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Using the Nikiforov—Uvarov (NU) method, pseudospin and spin symmetric solutions of the Dirac equation for the
scalar and vector Hulthén potentials with the Yukawa-type tensor potential are obtained for an arbitrary spin—orbit coupling
quantum number k. We deduce the energy eigenvalue equations and corresponding upper- and lower-spinor wave functions
in both the pseudospin and spin symmetry cases. Numerical results of the energy eigenvalue equations and the upper- and
lower-spinor wave functions are presented to show the effects of the external potential and particle mass parameters as well
as pseudospin and spin symmetric constants on the bound-state energies and wave functions in the absence and presence of
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1. Introduction

About 43 years ago, the concept of pseudospin was intro-
duced in Refs. [1] and [2], independently, into nuclear physics
in order to elucidate the experimental observation of the quasi-
degeneracy in single-nucleon doublets between normal par-
ity orbitals (n,/,j=1+1/2) and (n—1,1+2,j=1+3/2),
where n,l, and j represent the radial, orbital, and total angu-
lar momentum quantum numbers, respectively. Since then,
this concept has been used to form an effective nuclear shell
model,l'~3! and to explain different phenomena in the nuclear
structure such as deformation, super-deformation, identical
bands, and magnetic moment.[*10] The relation between the
pseudospin and the Dirac equation was established by Ginoc-
chio, who recognized that pseudo-orbital angular momentum
[ =1+ 1 is the usual orbital angular momentum / of the lower
component of the Dirac spinor, and showed that in the pres-
ence of an external attractive scalar S(r) potential and a repul-
sive vector V(7) potential, pseudospin symmetry occurs in the
Dirac equation when S(r) = —V (r).[''=14] On the other hand,
spin symmetry which is relevant to mesons''>! appears in the
Dirac equation when substraction of the scalar potential S(r)
from vector potential V (r) is equal to zero.

The Dirac equation has been solved exactly for only a few
well-known potentials because of the centrifugal term. Thus, it
is generally necessary to use approximations and symmetries
in order to obtain approximate analytical solution of the Dirac
equation with an external potential. Recently, pseudospin
symmetric and spin symmetric solutions of the Dirac equation
for vector V(r) and scalar S(r) potentials have been studied
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intensively.'®=7] Moreover, solutions of the Dirac equation
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with a quadratic vector and a scalar potential within the pseu-
dospin and spin symmetry formalism have been obtained in
the presence of the tensor interaction in Ref. [38]. The authors
investigated the effect of the tensor potential on the pseudospin
(and spin) doublets whose energies lie very close, and showed
that tensor interactions remove all degeneracies between pseu-
dospin doublets (spin doublets as well). After this pioneering
work, the tensor effects on the pseudospin and spin doublets
have also been studied in Refs. [39]-[50].

The Hulthén potential is widely used to describe the inter-
actions between the nucleon and heavy nucleus, and is given

in the following form:1>!]
V()Ciar
‘/[-[:—m7 5:2(X7 (1)

where Vjy and 6 are two positive real parameters, and represent
the strength and screening range of the potential, respectively.
The Hulthén potential acts like a Coulomb potential when r
goes to zero. However, the number of the bound-state eigen-
values of this potential is less than the Coulomb potential. On
the other hand, one of the other significant short-range poten-
tials is the Yukawa potential which was proposed in Refs. [52]
and [53] in order to build the meson theory describing the
nucleon—nucleon interactions. The form of the Yukawa po-
tential is given by>>3]

e*(Xr

Vy =-V , @
r

where V| and « refer to different expressions with respect to
the physical system under consideration. For instance, they
are called the strength and range of the nucleon force in the
meson theory,?*! respectively.
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In the present study, we obtain the approximate analyt-
ical solutions of the Dirac equation for the scalar and vector
Hulthén potentials together with the Yukawa-type tensor po-
tential within the pseudospin and spin symmetry limit. The ef-
fects of the Yukawa-type tensor interaction on the pseudospin
(and spin) doublets and on the corresponding wave functions
are investigated. We also study how potential parameters and
the mass parameter change the bound-state energy levels.

The paper is arranged as follows: in Section 2, we ob-
tain the second-order Schrodinger-type differential equation
for the Dirac equation with the scalar and vector Hulthén po-
tentials and the Yukawa-type tensor potential in the presence
of the pseudospin and spin symmetry limit; in Section 3, pseu-
dospin and spin symmetric solutions of the second-order dif-
ferential equations are presented; we discuss the effects of the
potential and mass parameters on the bound states in Section
4; a summary is given in the last Section.

2. Dirac equation within tensor interaction

In spherical coordinates, the Dirac equation which de-
scribes a nucleon with mass M moving in a repulsive vector
potential V (r), an attractive scalar potential S(r), and a tensor
potential U (r)38 is given by

loc-p+B (M+5(r) —iBo-#U(r)|¥(r)
= [E-V()]¥(r), 3)

where E is the relativistic energy of the system, p denotes
the three-dimensional momentum operator, —iV, and M is
the mass of the fermionic particle. Here, o and 3 are the
4 x 4 usual Dirac matrices which are expressed in terms of
the three 2 x 2 Pauli matrices and the 2 x 2 unit matrix. The
Dirac Hamiltonian for a particle in a spherical field commutes
with the total angular momentum operator J and the spin—
orbit coupling operator K = —f3(o - L + 1), with L being the
orbital angular momentum. The eigenvalues of the spin—orbit
coupling operator are k = (j+1/2) >0and k = —(j+1/2) <
0 for the unaligned spin (p;/, d3/,...) and the aligned spin
($1/2,P3/25- - -)» respectively. The set (H,K,J? J,) is taken
as the complete one of the conservative quantities. Thus, the
spinors can be written as

Fu(r)

Y.,.(6,9)
r)= fore(T) = d "
Fre(7) (gmc(r)> (G () g1 (6,9) -

where f,(r) and g, (r) represent the upper (large) and the
lower (small) components of the Dirac spinors, respectively.
The Yﬂ.m(e,m and Yém(G,d)) stand for the spin and pseu-
dospin spherical harmonics, respectively, and m is the projec-
tion of the angular momentum on the z axis.

Substituting Eq. (4) into Eq. (3), one obtains the follow-
ing two uncoupled second-order differential equations for the
upper and lower radial wave functions (refer to Refs. [38]
and [42] for calculation details):

[ > k(k+1) 2k

22 tu- U(r)* - LU

+dA(r> (d+K_U(r)) X (M+EnK_A(r))1]

dr dr r

X Fe(r) + (Epie + M — A(r))

X (Epg —M — Z(r)) Foe(r) =0, Q)
2 _

l;ﬂ - w + 220 v+ LU

+ diy) (fr - g +U(r)> X (M—E,,K+2(r))—1]

X G (r) + (B + M — A(r))

X (Epg —M = 2(r)) Gpe(r) =0, (©6)

where the spin—orbit quantum number k is related to the usual
orbital angular momentum and pseudo-orbital angular mo-
mentum quantum numbers as follows: x(x+ 1) = I(l + 1),
and k(k—1) = [(I+1). Here, A(r) = V(r) — S(r), and
Z(r)=V(r)+S(r).

2.1. Pseudospin symmetry in the Dirac equation

The pseudospin symmetry occurs in the Dirac equation as
dX(r)/dr=0orequivalently X(r) = Cp, = constant.!!! In or-
der to obtain the approximate analytical solution of the Dirac
equation under the pseudospin symmetry limit, we consider
the following scalar, vector, and tensor potentials:

Z(r) = Cp; = constant,
—2ar —ar

Alr)=-W <l—e—2‘”> , Ulr)=-V, ¢ . (D

r

Inserting the above potentials into Eq. (6) yields

d?2  x(x-—1 2K e % e or
[ % - (r +Wi —+ dr> Vl} Gh(r)

dr? r r

s Vo e—2ar S
+ <E,’,’,‘< +M+ l_eza> (Enk =M — Cpp) G (r) = 0. (8)
Equation (8) cannot be solved exactly due to the centrifugal
term 1/r2. To get an approximate solution, we use the follow-
ing approximations:

4a2e7205r
2~
P ey ©)
4a2 —ar
et (10)
(1 _ ef2ar)

One can see from Fig. 1 that the above approximations behave
similar to each other for the small values of the o parame-
ter. By using approximation (9) for the terms (k(k —1)r=2,
Vlzr_2 e_zo"), and (OtVl ! e_“’), and approximation (10) for
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the terms (2xVir~2e~%"), and (Vir~?e~%"), and applying the

transformation z = e 2%, Eq. (8) becomes

d? ps (1-2) d
dizz nK( )+Z(1_Z) CTZGnK(Z)

1 2 S
2o End FLnafix) Giele) =0, (1)

1
Kps = —Vi <V1 +2)

1
gz M~ Efx+C) o~ Efx—M).  (12)

Lys = —x(k—1)— (21(3) Vi

+ W(M — Ehg +Cps) 2M +2E5 — Vp), (13)

1

fos = 757 (M = By + Cos) (Epie + M), (14)
arr Ve

n

>: " 4(12exp(far) .
Trx (lfexp(f20cr))

| ]

X 2

. . = 40 exp(—20(r)2
51 (1 —exp(-2ar))

¥
3L %

X

|

X
1 '§<>&
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Fig. 1. Curves for 1/72 and its approximations for & = 0.05 fm.

2.2. Spin symmetry in the Dirac equation

In the spin symmetry case, we use the following scalar,
vector, and tensor potentials:

672ar
A(r)=Cy = constant,Z(r) =-W (1) )

_ ef2ar
e—otr

U(r)=-V

15)

r b
which lead to

> x(k+1) [2k e * d e
|:dr2_r2_ +V1 V1 F,f,c(r)

r r dr r

—2ar
) ; & ;

(16)

By using approximation (9) for the terms (x(k+1)r 2,
Vlzr_ze_z‘”), and (OtVlr_le_“’), and approximation (10)

for the terms (2kVir—2e~%") and (Vir~2e~%"), the above
second-order differential equation turns into the following
form in view of y = e ~>*" transformation:

d2 8 (1—)7) d 8
diyanK(y) y(l—y)d7y nk‘(y)

1 2 S
b (KPP +Ly—f)E.(y) =0, (17
yz(l—y)2< sy y f) ) a7

where

1
K =-Vi <v1 —2>

1
+W(M+E3K_Cs)(E;K_M_VO)7 (18)

Ly = —x(k+1)— (21(—1-;) Vi

1
+ gz M T Ene = G)(2M = 2B, + Vo), (19)

1 S S

3. Pseudospin and spin symmetric solutions

In this section, we investigate the solutions of Egs. (11)
and (17) by using the parametric generalization of the NU
method.>>! In the Appendix section, we give only necessary
ingredients of the method.

3.1. Pseudospin symmetric solution

Comparing Eq. (11) with Eq. (A1), we obtain
h= 17’)/2: 17’)/3 =1
m= _Kps; = LpS7T’3 = fps» 2D
and then the other parameters are obtained as follows:
Ya=0, Y= K Y6*4 N, Y1=-"",

1
»B =13, 9’91711*112+773+1,

Yo =1+2ym3,

/ 1
’)/11:2+2< nl_n2+n3+4+\/m>)
Y2 = V13,

1 / 1
7/13:—2—( m—nz+n3+4+\/ﬁ>. (22)

Substituting Eqgs. (21) and (22) into Eq. (A5) yields

v
L+v fps+ﬁ(M—E},’;+cps) -0, (23)

where

1 1
u = n2—|—n—|—2—|—(2n+1)\/(K+V1)(K‘—|—V1 _1)+Z

+K(K—1)—|—(2K—;> Vi, (24)
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1
\% 2n+1+2\/(K+V1)(K+V11)+4. (25)

We can obtain the following two roots for the Eby with the
help of the Mathematica from Eq. (23):

Epsi _ 1
VR +4avial
+2(v2 o [V (Cps +2M)?
—40(CpsVo + 2MVy + 4pa?)]) 2.

[(Cps +M)V5 + 2O‘Z(Vchs +2uVo)

(26)

The energy eigenvalue equation (26) gives two different en-
ergy spectra for each set of the quantum numbers (n, k). In
Table 1, we present some numerical results based on the en-
ergy eigenvalue equation (26) for various values of n and k.
For every pair of orbitals, we give two energy eigenvalues ob-
tained by using EPy" (first line) and EXy  (second line). One
can observe from Table 1 that pseudospin doublets whose en-
ergies lie very close are formed by a pair of orbitals, such
as (nsy2, (n—1)ds)2), (np3s2, (n—1)fs)2), and (nds )y, (n —
1)g7/2).  Besides, there are extra degeneracies among
the bound states, i.e., (1ds/,0g7/2,2p3/2, 1f5/2,381/2,2d3/2),
(1p3/2,0f5/2,281 /2, 1d35), etc. It is readily seen in Table 1
that tensor interaction (V; # 0) removes all degeneracies be-

tween the two states in the pseudospin doublet. The rea-
son can be found by considering the energy eigenvalue equa-
tion (26). In this equation, it and v offer different contribu-
tions to each energy level in the pseudospin doublet. How-
ever, there are still extra degeneracies among the energy levels,
such as (1ds 5, 2p3,, and 3s1/2), for k <0, and (0g7 2, Ifs )5,
and 2d3 ;) for k¥ > 0 because (1 and v offer the same contri-
butions to the degenerate energy levels which have the same
(n+|x]) for k < 0 and (n— 1+ |k]|) for kK > 0. On the other
hand, we investigate the minimum value of the parameter Cp
which gives the negative-energy bound state in the pseudospin
symmetry limit. If we take the following set of parameters
Vo=4fm ' (1 fm=10""m), M=5fm~', @ =0.05 fm
for n =1 and k¥ = —1, the minimum value of the Cp is
found to be —4.9411 fm~! (Eftl = —0.00000412655 fm~1)
in the absence of the tensor interaction and —4.95731 fm~!
(E}”", = —0.000000218751 fm~") in the presence of the ten-
sor interaction. Furthermore, we obtain numerical solutions of
the Dirac equation without any approximation under the con-
dition of the pseudospin symmetry by using the finite differ-
ence method®’=°! in order to check the exactness of our en-
ergy eigenvalue equation (26). The results are also given in
Table 1.

Table 1. Negative-energy bound states (in fm~!) for the pseudospin symmetry with Vo =4 fm~!, M = 5 fm~!, & = 0.05 fm, and Cps =5 fm~!.

~ Epy Ene?) Eby Epe?)

Ik State =77 V=06 V=0 V=06 "Lk States 5 V=06 Vi—0 V=06

1 1,—1 1s,, —0.00862755 —0.00381316 —0.0084782 —0.0037895 0,2 0d3, —0.00862755 —0.01055249 —0.0084782 —0.010083
—0.05738712 —0.04202674 —0.05738712 —0.08679350

2 1,2 Ipy, —001538462 —0.00922321  —0.014939 —0.0071448 0,3  Of;;, —001538462 —0.01841811  —0.014939 —0.016630
—0.10000000 —0.07822485 —0.10000000 —0.13544265

3 1,23 1ds;, —0.02413384 —0.01668239  —0.022794 —0.011109 0,4 0g;, —0.02413384 —0.02832645  —0.022794 —0.024595
—0.15233675 —0.12496202 —0.15233675 —0.19283453

4 1,-4 1f;, —003492388 —0.02617976  —0.031992 —0015704 0,5 Ohy;, —0.03492388 —0.04031877 0031992 —0.033912
—0.21278254 —0.18073608 —0.21278254 —0.25727644

1 2,-1 25, —0.01538462 —0.00922321  —0.021582 —0.0098341 12 Idy, —0.01538462 —0.01841811  —0.021582 —0.025467
—0.10000000 —0.07824885 —0.10000000 —0.13544265

22,2 2p;, 002413384 001668239 0032684 0015919 1,3 If;, —0.02413384 —0.02832645 0032684 —0.036480
—0.15233675 —0.12496202 —0.15233675 —0.19283453

3 2,23 2d5;, 003492388 —0.02617976  —0.045208 —0.022495 1.4 lg;, —0.03492388 —0.04031877  —0.045208 —0.048998
—0.21278254 —0.18073608 —0.21278254 —0.25727344

4 2,-4 2, —004781723 —003775078 —0.059121 —0.029669 1,5 lhy, —0.04781723 —0.05445980 —0.059121 —0.062947
—0.27957698 —0.24390742 —0.27957698 —0.32696278

57-59

) The numerical results have been obtained by using the finite difference method!

Now, we find the corresponding Dirac spinor Ghy. Con-
sidering Egs. (21) and (22) together with Eq. (A6), we obtain

GP.(r) = o 2ar fps(li e—2ar)1/2+\/(K+V1)(K+V1—1)+1/4

y Pn(z\/g,z\/(xw. J(k+Vi=D)+1/4)

(1—e297),(27)

and find the upper component of the Dirac spinor via

| without any approximations.

. 1 d « .
FR) = e (2 U0 G0, @

where P,gC"CZ)(r) is the Jacobi polynomial. The upper and
lower components of the Dirac spinor for the Hulthén potential
in the presence and absence of the tensor interaction are pre-

sented in Fig. 2. From Fig. 2, it is seen that the node structure
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of the energy levels remains the same in the presence of the
tensor interaction. However, we readily observe from Fig. 2
that tensor interaction changes the shape of the wave func-
tions.

Gps7 Vi=0

- psy Vi=0
.

Gps-, Vi=0.6
- - - Fps: Vi1=0.6

(b)

1.57
. —-— Gps, Vi=o0
1.0 1 . i °© Fus, vi=o
Gps» Vi=0.6

0.5 ~ = Fpss vi=06

—0.51

—1.01

Fig. 2. Wave functions of (a) 1p3/; and (b) 2ds/, in the pseudospin

symmetric case for Vy = 4 fm~!, M =5 fm !, Cps = —5 fm~!, and

o =0.05 fm.
3.2. Spin symmetric solution

Equation (17) obtained in the spin symmetry limit has the
same form with Eq. (11). Thus, we give only the final results
which are obtained by using the same procedure used in the
previous section. The energy eigenvalues equation and corre-

sponding wave function of the Dirac particles for the Hulthén
potential in the presence of the tensor interaction are obtained

as follows:
1 - ~
ES: = m[(q — M)V§ + 20 (V?Cs +2i1V)
+2(V ot [V (C —2M)?
—41(CVo — 2MVy +4fia?))) '/, (29)
FS (}") _ e—2ar\/ﬁ(17 e—2ar)1/2+\/(K+V1)(K+V1+1)+1/4
nK
2V fs:2 +V)(k+Vi+1)+1/4
Pn( VIOV (Vi 1) /)(1—e*2“’), 30)
where

1 1
n2+n+2+(2n+1)\/(K+Vl)(K—|—Vl +1)+Z

l:l =
3
+K(K+1)+(2K+2> Vi, (31)
1
v :2n+1+2\/(K+V1)(K+V1+1)+4. (32)

The other Dirac spinor can be found via

G(r)

= m ((fr + ; - U(r)) FS.(r). (33)
In the spin symmetric case, the numerical results for some
energy levels are presented in Table 2. For the energy
levels, we calculate two energy eigenvalues obtained by
using ESf (first line) and ES. (second line). From Ta-
ble 2, it is seen that spin doublets which have two bound
states with the same energy are formed for a pair of or-
bitals (np3/2, (n— l)pl/z), (nd5/2, (I’l— 1)d3/2), (nf7/2,
(n—1)fs5)5), etc. On the other hand, degeneracy between
the two states in the spin doublets is removed by ten-

sor interaction. However, one can observe from Table 2

Table 2. Positive-energy bound states (in fm~!) for the spin symmetry with Vo =4 fm~!, M =5 fm~!, & = 0.05 fm, and C; = 5 fm~!.

En EZKa) Enx EZKa)

Lonx Sae =75 V=06 Vi—0 V=06 7 LK States /T V=06 Vi—0 V=06

I 0,—2 Opy, 006784763 0.03315706 0068074 0.040537 0,1  Opy, 006784763 0.11361047  0.068074 0.106040
0.00145930  0.00067716 0.00145930 000242847

2 0,3 0ds, 0.15074992 0.0970098  0.151470 0.109870 0,2 Ods, 0.15074992 021469947  0.151470 0.202790
0.00328431  0.00206350 0.00328431 000469224

3 0,4 0, 026338976 0.19214524 026484 021044 0,3 Ofs, 026338976 034372173 026484 0328000
0.00584101  0.00418093 0.00584101  0.00768866

40,5 Ogyp 040263365 031584227 0405060 0339540 0,4  Og;, 040263365 049720420  0.405060 0478240
0.00913106  0.00703068 0.00913106 001141968

I 1,2 lpy, 015074992 0.09700984 0150770 0.103410 1,1 1Ip, 015074992 021469947 150770  0.206970
0.00328431  0.00206350 0.00328431 000469224

2 1,3 1d;, 026338976 0.19214524 0263960 0204580 1,2 Idy, 026338976 034372173 02639  0.33179
0.00584101  0.00418093 0.00584101  0.00768866

3 1,4 16, 040263365 031584227 04033930 0333560 1,3 Ifs, 040263365 049720420 0403930 0481600
0.00913106  0.00703068 0.00913106 001141968

4 1,55 lgg, 056482502 046473259  0.567080 0487610 1.4 lg;, 056482502 0.67127970 0567080 0652610
0.01315663  0.1061460 0.01315663 001588776

%) The numerical results have been obtained by using the finite difference method!

57-591 without any approximations.
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that there are still extra degeneracies among the energy levels
such as (0f;/5,1ds/5,2p3/,) for k < 0 and (0fs5,1d3/5,2p; 2)
for ¥ > 0 due to fi and V giving the same contributions to
the degenerate bound states which have the same (n + |k|) for
Kk < 0and (n— 1+ |x|) for k > 0. Under the spin symmetry
limit, the minimum value of the C, has to be 4.93146 fm~!
(E§T, =0,00000100935 fm~') for the set of parameter Vy =
4fm~', M =5fm"", 00 =0.05fm,n=0, x = —2,and V; =0
and 4.966678 fm~! (E§™, = 0,000000908797 fm~!) for the
set of parameter Vo =4 fm~!, M =5fm~!, & =0.05 fm, n =0,
k = —2, and V| = 0.6 to obtain positive-energy bound states.
Moreover, numerical solutions of the Dirac equation without
any approximation in view of the spin symmetry have been
obtained by using the finite difference method®’~"! to check
the exactness of our energy eigenvalue equation (29). These
results are also given in Table 2.

In Fig. 3, we present the node structures of the wave func-
tions F,;,. and G}, for Vi =0 and V| = 0.6. It is readily seen
in Fig. 3 that tensor interaction changes only the shape of the
wave functions. The node structures remain unchanged in the

presence of the tensor potential.

1.0 A @o\
ol o
05 N ;o\ \ — F, vi—o
.51 °l o\
:I I' o\ '\ ° G57 Vi=0
ol 1\ '\ = F§, vi=o0s6
01 o I o\ A - -G )
o I. o\ N ss V1=0.6
A N '\
=0.59 )i a ~
o . \
N/l N
—1.04+ f N N
AA EN N (a)
N/ N ST
—1.5 T T - - R e ]
2 4 BT R 10
'
- Fs7 Vi=0
1.51 « Gs, vi=o0
1.0 Fs7 V1=0.6
: - - Gm Vi=0.6
0.5 1
0 B e T
] 10
a4\ . T
—0.5 1
Lo (b)

Fig. 3. Wave functions of (a) 0d3/, and (b) 3fs/, in the spin symmetric

under the pseudospin and spin symmetry limits.

4.1. The parameter o

In order to investigate how the bound states are sensitive
to the parameter « in the absence of the tensor interaction, we
keep all other parameters fixed and change the . The results
are given in Fig. 4. From Fig. 4(a), we can conclude that en-
ergy levels become less bounded with increasing parameter o
in the pseudospin symmetry limit. However, energy levels be-
come more bounded with increasing parameter  for the spin

symmetry Fig. (4b).
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Fig. 4. (a) Energy versus o in the pseudospin symmetric case for

Vo=4fm !, M=5fm !, Cps =—5fm™!, and V; = 0. (b) Energy
versus ¢ in the spin symmetric case for Vy = 4 fm~!, M =5 fm !,
Cs=5fm™!,and V; = 0.

4.2. The parameter Vp

caseforVo=4fm !, M =5fm~!,C;=5fm™!, and o = 0.05 fm.

4. Effects of the potential and mass parameters
on the bound states

In this work, we investigate the effects of the potential
parameters as well as the mass parameter on the bound states

In Fig. 5, we investigate the effect of the parameter V; on
the pseudospin doublet (1s /5, 0d3 /2) and spin doublet (Op3 5,
Op; /2) in the presence and absence of the tensor interaction.
One can see in Fig. 5 that energy levels become more (less)
bounded in the pseudospin (spin) symmetry with increasing
parameter V for both Vi = 0 and V| # 0.
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1 * 151/2 (‘/1 :0)

Odg/g (V1=0)
1 e 181/2 (V1:1)
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Fig. 5. (a) Sensitivity of the negative-energy bound states to the pa-
rameter Vo with M =5 fm~!, Cps = —5 fm~!, and o = 0.05 fm. (b)
Sensitivity of the positive-energy bound states to the parameter V) with
M=5fm!,C;=5fm !, and a = 0.05 fm.

4.3. The parameter V)

Figure 6 represents the effects of the tensor interaction on
the pseudospin and spin doublets. From Fig. 6, it is seen that
degeneracies are removed by tensor interaction. Furthermore,
magnitude of the energy difference between two states in the
doublets increases with increasing V. It is explained by con-
sidering the energy eigenvalue equations. In these equations,
the term 2V is positive for k¥ > 0 and negative for ¥ < 0, and

its contribution to the energy levels increases with increasing
Vi.

4.4. The parameter M

The sensitivity of the pseudospin doublet (1s; /5, 0d3 /2)
and spin doublet (Op3 2, Op; /2) to the mass of the Dirac parti-
cle is given in Fig. 7, which shows that bound states obtained
both for pseudospin and spin symmetric cases become un-
bounded when the parameter M increases in the presence and
absence of the tensor interaction.
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4.5. The parameters Cps and C;

Eventually, we investigate the dependence of the bound-
state energy levels to the parameters Cp,s and C; for both V| =0
and V| # 0. The results are given in Fig. 8. It is seen in Fig.
8 that the parameters Cps and C determine whether the Dirac
particles constitute bound state or not. From Fig. (8a), we can
see that energy level 1s;/, constitutes bound state with nega-
tive energy on condition that Cps < —4.9411 fm~! for V; =0
and Cps < —4.95731 fm~! for V| # 0 in the pseudospin sym-
metric case. On the other hand, in the spin symmetric case
given in Fig. 8(b), it is observed that positive energy bound-
state for Op3 /; is formed on condition that Cs > 4.93146 fm~!
in the absence of tensor interaction and Cs > 4.966678 fm~!
in the presence of the tensor interaction.
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Fig. 8. (a) Energy versus Cps in the pseudospin symmetric case for
Vo=4fm™!, M =5fm~!, @ =0.05 fm. (b) Energy versus C; in the
spin symmetric case for Vp = 4 fm~ !, M =5fm™!, and o = 0.05 fm.

5. Summary

In the present study, we have investigated the approxi-
mate analytical pseudospin and spin symmetric solutions of
the Dirac equation with the Hulthén potential for the Yukawa-
type tensor potential. The energy eigenvalue equations have
been obtained in the closed form and the corresponding wave
functions have been found in terms of the Jacobi polynomial.

In the calculations, we use the generalized NU method. In or-
der to expose the positive- and negative-energy bound states
and wave functions, some numerical results have been pre-
sented. The effects of the tensor interaction on the pseudospin
and spin doublets have been investigated. It has been shown
that tensor interaction removes the degeneracy between two
states in the pseudospin (spin) doublet. The sensitivity of the
positive- and negative-energy bound states to the potential pa-
rameters as well as the mass parameter has been also investi-
gated.

Appendix A

In the generalized NU method, we consider the follow-
ing second-order differential equation in the form of a general
Schrodinger-type equation

d? h—"s d
a2 O Ty o )
—1Mis>+Mas— 13

4 M TR By () =0,

s2(1 — a3s)? (Ab)

In order to obtain the solution of the above equation by using
the generalized NU method, one can use the following param-
eters and relations:

1 1
=-(1- =—(p-2
)2 2( ", % 2(7’2 %),
%=1+, ¥=2m%—"1, (A2)
B=%+13 B=BHTRE+%
Yio=n+2%+2V%, (A3)
M=r-2:5+2(/w+1BVK),
M=n+vVE m=%-(H+1BVK). (A4)
The energy eigenvalue equation reads
Yn—(2n+ 1)+ 2n+1) (VI +13v%)
+n(n—1)B+¥+2B%+2/%w =0. (A5)
The general solution is given by
g, (s) = s"2(1 — YSS)—le—(m/%)
% PVEVIO_L(YII/YS)_YIO_U(l —2ps). (A6)

For more information about the parametric generalization of
the NU method, one can refer to Ref. [56].
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