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Analytical approximate solution for nonlinear space–time
fractional Klein Gordon equation
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The fractional derivatives in the sense of Caputo and the homotopy analysis method are used to construct an approxi-
mate solution for the nonlinear space–time fractional derivatives Klein–Gordon equation. The numerical results show that
the approaches are easy to implement and accurate when applied to the nonlinear space–time fractional derivatives Klein–
Gordon equation. This method introduces a promising tool for solving many space–time fractional partial differential
equations. This method is efficient and powerful in solving wide classes of nonlinear evolution fractional order equations.
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1. Introduction

The seeds of fractional calculus (that is, the theory of
integrals and derivatives of arbitrary real or complex orders)
were planted over 300 years ago. Fractional differential
equations (FDEs) have found applications in many problems
in physics and engineering.[1–4] Since most of the nonlin-
ear FDEs cannot be solved exactly, approximate and numer-
ical methods must be used. Some of the analytical methods
for solving nonlinear problems include the Adomian decom-
position method (ADM),[5–7] the variational iteration method
(VIM),[8] the homotopy-perturbation method (HPM),[9–11] and
the homotopy analysis method (HAM).[12–17] The HAM, first
proposed in 1992 by Liao,[12] has been successfully applied
to solve many problems in physics and science. Deng et
al.[18,19] used the finite difference methods and the finite ele-
ment method to solve the fractional Klein–Kramers equations
and the fractional Fokker–Planck equation, respectively. Re-
cently Gepreel et al.[20] used the fractional complex transfor-
mation to obtain the exact solutions for some nonlinear partial
fractional differential equations. There are many methods for
obtaining analytic approximate solutions for nonlinear frac-
tional differential equations, such as the Adomian decomposi-
tion method, the variational iteration method, the homotopy-
perturbation method, and the homotopy analysis method. The
homotopy anaylsis method is the generalized method and con-
tains a certain auxiliary parameter h, which provides us with
a simple way to adjust and control the convergence region of
the solution series.

In this article, we use the HAM to calculate the analytic
approximate solution to the nonlinear space–time fractional

derivative Klein–Gordon equation[21]

∂ α u
∂ tα
− ∂ β u

∂xβ
+u3

= Γ(α +1)xβ −Γ(β +1)tα + x3β t3α ,

(t > 0, 1 < α, β ≤ 2). (1)

We study the behavior of the approximate solution to the non-
linear space–time fractional derivative Klein–Gordon equation
(1) and we determine the convergence region of the approxi-
mate solutions.

2. Preliminaries and notations
In this section, we give some definitions and properties of

the fractional calculus. Several definitions of fractional calcu-
lus have been proposed in the last two centuries. The fractional
calculus is the theory of integrals and derivatives of arbitrary
order. There are many researchers[1–4] who have developed
the fractional calculus and given various definitions of frac-
tional integration and differentiation, such as the Grunwald–
Letnikov definition, Riemann–Liouville definition, Caputo’s
definition, and the generalized function approach.

Definition 1 A real function h(t), t > 0 is said to be in
the space Cµ , µ ∈ R if there exists a real number p > µ such
that h(t) = t ph1(t), where h1(t) ∈ C[0,∞), and it is said to be
in the space Cn

µ if and only if h(n) ∈Cµ , n ∈ N.
Definition 2 The Riemann–Liouville fractional integral

operator Jα of order α ≥ 0 of function h ∈Cµ , µ ≥−1 is de-
fined as

Jα h(t) =
1

Γ(α)

∫ t

0
(t− τ)α−1h(τ)dτ, (α > 0),

J0h(t) = h(t), (2)
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where Γ(α) is the well-known Gamma function. Some of the
properties of operator Jα are

(i) Jα Jβ h(t) = Jα+β h(t),
(ii) Jα tγ = Γ(γ+1)

Γ(α+γ+1) t
α+γ , where α > 0, γ >−1.

Definition 3 The fractional derivative Dα of h(t) in the
Caputo’s sense is defined as

Dα h(t) =
1

Γ(n−α)

∫ t

0
(t− τ)n−α−1h(n)(τ)dτ, (3)

for n−1 < α ≤ n, n ∈ N, t > 0, h ∈Cn
−1.

The following are the basic properties of Caputo’s frac-
tional derivative:

(i) let h∈Cn
−1, n∈N, then Dα h, 0≤α ≤ n is well defined

and Dα h ∈C−1;
(ii) let n−1 < α ≤ n, n ∈ N, and h ∈Cn

µ , µ ≥−1, then

(Jα Dα)h(t) = h(t)−
n−1

∑
k=0

h(k)(0+)
tk

k!
. (4)

3. Basic ideas of the homotopy analysis method
To describe the basic ideas of the HAM, we consider the

following differential equation:

N[Dα
t u(x, t)] = 0, (5)

where N is a nonlinear operator for this problem, Dα
t stands

for the fractional derivative, x and t denotes the independent
variables, and u(x, t) is an unknown function.

By using the HAM, we first construct the zero-order de-
formation equation

(1−q)L (φ(x, t;q)−u0(x, t))

= qhH(t)N[Dα
t φ(x, t,q)], (6)

where q ∈ [0,1] is the embedding parameter, h 6= 0 is an aux-
iliary parameter, H(t) 6= 0 is an auxiliary function, L is an
auxiliary linear operator, and u0(x, t) is the initial guess. Ob-
viously, when q = 0 and q = 1, we have

φ(x, t;0) = u0(x, t), φ(x, t;1) = u(x, t). (7)

Liao[12,13] expanded φ(x, t;q) in the Taylor series with respect
to the embedding parameter q

φ(x, t;q) = u0(x, t)+
∞

∑
m=1

um(x, t)qm, (8)

where

um(x, t) =
1

m!
∂ mφ(x, t;q)

∂qm |q=0. (9)

Assume that the auxiliary linear operator, the initial guess, the
auxiliary parameter h, and the auxiliary function H(t) are se-
lected such that series (8) is convergent at q = 1, then we have

u(x, t) = u0(x, t)+
∞

∑
m=1

um(x, t). (10)

Let us define the vector

𝑢n(t) = {u0(x, t),u1(x, t),u2(x, t), . . . ,un(x, t)}. (11)

Differentiating Eq. (6) m times with respect to q, then set-
ting q = 0 and dividing then by m!, we have the m-th order
deformation equation

L (um(x, t)−κmum−1(x, t)) = hH(t)Rm(u→m−1), (12)

where

Rm(u→m−1) =
1

(m−1)!
∂ m−1N [φ(x, t;q)]

∂qm−1

∣∣∣∣
q=0

, (13)

κm =

{
0, m≤ 1,
1, m > 1.

(14)

Applying the Riemann–Liouville integral operator Jα on both
sides of Eq. (12), we have

um(x, t) = κmum−1(x, t)−κm

n−1

∑
i=0

ui
m−1(0

+)
t i

i!

+hH(t)JαRm(𝑢m−1). (15)

The m-th order deformation Eq. (12) is linear and thus can be
easily solved, especially by means of symbolic computation
software such as Mathematica, Maple, MathLab.

4. The HAM for the nonlinear fractional-order
cubically nonlinear Klein Gordon equation
In this section, to demonstrate the effectiveness of our

approach, we apply the HAM to construct approximate solu-
tions for the nonlinear space–time fractional derivative Klein–
Gordon equation

∂ α u
∂ tα
− ∂ β u

∂xβ
+u3

= Γ(α +1)xβ −Γ(β +1)tα + x3β t3α ,

(t > 0, 1 < α, β ≤ 2), (16)

with the initial condition

u(x,0) = 0, ut(x,0) = 0.

The exact solution is

u(x, t) = xβ tα . (17)

By means of HAM, we choose the linear operator

L [φ(x, t;q)] =
∂φ(x, t;q)

∂ t
, (18)

with property L [c] = 0, where c is a constant. We define a
nonlinear operator as

N[φ(x, t;q)] =
∂ α φ(x, t;q)

∂ tα
− ∂ β φ(x, t;q)

∂xβ
+φ

3(x, t;q)

010201-2



Chin. Phys. B Vol. 22, No. 1 (2013) 010201

−Γ(α +1)xβ +Γ(β +1)tα − x3β t3α . (19)

We construct the zeroth-order deformation equation

(1−q)L (φ(x, t;q)−u0(x, t)) = qhH(t)N[φ(x, t,q)].

For q = 0 and q = 1, we have

φ(x, t;0) = u0(x, t) = u(x,0),

φ(x, t;1) = u(x, t). (20)

Thus, we obtain the m-th order deformation equation

L (um(x, t)−κmum−1(x, t)) = hH(t)Rm(um−1),

where

Rm = Dα
t (um−1)−

∂ β um−1

∂xβ
+

m−1

∑
i=0

i

∑
j=0

u jui− jum−1−i

−(Γ(α +1)xβ −Γ(β +1)tα + x3β t3α)(1−κm). (21)

The auxiliary function can be determined uniquely H(t) = 1.
Now the solution of the m-th order deformation equation

(21) for m≥ 1 becomes

um(x, t) = κmum−1(x, t)+hJαRm(um−1), (22)

and so on. We substitute the initial condition (17) into the sys-
tem (22) with the aid of Maple; the approximate solutions of
Eq. (16) take the following form:

u1 (x, t) = h
[
− tα xβ +

Γ(β +1)Γ(α +1)t2α

Γ(2α +1)

− Γ(3α +1)
Γ(4α +1)

x3β t4α

]
, (23)

u2 (x, t) = h(1+h)
[
− tα xβ +

Γ(β +1)Γ(α +1)t2α

Γ(2α +1)

− Γ(3α +1)
Γ(4α +1)

x3β t4α

]
+h2

[
Γ(β +1)Γ(α +1)

Γ(2α +1)
t2α

+
Γ(3β +1)Γ(3α +1)
Γ(5α +1)Γ(2β +1)

x2β t5α

]
,

. . . (24)

According to the HAM, we can conclude that

uapp = u0 (x, t)+u1 (x, t)+u2 (x, t)+u3 (x, t)+ · · ·

= h
[
− tα xβ +

Γ(β +1)Γ(α +1)t2α

Γ(2α +1)

− Γ(3α +1)
Γ(4α +1)

x3β t4α

]
+h(1+h)

×
[
− tα xβ +

Γ(β +1)Γ(α +1)t2α

Γ(2α +1)

− Γ(3α +1)
Γ(4α +1)

x3β t4α

]
+h2

[
Γ(β +1)Γ(α +1)

Γ(2α +1)
t2α

+
Γ(3β +1)Γ(3α +1)
Γ(5α +1)Γ(2β +1)

x2β t5α

]
. (25)

In the special case when we set h = −1, we get accurate

approximation solutions of Eq. (16) in the following forms.

Case 1 When α ∈ (1,2] and β = 2, the approximation

solution (19) takes the following form:

uapp = tα x2−2t2α Γ(α +1)
Γ(2α +1)

+ t4α x6 Γ(3α +1)
Γ(4α +1)

+30t5α x4 Γ(3α +1)
Γ(5α +1)

+2t2α Γ(α +1)
Γ(2α +1)

+ · · · . (26)

Case 2 When β ε(1,2] and α = 2, the approximation

solution (19) takes the following form:

uapp = t2xβ +
1

56
t8x3β − 1

12
Γ(β +1)t4

+
Γ(3β +1)

(5040)Γ(2β +1)
t10x2β

+
1

12
Γ(β +1)t4 + · · · . (27)

Case 3 When both α and β belong to (1,2], the approx-

imation solution (19) takes the following form:

uapp = tα xβ + t4α x3β Γ(3α +1)
Γ(4α +1)

− t2α Γ(α +1)Γ(β +1)
Γ(4α +1)

+ t5α x2β Γ(3α +1)Γ(3β +1)
Γ(5α +1)Γ(2β +1)

+ t2α Γ(α +1)Γ(β +1)
Γ(2α +1)

+ · · · . (28)

The results (26)–(28) are the same approximate solutions ob-

tained by El-Sayed.[21]

To investigate the influence of h on the convergence of the

solution series given by the HAM, we first plot the so-called

h-curve of u(0.5,0.5). According to the h-curve, it is easy to

discover the valid region of h. We use 3 terms in evaluating the

approximate solution u(x; t) =
2

∑
i=0

ui(x, t). Note that the solu-

tion series contains the auxiliary parameter h which provides

us with a simple way to adjust and control the convergence of

the solution series. As pointed out by Liao,[12] the valid re-

gion of h is a horizontal line segment. Therefore, it is straight-

forward to choose an appropriate range for h that ensures the

convergence of the solution series. We stretch the h-curve of

u(0.5,0.5) in Fig. 1, which shows that the solution series is

convergent when −1.45 < h <−0.9.
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Fig. 1. (color online) The h curve of the third order approximate solu-
tion (26) when x = 0.5, t = 0.5,α = 1.99, and β = 2.

5. Discussion
In this section we compare the approximate solutions

and the exact solution of the nonlinear space–time fractional
derivative Klein–Gordon equation. We show in Fig. 2 the be-
havior of the approximate solution (26) in comparison with
that of the exact solution (17) when α is a natural number and

β is a rational number ( α = 2, β = 1.9, and h = 1.2). Figure
3 illustrates the comparison between the approximate solution
(27) and the exact solution for the nonlinear Klein–Gordon
partial differential equation when α,β are natural numbers
(α = 2,β = 2,h = 1.2). In Fig. 4, the behavior of the approxi-
mate solution (26) is compared with that of the exact solution
(17) when α is a rational number and β is a natural number
(α = 1.9, β = 2, and h = 1.2). Figure 5 illustrates the compar-
ison between the approximate solution (25) and the exact solu-
tion for the nonlinear Klein–Gordon partial differential equa-
tion when α , β are rational numbers (α = 0.99, β = 0.99,
h = 1.2). Figure 6 illustrates the projection of the exact solu-
tion (17) when α,β = 2, t = 0.5 and the approximate solution
(26) when β = 2 and α = 1.9, 1.95, 1.85. Figure 7 illustrates
the projection of the exact solution (17) when α , β = 2, t = 0.5
and the approximate solution (26) when α = 2 and β = 1.9,
1.95, 1.85. Figure 8 illustrates the projection of the exact solu-
tion (17) when α , β = 2, t = 0.5 and the approximate solutions
(25) when α,β are rational numbers. From Figs. 1–8, we de-
duce that the behavior of the approximate solutions is the same
as that of the exact solution at different values of α , β . Conse-
quently, we deduce that the approximate solution is a rapidly
convergent series as the exact solutions.
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Fig. 2. (color online) Panels (a) and (b) give the exact solution (17) and the approximate solution (26), respectively, when h =
−1.2,α = 2,β = 1.9,0≤ x≤ 3, and 0≤ t ≤ 1.
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Fig. 3. (color online) Panels (a) and (b) give the exact solution (17) and the approximate solution (27), respectively, when h = −1.2,
α = 2, β = 2, 0≤ x≤ 3, and 0≤ t ≤ 1.
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Fig. 4. (color online) Panels (a) and (b) give the exact solution (17) and
the approximate solution (26), respectively, when h = −1.2, α = 1.9,
β = 2,0≤ x≤ 3, and 0≤ t ≤ 1.
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Fig. 5. (color online) Panels (a) and (b) give the exact solution (17) and
the approximate solution (25), respectively, when h =−1.2, α = 0.99,
β = .99,0≤ x≤ 3, and 0≤ t ≤ 1.
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Fig. 6. (color online) The exact solution (17) is compared with the ap-
proximate solution (25) when h =−1.2,β = 2, x = 0.5, and t = 0.5.
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Fig. 7. (color online) The exact solution (17) is compared with the ap-
proximate solution (25) when h =−1.2, α = 2, x = 0.5, and t = 0.5.
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Fig. 8. (color online) The exact solution (17) is compared with the ap-
proximate solution (25) when h =−1.2, x = 0.5, and t = 0.5.
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6. Conclusion

In this paper, the homotopy analysis method has been suc-
cessfully applied to obtain the numerical solutions of the non-
linear space–time fractional derivative Klein–Gordon equa-
tion. The reliability of this method and the reduction in com-
putation give this method a wider applicability. The HAM
contains a certain auxiliary parameter h, which provides us
with a simple way to adjust and control the convergence region
and the rate of convergence of the series solution. It is also
demonstrated that the Adomian decomposition method and the
homotopy perturbation method are special cases of the HAM.
The HAM is clearly a very efficient and powerful technique
for finding the numerical solutions of the proposed equation.
It therefore provides more realistic series solutions that gener-
ally converge very rapidly for real physical problems.
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