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Explicit solutions of nonlinear wave equation systems*
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We apply the (G'/G)-expansion method to solve two systems of nonlinear differential equations and construct travel-
ing wave solutions expressed in terms of hyperbolic functions, trigonometric functions, and rational functions with arbitrary
parameters. We highlight the power of the (G’ /G)-expansion method in providing generalized solitary wave solutions of
different physical structures. It is shown that the (G'/G)-expansion method is very effective and provides a powerful
mathematical tool to solve nonlinear differential equation systems in mathematical physics.
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1. Introduction

The world around us is inherently nonlinear, and non-
linear evolution equations are widely used to describe the
complex physical phenomena. The exact solutions of non-
linear partial differential equations (NPDEs) play a signif-
icant role in nonlinear science and engineering. In recent
years, many researchers who are interested in the nonlin-
ear physical phenomena have investigated exact solutions of
NPDEs. They established many powerful and direct meth-
ods. For instance, the Lie symmetry method,!'-! first integral
method,**! multiple exp-function method,>%! transformed ra-
tional function method,!”! Hirota bilinear method,!®%! sine—

10.111 and Jacobi elliptic function method.'%13]

cosine method |

In this work, we study systems of nonlinear partial differ-
ential equations. In order to solve systems of differential equa-
tions, there are various techniques that are commonly used.
The existing techniques have difficulties related to the size of
computational work, especially when the system has several
PDEs. In the present work, in order to extend applications
of the (G'/G)-expansion method to different problems, this
method is described and new families of exact solutions are
found.

The main advantage of the proposed expansion method
over the basic (G'/G)-expansion method is that it provides
more new exact traveling wave solutions along with addi-
tional free parameters. All the solutions obtained by the ba-
sic (G'/G)-expansion method are thought of as a particular
case of the proposed expansion method. In addition, we ob-
tain some new solutions. To clarify the fact, we apply the
method in two cases of mathematical physics importance. In
both cases, we obtain some additional new exact solutions.
The exact solutions have great importance in revealing the in-
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ternal mechanism of the physical phenomena. Apart from the
physical relevance, the close-form solutions of nonlinear evo-
Iution equations facilitate the numerical solvers to verify the
accuracy of their results, and help them in the stability analy-
sis. In the basic (G'/G)-expansion method, if the order of the
reduced ordinary differential equation (ODE) obtained from
the PDE by using the traveling wave variable is equal to or
less than three, with the help of symbolic computation soft-
ware, such as Maple 14, it is possible to work out a useful
solution of the algebraic equations derived in Step 5 of Sec-
tion 2. Algebraic manipulation of the proposed expansion
method with the help of Maple is much easier than the other
methods. Sometimes the method gives solutions in disguised
versions of known solutions that may be found by other meth-
ods, and if the order of the reduced ordinary differential equa-
tion is large enough, then the method is unable to guarantee
the existence of solutions of the resultant algebraic equations.

Our aim in this paper is to perform an analytical study
on the long—short-wave interaction system and the coupled
integrable dispersionless system by means of the (G'/G)-
expansion method. Utilizing this method, new families of ex-
act traveling wave solutions are found, which show the relia-
bility and advantages of the method. We describe the method
in Section 2, analyze two physically important nonlinear dif-
ferential equation systems in Section 3, and finally obtain
some conclusions in Section 4.

2. Description of the (G'/G)-expansion method
for NPDEs

The (G'/G)-expansion method proposed by Wang et
al" is particularly notable for its power and applicabil-
ity in solving nonlinear problems, and has been successfully
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applied to solve many kinds of nonlinear partial differen-
tial equations.!'>-21 All of these applications verified that the
(G'/G)-expansion method is a straightforward, efficient, and
versatile technique for finding generalized solitary, periodic,
and rational solutions for nonlinear evolution equations as
well as for revealing intriguing characteristics of various inner-
wave interactions.

In this section, we describe the (G’ /G)-expansion method
to solve nonlinear partial differential equations. Let us con-
sider an NPDE for u(x,¢) in the following form:

P(uvutauxaulhuxxa---):07 (1)

where u(x,t) is an unknown function, and P is a polynomial
of u(x,t) and its partial derivatives, in which the highest-order
derivatives and nonlinear terms are involved. The algorithm of
the (G’ /G)-expansion method for NPDEs is given as follows:

Step 1 For traveling wave solutions of Eq. (1), we intro-

duce the wave transformation as follows:

u(x,r)=U(&), E=x—ct. 2)

Based on this wave transformation, equation (1) is reduced to
an ordinary differential equation

oU,—cU" U ,PU",—cU" U",...) =0, 3)

where U = U (), and the prime denotes the derivative with
respect to &.

Step 2 We assume that the following series expansion is
a solution of Eq. (3):

o GE),
Un(é) /;(]al(G(g)) ) ((Xm#O), €]

where m and o; are constants to be determined, G() satisfies
a second-order linear ordinary differential equation (LODE) in
the form

d*G(§) | , dG(§)
FTERAY:

where A and p are arbitrary constants. Using the general so-

+UG(E) =0, 5)

lutions of Eq. (5), we obtain the following cases:

2

VAZ—4u (Cl sinh(y/A? 74,u§/2)+Cgcosh(\//12—4u§/2)) A (22— 4y > 0)
Cicosh(y/A2 —4u& /2) + Cysinh(\/A2 —4u&/2)/ 2’ ’

2
LS S
CiéE+C 27

where C| and C; are arbitrary constants.

Step 3 Positive integer m can be determined by following
the homogeneous balance procedure. Balancing the highest-
order nonlinear term(s) and the highest-order derivatives of
U (&) in Eq. (3), we can determine the degree m of Eq. (4).

Step 4 Substituting Egs. (4) and (5) into Eq. (3), and col-
lecting all terms with the same order of G'(£)/G(&) together,
the left-hand side of Eq. (3) is converted into a polynomial
in G'(£)/G(E). Setting the coefficients of this polynomial to
be zero, we obtain a system of nonlinear algebraic equations,
from which the constants oy can be explicitly determined by
using Maple. Finally, we substitute these values into Eq. (4),
and obtain exact solutions of Eq. (1).

3. Applications

In this section, we apply the (G'/G)-expansion method
discussed in Section 2 to solve two NPDE systems.

3.1. Long—short-wave interaction system

Let us first apply the above method to the following long—

short-wave interaction system:>’}

il//t+Wxx_l//v =0,
v+ 0+ (W) =0, (7

\/4/.1—/12(—0 sin(\/4/.1—125/2)+C2cos(\/4u—125/2))_& (A2— 4y < 0) (6)
ACI cos(y/41 — A2E 2) +Cysin(y/4u — A2E /2) 2’ ’

(;\‘2 —4‘Ll = O)a

where y(x,7) is a complex function, v(x,#) is a real function,
x is the spatial coordinate, and ¢ is the time. This system de-
scribes the interaction between one long longitudinal wave and
one short transverse wave propagating in a generalized elas-
tic medium. The v(x,¢) characterizes the long longitudinal
wave and y(x,t) is the slowly varying envelope of the short
transverse wave. Wang et al.!?®! obtained periodic wave solu-
tions of the long—short-wave interaction system by using the

F-expansion method. We use the following transformation:
w(xt) = eulx,1), &=ax+pr,
v(x,1) =V(E), ulx,1) =U(G), § =x—wt,  (3)

where @ and f3 are real constants, and u(x,?) is a real function.
Substituting Eq. (8) into Eq. (7), we find

o=2a, B=-2a% 9)
and equation (7) turns into the following form:

a’U"(E)-UEWV(E)+a’U(E) =0, (10)
07

(1-20)V'(§) +2aU(E)U'(§) = (11)
where
v (GG
U(E) =L ol gg) s (om0 (12)
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m(

Here, m and n are the balancing terms of (U(£)) and (V(&)),

respectively.

) (B, #0). (13)

Then, according to the homogeneous bal-
ance procedure, balancing the nonlinear term (U(§)V(£)) in
Eq. (10) with the highest-order derivative term (U”(&)), we
find

m+n=m+2. (14)

In Eq. (11), balancing the nonlinear term (U(&)U'(€)) with
the highest-order derivative term (V’(&)), we find

m+(m+1)=n+1. (15)

Thus, from Egs. (14) and (15), we obtain the balancing terms
as follows:

m=1,n=2. (16)

Substituting these terms into Eqs. (12) and (13), we obtain

v =avtan(EE). (2o (7
VO =B (S5 +B SR B0, a8)

for the travelling wave solutions of Eqs. (10) and (11). Substi-
tuting Eqgs. (17) and (18) together with Eq. (5) into Egs. (10)
and (11), and setting the coefficients of (G'(£)/(G(&))) (0 <
i < 3) to be zero, we obtain an algebraic system for
o, o, Po, Bi, and o. Solving this system by use of Maple,
we find

/ o / o

=FA a2 ——, og =F2y/a?— =
0y =+ 7 + 3
20

Po=0a?2u+1), i =204, pr =

a=ao. (19)
Thus, we obtain solutions for Egs. (10) and (11) in different
cases. Let us consider the following cases.

Case 1 When A% —
tion solution of Eqs. (7) as

4u > 0, we obtain hyperbolic func-

], «a — Cisinh(\/A2 —4pu(x—20t)/2) + Cycosh(y/A2 —du(x—20t)/2)
ulwt) =Fq o 2 » 4u(CwOSh( lz—41.1(26—206t)/2)-l-Czsinh(\/ﬁ(X—20“)/2)>7 e

= (
1) =Te
Vel =7 Cjcosh(y/A2

and

—4u(x—2at)/2) + Cycosh(y/A?

iaxaz,)\/(az_(;)(xz_éw)(C]sinh(\/f(x—Zat)/Z)—l—Czcosh(\/mgx—Zat)Z;) 2D

4u(x—2ar)/2)+Cysinh(y/A% —4u

2 ) .
1)(x,t):o¢2+0527L 4u <<C1 sinh(y/A
2 Cjcosh(y/A2

where C| and C; are arbitrary constants.

As a special example, when A2 —4u =4 and C; =

y(x,1) =

When A2 —4u =4 and C,

—4p(x—2at)/2) + Cysinh(y/A?

—4u(x—2a1)/2)\?
“Adu(x—2ar) /2)) - 1)’ @2

0, the solution y of Eq. (21) becomes

Foeil@—an for %tanh(x—Zat). 23)

= 0, the solution y of Eq. (21) becomes

win ) = F2ei @@ fo2 % coth(x — 2ar). 24)

When 12

—4u =4 and G, = 0, the solution v of Eq. (22) becomes

v(x,1) = a®(1 —2sech?(x — 201)). (25)

When 12

—4u =4 and C; = 0, the solution v of Eq. (22) becomes

v(x,1) = a*(2cosech® (x — 2ar) + 1). (26)

Case 2 When A2

—4u < 0, we obtain trigonometric function solutions of Eq. (7) as

u(r, ) = T4 | o — \/7< —Cy sin( \/m(x—Z(xt)/Z)+Czcos(\/m(x—2at)/2))’

and

Cicos(y/4u —A2(x—20t)/2) + Cysin(y/4u — A2 (x — 2at) /2) @7

) o ilaa?) Ty, o [ —Cisin(\/A — A2 (x—2a1)/2) + Cycos(\/4p — A2(x—2a1)/2)
Vo) =% \/(a2 3 ) (4= < C1 cos(/At — A2 (x—2a1)/2) + Casin(v/311 — A2(x—2a1)/2) ) (28)
541 — A2 ((-q sin(y/4u — A2(x —2at) /2) + Cacos(y/4p — A2 (x — 2at)/2)>2 N 1) 29)

2
v(x,t)=a’+a 7 Cycos(v/4l — A2(x—2at)/2) + Cysin(\/41 — A2 (x — 201) /2)
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where C| and C, are arbitrary constants.
As a special example, if we take 41t — A2 =4 and C; = 0,
the solution y of Eq. (28) becomes

wint) = £2ei (@) fo2 %tan(x— 2a1).  (30)

When 4u — A2 =4 and C; = 0, the solution v of Eq. (28)

becomes

Wix 1) = £2ei (@) fo2 gcot(xf 2a6). (1)

When 4u — A? = 4 and C; = 0, the solution v of Eq. (29)
becomes

v(x,1) = a?(142sec?(x—2ar)). (32)

When 4y — A? = 4 and C; = 0, the solution v of Eq. (29)
becomes

v(x,1) = a?(142cosec?(x —2ar)). (33)

Case 3 When A2 —4u = 0, we obtain the rational func-
tion solution of Eq. (7) as

(04 C1
TN N 2 P S 4
u(e,t) =¥ * 2C1(x—206t)+C2’ 34
. » Cl
— peilax—a’) 2 &
Y = F2e Ve Sansaie O

and
202C?
(Ci(x—2at) +)?’

where C| and C; are arbitrary constants.

v(x,1) =+ (36)

3.2. Coupled integrable dispersionless system

We next consider a coupled integrable dispersionless sys-

tem of the following form:?°!

ty + (V@) =0, Vy —2Vu, =0, Oy —20u, =0. (37)

Coupled integrable dispersionless equations are presented and
solved based on the inverse scattering method proposed in
Ref. [30]. Using the traveling wave transformation

M()C,l) = U(é)v l)(x,t) = V(é)v
o(x,t)=W(&), E=x—ct, (38)

where c is the wave speed and ¢ # 0, equations (37) become

cU"(&) = (V(EW () =0 (39)
VI(E)+2V(EU'(E) =0 (40)
W"(E)+2W(EU'(E) =0. (41)

Here, the prime denotes the derivation with respect to £. Inte-
grating Eq. (39), we obtain

U'(E)= TV (EW(E) +A, )

where A is the integration constant. Substituting Eq. (42) into
Egs. (40) and (41) yields

VIE)+ SVAEWE TBVE) =0, @)

WIE) + SVEWAE) HBWE) =0, @)

where B = 2A/c. Multiplying Eqgs. (43) and (44) by V(£) and
W (&), and subtracting the latter from the former, we obtain

V(EW" () -W(E)V"(§) =0. (45)
From Eq. (45), we obtain
(VEW'(E) —W(E)V'(E)) =0, (46)
or
(V‘f((g)))/ —0, 47)
and equation (47) can be rewritten as follows:
W(&) =DV (), (48)

where D is the integration constant. Substituting Eq. (48) into
Egs. (45) and (46), we obtain the second-order nonlinear ordi-
nary differential equation as
" 2A 2D
14 (5)+7V(5)+?V3(§)=0- (49)
Now we can solve this equation using the (G'/G)-expansion
method. Let

VE =Y a(gH )" @t

where m is the balancing term of V(&). Then, according to
the homogeneous balance procedure, balancing the nonlinear
term V3 (&) in Eq. (49) with the highest-order derivative term
V' (€), we find

3m=m+2, (5D
m=1. (52)

Substituting this balancing term into Eq. (50), we obtain
G'(¢)
G(§)
for the traveling wave solution of Eq. (49). Substituting
Egs. (53) and (5) into Eq. (49), and setting the coefficients
of (G'(€)/(G(&)))! (0 <i < 3)tobe zero, we obtain an alge-
braic system for o, ¢, ¢, and A. Solving this system by use
of Maple, we find

Ac 1 o /1
= _ _— — c -
Oy =+ 2 D’ 1= D’

c(A? —4pu)
4 ’
Thus, we obtain solutions of Eq. (49) in different cases. Let us

V(E) = a0+ ( gz )s @ A0, (53)

A= c=c. (54)

consider the following cases.
Case 1 When A% —4u > 0, we obtain the hyperbolic
function solution of Eq. (49) as
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/ \/QLZ (Cl sinh(y/A%2 —4u&/2) 4+ Cycosh(y/A2 —4p& /2) > 55)
Cicosh(y/A2—4 5/2 +Cysinh(y/A% —4 5/2 ’
| \/12 Cy sinh(y/A2 —4p&/2) +Cycosh(\/A2 —4ué/2)
—Tep (Clcosh VA2 —4pé€ [2) + Cysinh(y/AZ2 —4ué /2) ) 0

Substituting Egs. (55) and (56) into Eq. (42), we obtain

yey C(A2—4p) (- (Citanh(\/AZ—4pE/2)+ G\
vie)= 4 (1 (C1+C2tanh(\/lz—4,u§/2)> ) ©7

From Eq. (57), we can find U (&) in the following form:

c ,12—4u< (—C}/C3+C) \/ 5 (tanh (\/A2—4uk/2) —1)) 58)
2 C) + Gy (tanh(y/A2 —4u& /2)) 2 tanh(\/A2 —4ué/2)+1/))

Thus, when A2 — 4u > 0, the traveling wave solutions for Egs. (37) is obtained

o) :Flc\/>\/l2 (Clsmh VA2 — (X—Ct)/Z)-l-CzCOSh(\/),z—4[.1()6—61)/2)) (59)
Cicosh(y/A2 —4u(x—ct)/2) +Cysinh(y/A2 —4p(x —ct)/2) )’

U(g) =

O(x,1) = $w\r\/ﬂuz (Clsmh (VA2 —4p(x —ct)/2)+Czcosh(\/12—4,u(x—ct)/2)> 60)
Cicosh(y/A2 —4p(x —ct)/2) +Cysinh(y/A% —4p(x—ct)/2) )’
w(er) = /12—4;1{ (-C3/C2+Cy) N A2 —4u(x—ct)
2 C1 + Cy(tanh(\/A% — 4p(x —ct) /2)) 2
ln tanh(y/A2 —4p(x—ct)/2) —1
2! (tanh(,/m—4u(x—cr)/z)+1)]+C3’ ©b

where Cj is an integration constant, and C; and C; are arbitrary constants.
As a special example, when A2 — 4 = 4 and C; = 0, the solution v of Eq. (59) becomes

1
v(x,1) = Ficy/ Btanh(x—ct). (62)
When A2 —4u = 4 and C; = 0, the solution v of Eq. (59) becomes
1
v(x,t) = jFiC\/Bcoth(x—ct). (63)

When A2 —4u = 4 and C; = 0, the solution @ of Eq. (60) becomes

@(x,t) = Ficv/Dtanh(x — ct). (64)
When A% —4u = 4 and C; = 0, the solution @ of Eq. (60) becomes

@, (x,t) = icv/Deoth(x — ct). (65)

When A2 — 4u =4 and C; = 0, the solution u of Eq. (61) becomes

B G B 1 (tanh(x—ct)—1
uxr) = C(Cztanh(x— ct) e+ 2 ln(tanh(x—ct) +1 )) TG (66)

Case 2 When 1% — 4 < 0, we obtain the trigonometric function solution of Eq. (49) as

- | 1 /4u—22 (—Cl sin(y/4u —A2E/2) +C2cos(\/4,u—/12§/2)) 7
D 2 Cicos(\/4u — A2E J2) + Casin(\/4u — A2E)2) )’
_en [ 1\/4u-22 (-cl sin(\/4,u—12§/2)+Czcos(\/4,u—12§/2)) ©8)
D 2 Cicos(\/4u — A2E J2) + Casin(\/4u — A2E)2) )

Substituting Eqgs. (67) and (68) into Eq. (42), we obtain

sogy _ CAP—4p) [ (—Cisin(\/4u—27&/2) + Crcos(v/4u —27E/2) | ®
vie) = 4 (( Ci cos(\/mé/Z)—FCZSin(\/mé/z) > +1). )

010202-5
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From Eq. (69), we can derive U(&) in the following form:

c\/4u —A2(C3+C?)

U=

205(Cy + Catan(y/4p — A2 /2))

+Gs, (70)

where Cj3 is an integration constant, and C; and C, are arbitrary constants.

Thus, when A2

—4u <0, the traveling wave solution for Egs. (37) is found as follows:

oo T

—Cj sin \/4,u—),2(x—ct)/2)+Cgcos(\/4,u—/12(x—ct)/2)> 1)
Crcos(v/4 —A2(x —ct) /2) + Cosin(y/4u — A2 (x—c1)/2) )’

ot = e BLEE

2

u(ot) = /AU —22(C3+CP)

As a special example, when 4y — A% =4 and C; = 0, the
solution v of Eq. (71) becomes
) 1
v(x,t) = tic Btan(x— ct). (74)
When 4u — A% = 4 and C; = 0, the solution v of Eq. (71)
becomes
1
v(x,t) = IFicUBcot(x—ct). (75)
When 4u — A? =4 and C; = 0, the solution ® of Eq. (72)
becomes
o(x,t) = +icV/Dtan(x — ct). (76)
When 4u — A2 =4 and C; = 0, the solution ® of Eq. (72)
becomes
o(x,1) = Ficv/Dcot(x —ct). amn
When 4u — A2 =4 and C; = 0, the solution @ of Eq. (73)
becomes
u(x,t) = ccot(x —ct) + Cs. (78)

Case 3 When A2
tion solution of Eq. (49) as

—4u = 0, we obtain the rational func-

_ G
V(€)= :l:w\/;cl5 e (79)

W)= ilcfclg G (80)
Substituting Eqgs. (79) and (80) into Eq. (42), we obtain

CZ
U)=—-—c—r>—0 81
(€) CCErOE (81)
From Eq. (81), we find
G

where C3 is an integration constant, and C; and C; are arbitrary

constants. Thus, the rational function solution of Eq. (37) is

2C5(Cy + Cytan(/4p flz(xfct)/Z))

—Cysin(y/4u — A% (x—ct)/2) + Cacos(1/4 — A2 (x —ct)/Z)) 72)
Cicos(\/4u —A2(x—ct)/2) + Cosin(y/4u — A% (x — ct) /2)

+G;. (73)
‘obtained
L G
vixt) _ilc\/>C|( —ct)+C2’ 3
o(x,t) = £icVD 7( e (84)
u(x,r) = < +C, (85)

CC] (x—ct)+C
where C and C; are arbitrary constants.

It is worth noting that the rational solutions (34)—(36) and
(83)—(85) are presented here for the first time.

4. Conclusion

The solutions of these nonlinear evolution equations have
many potential applications in physics. The performance of
this method is reliable, simple and gives many new exact so-
Iutions. Though the obtained solutions represent only a small
part of the large variety of possible solutions for the equations
considered, they might serve as seeding solutions for a class
Our

solutions are in more general forms, and many known solu-

of localized structures existing in the physical systems.

tions to these equations are only special cases of them. With
the aid of Maple and Mathematica, we have verified the cor-
rectness of the obtained solutions by putting them back into
the original equation. The solutions contain free parameters.
These solutions will be very useful in various physical situ-
ations where these equations arise. We have noted that the
(G'/G)-expansion method changes the given difficult prob-
lems into simple problems which can be solved easily. We
hope that they will be helpful for further studies in applied

sciences.
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