2)(X +2AY )sin(Aε)+Bexp(ε/2)(2AX −Y +2BT )cos(Aε)

4A2 +1

+
exp(ε)(−4A2 −1− iB2)iT +2ABX +B2T −BY + iT +4iA2T

4A2 +1

)
i
]
Ψ

*. (11)

Under the condition B = 0, α = T 2, µ = 3
2 iT , λ = T, and

β = 0, system (9) can be expressed as

t =
T

1− εT
, x =

X cos(Aε)−Y sin(Aε)

1− εT
,

y =
X sin(Aε)+Y cos(Aε)

1− εT
, z =

Z + εT
1− εT

,

ψ =
Ψ

(1− εT )3/2 exp
[

iε(X2 +Y 2 +Z2 +2Z + εT )
4(1− εT )

]
,

ψ
* =

Ψ *

(1− εT )3/2 exp
[
− iε(X2 +Y 2 +Z2 +2Z + εT )

4(1− εT )

]
,

g = G(1− εT )2. (12)

2.2. The second type of extending symmetry

When f (X ,T ) = BT, we find that the finite transforma-
tions x, y, z, t, ψ , ψ*, and g are given by

g =
(
h2(t)−h2(T )+Gα(T )

)
/α(t),

x =
(∫

β (t)
α(t)3/2 dt −

∫
β (T )

α(T )3/2 dT +
X√
α(T )

)√
α(t),∫ 1

α(t)
dt = ε +

∫ 1
α(T )

dT,

y =
(∫ Bt

α(t)3/2 dt −
∫ BT

α(T )3/2 dT +
Y√
α(T )

)√
α(t),

ψ = exp(h1(t)−h1(T )Ψ ,

z =
(∫

λ (t)
α(t)3/2 dt −

∫
λ (T )

α(T )3/2 dT +
Z√

α(T )

)√
α(t),

ψ
* = exp(h*1(t)−h*1(T ))Ψ

*, (13)

where ε is the group parameter, and h1,h2, are defined as

h1(t) =
i
8

∫
[(x2 + y2 + z2)α ′′(t)+4β

′(t)x

+4By+4λ
′(t)z+8µ(t)]/α(t)dt,

h*1(t) = − i
8

∫
[(x2 + y2 + z2)α ′′(t)+4β

′(t)x

+4By+4λ
′(t)z+8µ

*(t)]/α(t)dt,

h2(t) =
1
8
(x2 + y2 + z2)α ′′(t)− 3

4
iα ′(t)

+
1
2

β
′(t)x+

1
2

λ
′(t)z+µ(t), (14)

with x,y, and z being determined by Eq. (13).
If B = 0, α = T 2, β = λ = 0, and µ = 3

2 iT , system (13)
can be expressed as

t =
T

1− εT
, x =

X
1− εT

, y =
Y

1− εT
,

z =
Z

1− εT
, g = G(1− εT )2,

ψ = (1− εT )3/2 exp
[

εi(X2 +Y 2 +Z2)

4(1− εT )

]
Ψ ,

ψ
* = (1− εT )3/2 exp

[
−εi(X2 +Y 2 +Z2)

4(1− εT )

]
Ψ

*. (15)

If B = 0, α = 0, µ(T ) = T , and β = λ = 0, the corre-
sponding finite transformations x,y,z, t,ψ,ψ*, and g are given
by

t = T exp(ε), x = X exp(ε/2),

y = Y exp(ε/2), z = Z exp(ε/2),
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ψ =Ψ exp(T (1− exp(ε)), ψ
* =Ψ

* exp(T (1− exp(ε)),

g = i+(G− i)exp(−ε). (16)

If B = 0, α = T , µ(T ) = −iT cos(T )/(sin(T ) + C),

and β = λ = 0, the corresponding finite transformations
x,y,z, t,ψ,ψ*, and g are given by

t = T exp(ε), x = X exp(ε/2),

y = Y exp(ε/2), z = Z exp(ε/2),

ψ =
sin(T exp(ε))+C

sin(T )+C
Ψ , ψ

* =
sin(T exp(ε))+C

sin(T )+C
Ψ

*,

g = exp(−ε)

(
G+ i

cos(T )(−sin(T )+C)

C2 + cos2(T )−1

)
− i
(

cos(T exp(ε))(−sin(T exp(ε))+C)

C2 + cos2(T exp(ε))−1

)
. (17)

If B = 0, α = 1/T, and µ(T ) = β = λ = 0, the corre-
sponding finite transformations x,y,z, t,ψ,ψ*, and g are given
by

t =
√

T 2 +2ε, x =
X
√

T
4√T 2 +2ε

,

y =
Y
√

T
4√T 2 +2ε

, z =
Z
√

T
4√T 2 +2ε

,

ψ =Ψ exp
(

i(X2 +Y 2 +Z2)ε

4(T 2 +2ε)T

)
,

ψ
* =Ψ

* exp
(
−i(X2 +Y 2 +Z2)ε

4(T 2 +2ε)T

)
,

g =
G
√

T 2 +2ε

T
− 3ε(ε +T 2)

4T 3(T 2 +2ε)3/2

× (X2 +Y 2 +Z2)− 3εi
2T 2

√
T 2 +2ε

. (18)

3. Several variable-coefficient NLS equations
and their solutions
Using the extending symmetry operator (2) and the re-

lated finite transformations (9) and (13), we can establish the
relations among some different 3D variable-coefficient NLS
equations. Especially, if the original equation is a constant-
coefficient equation, some types of variable-coefficient equa-
tions may be solved via the solutions of the constant-
coefficient NLS equation. Here, we only consider the above
mentioned five concrete finite transformations to obtain some
important equations in physics application.

Case 1 With the aid of the finite transformation (11), we
can get the following variable-coefficient equation:

iψt +ψxx +ψyy +ψzz + iψ(1− γ
2)

+γ
2
ψG
(
X ,Y,Z,T, |Ψ |

)
= 0, (19)

where

X =
(4ABt +4A2x+ x)cos(Aε)+(4A2y+ y−2Bt)sin(Aε)−4ABγt

4A2 +1
,

Y =
γ(4A2y+ y−2Bt)cos(Aε)− γ(4ABt +4A2x+ x)sin(Aε)+2Bγ2t

4A2 +1
,

Z = γz, T = γ
2t, |Ψ |= |ψ|exp(1− γ

2)t,γ = exp(−ε/2). (20)

The solution of Eq. (19) can be written as

ψ = Ψ(X ,Y,Z,T )exp
[

iBγ
[
(2Ax− y+2Bt)cos(Aε)+(x+2Ay)sin(Aε)

]
4A2 +1

+

[
(γ2 −1)(4A2 +1)− iB2(γ2 +1)

]
t − iB(2Ax− y)

4A2 +1

]
, (21)

where Ψ(X ,Y,Z,T ) is a solution of the original equation (1).
Case 2 According to the finite transformation (12), we

may obtain the equation

iψt +ψxx +ψyy +ψzz

+
1

(1+ εt)2 G(X ,Y,Z,T, |Ψ |)ψ = 0, (22)

where

X =
ysin(Aε)+ xcos(Aε)

1+ εt
, Y =

ycos(Aε)− xsin(Aε)

1+ εt
,

Z =
z− εt
1+ εt

, T =
t

1+ εt
, |Ψ |= |ψ|

(1+ εt)3/2 . (23)

The solution of Eq. (22) can be written as

ψ = Ψ(X ,Y,Z,T )

× exp
(
−iε(−x2 − y2 − z2 −2z+ εt)

1+ εt

)
(1+ εt)3/2, (24)

where Ψ(X ,Y,Z,T ) is also a solution of Eq. (1).

Case 3 Now we will give some significant equations re-

lated to the optical fiber from the finite transformations (15)–

(18) and give some new exact solutions in the following dis-

cussion. Here we only consider the original equation (1) as the
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3D standard constant-coefficient NLS equation

iΨT +ΨXX +ΨYY +ΨZZ + |Ψ |2Ψ = 0. (25)

(I) From the finite transformation (15), we can obtain the
variable-coefficient equation

iψt +ψxx +ψyy +ψzz +(1+ εt)|ψ|2ψ = 0, (26)

with the solution

ψ =
1

(1+ εt)3/2Ψ(X ,Y,Z,T )exp
(

iε(x2 + y2 + z2)

4(1+ εt)

)
, (27)

X =
x

1+ εx
, Y =

y
1+ εy

, Z =
z

1+ εz
, T =

t
1+ εt

,

where Ψ(X ,Y,Z,T ) is a solution of Eq. (25).
With the help of the transformation t = −(1 +

exp(−εt1))/ε in Eq. (26), then equation (26) becomes the de-
focusing NLS equation of dispersion slow-changing optical
fiber

iψt1 + exp(−εt1)(ψxx +ψyy +ψzz)−|ψ|2ψ = 0. (28)

The solution of Eq. (28) can be easily obtained by the solution
of Eq. (26), namely, Eq. (27).

(II) From the finite transformation (16), we can obtain the
variable-coefficient equation which describes the soliton prop-
agation in an optical fibre with exponentially changing nonlin-
earity and constant gain or loss,

iψt +ψxx +ψyy +ψzz − iγ1ψ

+(1+ γ1)exp(−2γ1t)|ψ|2ψ = 0, (29)

where we have taken γ1 = exp(−ε)− 1. The solution of
Eq. (29) reads

ψ = Ψ
(
X = x

√
γ1 +1, Y = y

√
γ1 +1,

Z = z
√

γ1 +1, T = (γ1 +1)t
)

exp(γ1t), (30)

where Ψ(X ,Y,Z,T ) is a solution of Eq. (25).
(III) From the finite transformation (17), we can obtain

the variable-coefficient equation whose dispersion, nonlinear-
ity, gain or absorption become periodical functions of distance

iψt +ψxx +ψyy +ψzz +θ(t)|ψ|2ψ + iΘ(t)ψ = 0, (31)

where θ and Θ are periodic functions of t

θ(t) =
γ2(sin(γ2t)+C)2

(sin(t)+C)2 ,

Θ(t) =
γ2 cos(γ2t)

(
C− sin(γ2t)

)
cos2(γ2t)+C2 −1

−
cos(t)

(
C− sin(t)

)
cos2(t)+C2 −1

, (32)

and γ2 = exp(−ε).

The solution of Eq. (32) can be expressed as

ψ = Ψ

(
X =

√
γ2x, Y =

√
γ2y,

Z =
√

γ2z, T = γ2t
sin(t)+C

sin(γ2t)+C

)
, (33)

where Ψ(X ,Y,Z,T ) is a solution of Eq. (25).
From the above discussion, we can see that if we know

any solution to constant-coefficient NLS equation (25), we
can obtain the corresponding exact solutions of variable-
coefficient NLS equations (26), (29), and (31).

(IV) From the finite transformation (18), we can obtain
the following equation:

iψt +ψxx +ψyy +ψzz −
3ε(t2 − ε)

4t2(t2 −2ε)
(x2 + y2 + z2)ψ

+
t√

t2 −2ε
|ψ|2ψ − 3εi

2t(t2 −2ε)
ψ = 0. (34)

The solution of Eq. (34) can be expressed as

ψ = Ψ

(
X =

x
√

t
4√t2 −2ε

,Y =
y
√

t
4√t2 −2ε

,

Z =
z
√

t
4√t2 −2ε

,T =
√

t2 −2ε

)
× exp

(
i(x2 + y2 + z2)ε

4(t2 −2ε)t

)
, (35)

where Ψ(X ,Y,Z,T ) is a solution of Eq. (25). For Eq. (34), by
a scale conversion (x1 =

√
2

2 x,y1 =
√

2
2 y,z1 =

√
2

2 z, t1 = t ), we
can obtain the variable-coefficient Gross–Pitaevskii equation

iψ1t1 +
1
2
(ψ1x1x1

+ψ1y1y1
+ψ1z1z1

)

− 3ε(t2
1 − ε)

2t2
1 (t

2
1 −2ε)

(x2
1 + y2

1 + z2
1)ψ1

+
t1√

t2
1 −2ε

|ψ1|2ψ1 −
3εi

2t1(t2
1 −2ε)

ψ1 = 0. (36)

4. Discussion of the exact solutions of the NLS
equations with dispersion, nonlinearity, and
gain or loss
In this section, we discuss the exact solutions of the above

variable-coefficient NLS equations (26), (29), and (31) via
Eq. (25). For example, the single soliton solution of Eq. (25)
is given by

Ψ = Ψ0sech(p1X + p2Y + p3Z + p4T + p5)

× exp((k1X + k2Y + k3Z + k4T + k5)i), (37)

where

Ψ0 =
√

2(p2
1 + p2

2 + p2
3), p4 =−2(k1 p1 + k2 p2 + k3 p3),

k4 =
Ψ 2

0
2

− k2
1 − k2

2 − k2
3,

010303-5
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and k1,k2,k3,k5, p1, p2, p3, p5 are arbitrary constants. Sub-
stituting Eq. (37) into Eq. (27), we can obtain a solution of
Eq. (26)

ψ =
Ψ0

(1+ εt)3/2 sech
(

p1x+ p2y+ p3z+ p4t
1+ εt

+ p5

)
× exp

[
i
4

(
ε(x2 + y2 + z2)+4(k1x+ k2y+ k3z+ k4t)

1+ εt

+4k5

)]
. (38)

Applying this to Eq. (30), we can obtain an exact solution of
Eq. (29)

ψ = Ψ0 exp(γ1t)sech(p1
√

γ1 +1x+ p2
√

γ1 +1y

+ p3
√

γ1 +1z+ p4t(γ1 +1)+ p5)

× exp
[
i
(
k1
√

γ1 +1x+ k2
√

γ1 +1y

+k3
√

γ1 +1z+ k4t(γ1 +1)+ k5
)]
. (39)

From Eq. (39), we find that the amplitude of the soliton solu-
tion increases exponentially but the width of the pulse remains
unchanged. According to Eq. (33), we can write down the ex-
act solution of Eq. (31)

ψ = Ψ0
sin(t)+C

sin(tγ2)+C
×sech(p1

√
γ2x+ p2

√
γ2y+ p3

√
γ2z+ p4γ2t + p5)

× exp(k1
√

γ2x+ k2
√

γ2y+ k3
√

γ2z+ k4γ2t + k5). (40)

In addition, a simple solution of Eq. (25) can be obtained
by using the methods in Ref. [10] and it can be expressed as

ψ =

(
1+

2(1−δ 2)cos
(

2t
δ 2

√
1−δ 2

)
+2i

√
1−δ 2 sin

(
2t
δ 2

√
1−δ 2

)
δ cosh

(
− c2x− c1y+C1z+2ct(c1 + c2 −C1)

)
+δ 2 cos

(
2t
δ 2

√
1−δ 2

))exp(ci(x+ y+ z+ t −3ct)), (41)

where C1 =

√
2

δ 2 − c2
1 − c2

2 −2. Based on Eqs. (27), (30), and (33), some solutions of Eqs. (26), (29) and (31) can be given. For

simplicity, we only give the solution of Eq. (31)

ψ =

(
1+

2(1−δ 2)cos
(

2γ2t
δ 2

√
1−δ 2

)
+2i

√
1−δ 2 sin

(
2γ2t
δ 2

√
1−δ 2

)
δ coshΩ+δ 2 cos

(
2γ2t
δ 2

√
1−δ 2

) )

×exp(ci(
√

γ2x+
√

γ2y+
√

γ2z+ γ2t −3cγ2t))× sin(tγ2)+C
sin(tγ2)+C

, (42)

where Ω = −c2
√

γ2x − c1
√

γ2y +C1
√

γ2z + 2cγ2t(c1 + c2 −

C1).

In order to understand the significance of solutions (37)–

(42), the main features of them are investigated by using direct

computer simulations. For simplicity, we only consider some

examples of these solutions under some special parameters.

Figures 1(a) and 1(b) show the evolutions of solutions

(37) and (40) under different parameters. Figures (2a) and 2(b)

show the evolutions of solutions (41) and (42) with varying

nonlinear coefficients, from which we can see that the ampli-

tudes decrease with the evolution in time. According to these

features, we can adjust various parameters included in the so-

lutions to study optical fibers with different losses, gains, and

dispersions or nonlinearity variations.

↩4↩2024
t

↩20

0

20

L

0.4

0.8

↩4
0

4t
↩20

0
20

L

0

1

2 (b)

(a)

|ψ
|2

|ψ
|2

Fig. 1. Density |ψ|2 given by solutions (37) and (40) as a function of propa-
gation distance L ≡ p1x+ p2y+ p3z and t. In panel (a), Ψ0 = 1, p4 =−0.04,
p5 = 0.9; in panel (b), Ψ0 = 1, γ2 = 0.9, p4 = 0.05, p5 =−0.4, C = 5.
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(b)

(a)
|ψ
|2

↩10
↩5

0
5

10

t
↩2

0

2

L

0

5

10

↩10
0

10t

↩8
↩4

0
4

8

L

1

2

3

|ψ
|2

Fig. 2. Density |ψ|2 given by solutions (41) and (42) as a function of

propagation distance L ≡ −c2x− c1y+
√

2
δ 2 − c2

1 − c2
2 −2z and t. In

panel (a), δ = 0.81, c1 = −1, c2 = 0.001, c = 0.000005; in panel (b),
δ = 0.81, γ2 = 0.04, c1 = 1, c2 =−0.01, c =−0.01, C = 10.

5. Discussion and summary

In summary, with the help of the extending symmetry,

we investigate (3+1)-dimensional variable-coefficient gener-

alized nonlinear Schrödinger equations. We have identified

two types of extending symmetries and obtained five kinds

of finite transformations. Using the finite transformations,

we have found relations among the solutions of different

variable-coefficient equations. Because five arbitrary func-

tions of T are included in the extending symmetry groups

for the 3D variable-coefficient NLS equation, we can find an-

other variable-coefficient equation by selecting suitable arbi-

trary functions. If we know one arbitrary solution of all these

resulting equations, the corresponding solutions of the other

equations can be obtained easily. In particular, when the orig-

inal model is a constant-coefficient equation, the arbitrary so-

lutions of the constant-coefficient equation can be used to ex-

press the solutions of the corresponding variable-coefficient

equations.
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