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Bound states of the Dirac equation with position-dependent
mass for the Eckart potential∗
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Studying with the asymptotic iteration method, we present approximate solutions of the Dirac equation for the Eckart
potential in the case of position-dependent mass. The centrifugal term is approximated by an exponential form, and the
relativistic energy spectrum and the normalized eigenfunctions are obtained explicitly.
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1. Introduction
In recent years, quantum mechanical systems with a

position-dependent mass have been investigated more effi-
ciently in the literature.[1] Systems with a position-dependent
mass have been found to be very useful for studying phys-
ical properties of different microstructures,[2] such as quan-
tum wells, quantum dots,[3,4] quantum liquids,[5] and semicon-
ductor heterostructures.[6] The analytical solutions of the non-
relativistic Schrödinger equation with a position-dependent
mass for solvable potentials have been discussed by using dif-
ferent methods.[7–18] On the other hand, the investigation of
relativistic effects is important in quantum mechanical systems
such as heavy atoms and heavy ion doping. Therefore, the in-
vestigation of the relativistic Dirac equation with a position-
dependent mass is very important for these circumstances.
In the recent literature, considerable studies have been car-
ried out to investigate the exact or quasi-exact solutions of
the Dirac equation with a position-dependent mass and the
properties of these solutions for different potentials and mass
distributions.[19–31]

In this paper, our aim is to solve the Dirac equation for
the Eckart potential in the case of a position-dependent mass
with an approximation to the centrifugal term for arbitrary
spin orbit quantum number κ by using an asymptotic itera-
tion method (AIM). This method for solving second-order ho-
mogeneous linear differential equations has been proposed by
Ciftci et al. recently.[32–34]

This paper is organized as follows. In Section 2, approxi-
mate solutions of the Dirac equation with a position-dependent
mass for the Eckart potential are given. The relativistic energy
eigenvalues and the corresponding eigenfunctions are studied
in detail by using the AIM. The paper ends with a brief con-
clusion in Section 3.

2. Approximate solutions of the Dirac equation
with position-dependent mass for the Eckart
potential
The Dirac equation[35–37] for a single particle position-

dependent mass formalism µ(r) in vector potential V (r) and
scalar potential S(r) is given by (in atomic units h̄ = c = 1)

[𝛼 · p+𝛽(µ(r)+S(r))+V (r)]𝜓(r) = E𝜓(r), (1)

p =−i∇, 𝛼=

(
0 𝜎
𝜎 0

)
, 𝛽 =

(
𝐼 0
0 −𝐼

)
, (2)

where 𝜎 and 𝐼 are the vector Pauli spin matrix and the iden-
tity matrix, respectively, p is the momentum operator, S(r) and
V (r) are the scalar and the vector potentials, respectively, and
E is the total relativistic energy of the system. The 𝜎i=x,y,z are
2×2 Pauli matrices

𝜎x =

(
0 1
1 0

)
, 𝜎y =

(
0 −i
i 0

)
, 𝜎z =

(
1 0
0 −1

)
. (3)

The Dirac eigenfunction can be written with Fnκ(r) and
Gnκ(r) as

𝜓(r) =
(

f
g

)
=

 Fnκ(r)
r

Yℓ
jm(θ ,φ)

iGnκ(r)
r

Yℓ̃
jm(θ ,φ)

 , (4)

where Yℓ
jm(θ ,ϕ) and Yℓ̃

jm(θ ,ϕ) are the spin and the
pseudo spin spherical harmonics, respectively, Fnκ(r)/r and
iGnκ(r)/r are the radial functions for the upper and the lower
components, respectively, n is the radial quantum number, and
m is the projection of the angular momentum on the z axis.
The orbital angular momentum quantum numbers ℓ and ℓ̃ re-
fer to the spin and the pseudo spin quantum numbers, respec-
tively. For a given spin–orbit coupling term κ = 0,±1,±2, ...,
the total angular momentum, the orbital angular momentum,
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and the pseudo orbital angular momentum are given by j =
|κ| − 1/2, ℓ = |κ +1/2| − 1/2, and ℓ̃ = |κ−1/2| − 1/2, re-
spectively. By substituting Eqs. (2) and (4) into Eq. (1), the
Dirac equation reduces to the following coupled differential
equations:(

d
dr

+
κ

r

)
Fnκ(r) = (µ(r)+E−V (r)+S(r))Gnκ(r), (5)(

d
dr
− κ

r

)
Gnκ(r) = (µ(r)−E +V (r)+S(r))Fnκ(r). (6)

Using function Gnκ(r) in Eq. (5) and substituting it into
Eq. (6), we obtain the following second-order differential
equation:[

d2

dr2 −
κ(κ +1)

r2 − (µ(r)+E−V−(r))(µ(r)−E +V+(r))

−

(
dµ(r)

dr −
dV−(r)

dr

)(
d
dr +

κ

r

)
µ(r)+E−V−(r)

Fnκ(r) = 0. (7)

In a similar way, we have[
d2

dr2 −
κ(κ−1)

r2 − (µ(r)+E−V−(r))(µ(r)−E +V+(r))

−

(
dµ(r)

dr + dV+(r)
dr

)(
d
dr −

κ

r

)
µ(r)−E +V+(r)

Gnκ(r) = 0, (8)

where V−(r) =V (r)−S(r) and V+(r) =V (r)+S(r).

2.1. Energy eigenvalues of the equation

To solve the Dirac equation for a single particle with
position-dependent mass in the Eckart potential and to ob-
tain an analytical approximate solution for the Eckart potential
with the spin–orbit coupling term, we have to use an approxi-
mation in the following form:[38–40]

1
r2 ∼ 4α

2 e−2αr

(1− e−2αr)2 , (9)

where α is the screening parameter determining the range of
the Eckart potential, which is valid for αr� 1. The Eckart
potential[41] is defined as

V (r) =V1cosech2(αr)−V2 coth(αr). (10)

In this study, if the scalar potential S(r) is taken as zero, the
Eckart potential can be written in the exponential form

V (r) = 4V1
e−2αr

(1− e−2αr)2 −V2
1+ e−2αr

1− e−2αr . (11)

To solve Eq. (7), first, we eliminate the last term in Eq. (7)
by using equality dµ(r)/dr− dV−(r)/dr = 0, which gives a
position-dependent mass function

µ(r) = m0 +4V1
e−2αr

(1− e−2αr)2 −V2
1+ e−2αr

1− e−2αr , (12)

where m0 is the integration constant. Substituting Eqs. (9),
(11), and (12) into Eq. (7), we obtain[

d2

dr2 −κ(κ +1)
4α2 e−2αr

(1− e−2αr)2

− (m0 +E)
(

m0−E +8V1
e−2αr

(1− e−2αr)2

− 2V2
1+ e−2αr

1− e−2αr

)]
Fnκ(r) = 0. (13)

We rewrite Eq. (13) by using a new variable s = e−2αr

[
d2

ds2 +
1
s

d
ds
−
(

κ(κ +1)+
2V1(m0 +E)

α2

)
1

s(1− s)2

−
m2

0−E2

4α2s2 +
(m0 +E)V2

2α2
1+ s

s2(1− s)

]
Fnκ(s) = 0. (14)

In terms of the new parameters, we have(
d2

ds2 +
1
s

d
ds
− ξ0

s2 −
ξ1

s(1− s)2

+ ξ2
1+ s

s2(1− s)

)
Fnκ(s) = 0, (15)

where

ξ0 =
m2

0−E2

4α2 ,

ξ1 = κ(κ +1)+
2V1(m0 +E)

α2 ,

ξ2 =
(m0 +E)V2

2α2 . (16)

Now, we will solve Eq. (15) by using the AIM. We briefly out-
line the AIM here; the details can be found in Refs. [32]– [34].
This method was proposed for solving second-order differen-
tial equations of the form

y′′ = λ0(x)y′+ s0(x)y, (17)

where λ0(x) 6= 0 and s0(x),λ0(x) are in C∞(a,b). The variables
s0(x) and λ0(x) are sufficiently differentiable. The differential
Eq. (17) has a general solution

y(x) = exp
(
−
∫ x

α dx′
)[

C2 +C1

∫ x
exp
(∫ x′

[λ0(x′′)

+ 2α(x′′)]dx′′
)

dx′
]
, (18)

if for sufficiently large n,

sn

λn
=

sn−1

λn−1
= α, (19)

where

λn(x) = λ
′
n−1(x)+ sn−1(x)+λ0(x)λn−1(x),

sn(x) = s′n−1(x)+ s0(x)λn−1(x), n = 1,2,3, . . . . (20)
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The termination condition of the method together with
Eq. (20) can also be written as follows:

δ (x) = λn−1(x)sn(x)−λn(x)sn−1(x) = 0. (21)

For a given potential, the idea is to convert the relativistic
Dirac equation to the form of Eq. (17). Then, s0 and λ0 are
determined, and parameters sn and λn are calculated. The en-
ergy eigenvalues are obtained by using the termination condi-
tion given in Eq. (21). However, the exact eigenfunctions can
be derived from the following wave function generator:

yn(x) =C2 exp
(
−
∫ x

αk dx′
)
, (22)

where n = 0,1,2, . . ., and k is the iteration step number and
usually greater than n.

In order to solve Eq. (15) with the aid of the AIM, we
should transform this equation to the form of Eq. (17). The
wave function should satisfy the boundary conditions, i.e.,
Fnκ(0) = 0 at s = 0 for r → ∞ and Fnκ(1) = 0 at s = 1 for

r → 0. Therefore, the reasonable physical wave function is
proposed as follows:

Fnk(s) = s
√

ξ0−ξ2(1− s)
1
2 (1+
√

1+4ξ1) f (s). (23)

If we insert Eq. (23) into Eq. (15), we have a second-order ho-
mogeneous linear differential equation in the following form:

f ′′(s)

= −−1+ s(2+
√

1+4ξ1 +2
√

ξ0−ξ2)−2
√

ξ0−ξ2

s(−1+ s)
f ′(s)

− (2ξ1 +(1+
√

1+4ξ1)(1+2
√

ξ0−ξ2)−4ξ2)

2s(−1+ s)
f (s),

(24)

which is now convenient for obtaining an AIM solution. By
comparing the above equation with Eq. (17), we can obtain
λ0(s) and s0(s), and with the aid of Eq. (20) we may calculate
λn(s) and sn(s). This gives

λ0(s) =
1− s

(
2+
√

1+4ξ1 +2
√

ξ0−ξ2

)
+2
√

ξ0−ξ2

s(−1+ s)
, s0(s) =−

2ξ1 +
(

1+
√

1+4ξ1

)(
1+2

√
ξ0−ξ2

)
−4ξ2

2s(−1+ s)
,

λ1(s) =
4+8ξ0− s

(
11+16ξ0−2ξ1 +3

√
1+4ξ1 +30

√
ξ0−ξ2 +6

√
1+4ξ1

√
ξ0−ξ2−12ξ2

)
2s2(−1+ s)2

+
s2
(

13+8ξ0 +6ξ1 +9
√

1+4ξ1 +18
√

ξ0−ξ2 +6
√

1+4ξ1
√

ξ0−ξ2−4ξ2

)
+12

√
ξ0−ξ2−8ξ2

2s2(−1+ s)2 ,

s1(s) =

(
−2
(

1+
√

ξ0−ξ2

)
+ s
(

4+
√

1+4ξ1 +2
√

ξ0−ξ2

))(
2ξ1 +

(
1+
√

1+4ξ1

)(
1+2

√
ξ0−ξ2

)
−4ξ2

)
2s2(−1+ s)2 ,

.... (25)

Combining these results obtained by the AIM with the quantization condition given by Eq. (21) yields

s0λ1− s1λ1 = 0⇒ ξ01 = ξ2 +
1
4

(
−1− 2(ξ1−2ξ2)

1+
√

1+4ξ1

)2

, for n = 0,

s1λ2− s2λ1 = 0⇒ ξ02 = ξ2 +
1
4

(
−1− 2(1+ξ1 +

√
1+4ξ1−2ξ2)

3+
√

1+4ξ1

)2

, for n = 1,

s2λ3− s3λ2 = 0⇒ ξ03 = ξ2 +
1
4

(
−1− 2(2+ξ1 +2(1+

√
1+4ξ1)−2ξ2

5+
√

1+4ξ1

)2

, for n = 2,

.... (26)

When the above expressions are generalized, the eigenvalues turn out to be

ξ0n = ξ2 +
1
4

(
−1− 2[(−1+n)n+ξ1 +n(1+

√
1+4ξ1)−2ξ2]

1+2n+
√

1+4ξ1

)2

, n = 0,1,2, . . . . (27)

By using Eq. (27), the energy of state of the Dirac equation for this potential can be obtained by the following expression:

E2
n = m2

0−4α
2

1
4

(
−1− 2[(−1+n)n+ξ1 +n(1+

√
1+4ξ1)−2ξ2]

1+2n+
√

1+4ξ1

)2

+ξ2

 . (28)
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Table 1. Energies for V1 =V2 = 0.8 (h̄ = c = m0 = 1).

α |n, l,κ〉 Energy
0.05 |0,0,0〉 –0.999307

|1,0,0〉 –0.986568
|2,1,1〉 –0.967129
|3,2,2〉 –0.940083

0.1 |0,0,0〉 –0.997211
|1,0,0〉 –0.944109
|2,1,1〉 –0.849050
|3,2,2〉 –

0.3 |0,0,0〉 –0.974060
|1,0,0〉 –
|2,1,1〉 –
|3,2,2〉 –

Table 2. Energies for V1 =V2 = 1 (h̄ = c = m0 = 1).

α |n, l,κ〉 Energy
0.001 |0,0,0〉 –1.

|1,0,0〉 –0.999994
|2,1,1〉 –0.999984
|3,2,2〉 –0.999970
|4,3,3〉 –0.999952
|5,4,4〉 –0.999930
|6,5,5〉 –0.999904
|7,6,6〉 –0.999874
|8,7,7〉 –0.999840
|9,8,8〉 –0.999802
|10,9,9〉 –0.999761
|11,10,10〉 –0.999715
|12,11,11〉 –0.999666

However, dependences of En on ξ1 and ξ2 should not be for-
gotten. For different α values and quantum states, the en-
ergy eigenvalues are calculated from Eq. (28). The results are
shown in Table 1. As shown in Tables 1 and 2, due to the in-
crease of screening parameter α , eigenvalues En also increase.
According to Fig. 1(b), the three bound states occur in po-
tential well for relatively small values of screening parameter
(0 < α < 0.2), while for larger values of screening parameter
(0.2 < α), only one bound state appears, namely the ground
state. The reason for this case can be understood by observ-
ing Fig. 1(b). The increase in the screening parameter leads

to changes of the depth and width of the potential well, which
causes less bound states in the Eckart potential well.

0            0.2          0.4          0.6          0.8          1.0

0           0.2         0.4         0.6         0.8         1.0

↩0.75
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↩0.95

↩1.00


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

α

E
n

V
(r

)
r

(a)

(b)

n = 3

n = 2

n = 1

n = 0

Fig. 1. (color online) (a) The variation of eigenvalues with screening pa-
rameter α in atomic units (h̄ = c = m0 = 1) with V1 = V2 = 0.8. (b) The
variation of the Eckart potential with r (V1 = V2 = 0.8,α = 0.2 black line,
α = 0.7 blue line).

2.2. Eigenfunctions of the equation

The exact eigenfunctions can be derived from the follow-
ing generator:

fn(s) =C2 exp
(
−
∫ s

αk ds′
)
. (29)

Using Eqs. (19) and (29), we obtain the following eigenfunc-
tions:

f0(s) = C2,

f1(s) = −C2(1+2
√

ξ0−ξ2)

(
1− 2+2

√
ξ0−ξ2 +

√
1+4ξ1

1+2
√

ξ0−ξ2
s
)
,

f2(s) = C2

(
1+2

√
ξ0−ξ2

)(
2+2

√
ξ0−ξ2

)(
1−

2
(

3+2
√

ξ0−ξ2 +
√

1+4ξ1

)
1+2

√
ξ0−ξ2

s

+

(
3+2

√
ξ0−ξ2 +

√
1+4ξ1

)(
4+2

√
ξ0−ξ2 +

√
1+4ξ1

)
(

1+2
√

ξ0−ξ2

)(
2+2

√
ξ0−ξ2

) s2
)
,

f3(s) = −C2

(
1+2

√
ξ0−ξ2

)(
2+2

√
ξ0−ξ2

)(
3+2

√
ξ0−ξ2

)
x
(

1−
3
(

4+2
√

ξ0−ξ2 +
√

1+4ξ1

)
1+2

√
ξ0−ξ2

s

+
3
(

4+2
√

ξ0−ξ2 +
√

1+4ξ1

)(
5+2

√
ξ0−ξ2 +

√
1+4ξ1

)
(

1+2
√

ξ0−ξ2

)(
2+2

√
ξ0−ξ2

) s2

−

(
4+2

√
ξ0−ξ2 +

√
1+4ξ1

)(
5+2

√
ξ0−ξ2 +

√
1+4ξ1

)(
6+2

√
ξ0−ξ2 +

√
1+4ξ1

)
(

1+2
√

ξ0−ξ2

)(
2+2

√
ξ0−ξ2

)(
3+2

√
ξ0−ξ2

) s3
)
,

· · · . (30)
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Finally, the following general formula for the exact solu-
tions fn(s) is acquired:

fn(s) = (−1)nC2

Γ

(
1+2

√
ξ0−ξ2 +n

)
Γ

(
1+2

√
ξ0−ξ2

)
× 2F1

(
−n,1+2

√
ξ0−ξ2 +

√
1+4ξ1

+ n;1+2
√

ξ0−ξ2;s
)
. (31)

Hence, we can write the total radial wave function as

Fnκ(s) = Ns
√

ξ0−ξ2(1− s)(1+
√

1+4ξ1)/2

× 2F1

(
−n,1+2

√
ξ0−ξ2 +

√
1+4ξ1

+ n;1+2
√

ξ0−ξ2;s
)
, (32)

where N is the normalization constant.
In order to normalize the wave functions, we should

determine Gnκ(s). Inserting Eq. (11) and µ(r) =

m0−4V1 e−2αr/(1− e−2αr)2 +V2(1+ e−2αr)/1− e−2αr into
Eq. (8), we obtain[

d2

dr2 −
κ(κ−1)

r2 − (µ0−Enκ)

(
µ0 +Enκ

− 8V1
e−2αr

(1− e−2αr)2 +2V2
1+ e−2αr

1− e−2αr

)]
Gnκ(r) = 0. (33)

When 1/r2 exponential approximation and the defined s =

e−2αr transformation are used, equation (33) becomes[
d2

ds2 +
1
s

d
ds
− ξ3

s(1− s)2 −
ξ0

s2 −ξ4
1+ s

s2(1− s)

]
Gnκ(s) = 0,

(34)

where ξ0 =(m2
0−E2)/4α2, ξ3 = κ(κ−1)−2V1(m0−E)/α2,

and ξ4 = (m0−E)V2/2α2. If the processes to find Fnκ(s) are
repeated, we obtain

Gnκ(s) = Ns
√

ξ0+ξ4(1− s)(1+
√

1+4ξ3)/2

× 2F1

(
−n,1+2

√
ξ0 +ξ1 +

√
1+4ξ3

+ n;1+2
√

ξ0 +ξ1;s
)
. (35)

The total radial wave functions are obtained in terms of con-
fluent hypergeometric functions. In this part of our work, we
calculate the normalization constant N in Eqs. (32) and (35).
The calculation of the normalization constant is very neces-
sary, which has not been explicitly worked out in most of
the studies. The method to compute the normalization con-
stant is given in Ref. [42]. To compute the normalization
constant N, first, we start with the normalization condition∫

∞

0 ( f 2 +g2)r2 dr = 1. According to the transformation of
s = e−2αr, s→ 1 for r→ 0 and s→ 0 for r→ ∞. Therefore,∫ 1

0

F(s)2

2sα
ds+

∫ 1

0

G(s)2

2sα
ds = 1.

So, by means of the above normalization condition, we have

N2
[∫ 1

0
s2
√

ξ0−ξ2−1(1− s)1+
√

1+4ξ1
(

2F1(−n,1

+ 2
√

ξ0−ξ2 +
√

1+4ξ1 +n;1+2
√

ξ0−ξ2;s)
)2

ds

+
∫ 1

0
s2
√

ξ0+ξ4−1(1− s)1+
√

1+4ξ3
(

2F1(−n,1

+ 2
√

ξ0 +ξ1 +
√

1+4ξ3 +n;1+2
√

ξ0 +ξ1;s)
)2

ds
]

= 2α. (36)

The series representation of the confluent hypergeometric
function 2F1 is

pFq(a1, . . .ap;c1, ..cq;s) =
∞

∑
i=0

(a1)i · · ·(ap)i

(c1)i · · ·(cq)i

si

i!
. (37)

Being Pochhammer symbols (a1)i, (c1)i and a polynomial of
degree n in s, we obtain the normalization constant in the fol-
lowing form:

N2

[
n

∑
i=0

(−n)i(1+2
√

ξ0−ξ2 +
√

1+4ξ1 +n)i(2
√

ξ0−ξ2)i

(1+2
√

ξ0−ξ2)ii!(2+
√

1+4ξ1 +2
√

ξ0−ξ2)i

× B(2
√

ξ0−ξ2,2+
√

1+4ξ1)3F2(−n,1+2
√

ξ0−ξ2

+
√

1+4ξ1 +n,2
√

ξ0−ξ2 + i;1+2
√

ξ0−ξ2,2

+
√

1+4ξ1 +2
√

ξ0−ξ2 + i;1)

+
n

∑
i=0

(−n)i(1+2
√

ξ0 +ξ1 +
√

1+4ξ3 +n)i(2
√

ξ0 +ξ4)i

(1+2
√

ξ0 +ξ1)ii!(2+
√

1+4ξ3 +2
√

ξ0 +ξ4)i

× B(2+
√

1+4ξ3,2
√

ξ0 +ξ4)3F2(−n,1+2
√

ξ0 +ξ4

+
√

1+4ξ3 +n,2
√

ξ0 +ξ4 + i;1+2
√

ξ0 +ξ1,2

+
√

1+4ξ3 +2
√

ξ0 +ξ4 + i;1)

]
= 2α. (38)

3. Conclusion
To summarize, we have considered analytical approxi-

mate bound state solutions of the mass-dependent Dirac equa-
tion with the vector Eckart potential and mass function using
the AIM by applying an approximation to the centrifugal-like
term, which is a different approach. For arbitrary spin–orbit
quantum number κ state and small α , we have obtained the en-
ergy eigenvalues and the corresponding radial wave functions
for the case of position-dependent mass and approximation on
the spin–orbit coupling term in a systematic way.

Appendix A
To normalize the wave functions, some of the special

procedures for the beta function are given in the following
form:[42,43]

(i)

Bq(x,y) =
∫ q

0
sx−1(1− s)y−1 ds = 1,

010301-5



Chin. Phys. B Vol. 22, No. 1 (2013) 010301

B(x,y) = Γ(x)Γ(y)/Γ(x+ y),

Bq(x+1,y) =
x

x+ y
Bq(x,y)−

qx(1−q)y

x+ y
,

(ii)

Iq(x,y)

= Iq(x−1,y)− qx−y(1−q)y

x+ y

= Iq(x−2,y)− qx−2(1−q)y

(x−2)B(x−2,y)

− qx−1(1−q)y

(x−1)B(x−1,y)

= Iq(x−3,y)− qx−3(1−q)y

(x−3)B(x−3,y)

− qx−2(1−q)y

(x−2)B(x−2,y)
− qx−1(1−q)y

(x−1)B(x−1,y)
= · · ·

= Iq(x−m,y)−qx(1−q)y
m

∑
k=1

q−k

(x− k)B(x− k,y)
,

m = 1,2, . . .

(iii)

Bq(x,y) =
qx(1−q)y−1

x

∞

∑
k=0

(1− y)k

(1+ x)k

(
q

q−1

)k

=
qx(1−q)y−1

x 2F1

(
1,1− y;1+ x;

q
q−1

)
for q ∈ (−∞,0)∪

(
0,

1
2

)
,

Bq(x,y) = B(x,y)− qx−1(1−q)y

y

∞

∑
k=0

(1− x)k

(1+ y)k

(
q−1

q

)k

= B(x,y)− qx−1(1−q)y

y 2F1

(
1,1− x;1+ y;

q−1
q

)
and B1(x,y) = B(x,y) for q = 1,

(iv) (a)i+ j = (a)i(a+ i) j.
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