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A detailed numerical calculation on the phonon-assisted intersubband transition rates of electrons in wurtzite

GaN/InxGa1−xN quantum wells is presented. The quantum-confined Stark effect induced by the built-in electric field

and the ternary mixed crystal effect are considered. The electron states are obtained by iteratively solving the coupled

Schrödinger and Poisson equations and the dispersion property of each type of phonon modes is considered in the

derivation of Fermi’s golden rule to evaluate the transition rates. It is indicated that the interface and half-space

phonon scattering play an important role in the process of 1–2 radiative transition. The transition rate is also greatly

reduced by the built-in electric field. The present work can be helpful for the structural design and simulation of new

semiconductor lasers.
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1. Introduction

The electron-phonon (e–p) interaction plays a

dominant role in determining the radiative intersub-

band transition and fast carrier relaxation for semi-

conductor lasers, such as tunneling injection lasers

and quantum cascade lasers.[1−5] Based on the Fermi’s

golden rule, the optical phonon scattering rates for

intersubband transitions between quasi-bound states

in single quantum wells (QWs),[6,7] step QWs,[8,9]

double QWs (DQWs),[10−12] and multiple QWs[13−15]

have been studied during the last two decades, respec-

tively. It has been demonstrated that the transition

rates can be modulated for potential device applica-

tions by structural optimization. However, the opti-

cal phonon modes in hetero-structures usually includ-

ing interface (IF), confined (CO), and half-space (HS)

modes have not been considered thoroughly in these

works except Refs. [9] and [10]. Many authors only

focused their attention on the scattering between elec-

trons and IF phonons (or IF and CO phonons). Fur-

thermore, the dispersive properties of optical phonons

were neglected to deal with the delta functions which

ensure the energy and momentum conservation. Al-

though the k-dependent phonon energy was involved,

the angle between the initial and final momentum was

not taken into account in Ref. [6]. The scattering

rates were also investigated using the Green’s func-

tion formalism by considering the influence of two-

dimensional electron gas (2DEG).[16,17] However, the

leading-order electron self-energy was obtained under

the bulk-phonon approximation.

Unfortunately, these works mentioned above were

only limited to the traditional zinc–blende structures.

As for wurtzite semiconductor heterostructures, lower

symmetry crystal structure and residual strain in

the epilayers cause a strong built-in electric field

(BEF) induced by the spontaneous and piezoelectric

polarization to accumulate high-density 2DEG near

heterointerfaces.[18−20] Phonon modes and the corre-

sponding e–p interaction in wurtzite QWs are quite

different from that in zinc–blende QWs due to the

anisotropy of a wurtzite structure. It was found that

there may be four distinct classes of optical phonon

modes, i.e., IF, CO, HS, and propagating (PR) modes,

and they may transform mutually with increasing

composition in wurtzite multiple-layer structures con-

sisting of ternary mixed crystal (TMC).[20,21] All types
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of phonons are dispersive and the corresponding e–p

interaction Hamiltonians are very complicated.[20−26]

These peculiar properties have a significant impact

on the intersubband scattering in wurtzite hetero-

structures. Park et al.[27] and Pokatilov et al.[28]

showed the polarization effect on the transition rates

in wurtzite QWs consisting of nitrides compounds.

However, the former authors neglected the specific op-

tical phonon modes in their calculation and the latter

ones only discussed the acoustic phonon scattering.

Without considering the BEF effect, the transition

rates due to the scattering of the electron and the IF

and CO optical phonons were investigated in wurtzite

QWs by Komirenko et al.[29] and in wurtzite DQWs

by Lü and Cao.[30] Their results suggested that the

scattering rates are greatly influenced by the quanti-

zation and dispersion of phonon modes. However, few

works have systemically studied the optical phonon

modes in wurtzite QWs consisting of a TMC (e.g.,

InxGa1−xN) and the effects of the BEF and 2DEG on

the corresponding e–p scattering are still unclear.

In this paper, we present a detailed investigation

on the phonon scattering rates for intersubband tran-

sitions between the ground state and the first excited

states in wurtzite GaN/InxGa1−xN QWs. The elec-

tron states are obtained by iteratively solving the cou-

pled Schrödinger and Poisson equations and the fre-

quency dispersion of each type of phonon modes in-

cluding the TMC effect is taken into account in the

derivation of Fermi’s golden rule to evaluate the tran-

sition rates.

2. Electron states in wurtzite

GaN/InxGa1−xN QWs

Let us consider a wurtzite GaN/InxGa1−xN QW.

In this structure, the z-axis is taken to be paral-

lel to the hexagonal reference c axis, which is ori-

ented along the direction of the crystal growth. The

well material InxGa1−xN locates between z = ±dw/2,
while the barrier material GaN fills up the region

dw/2 < |z| < dw/2 + db, where dw and db denote

the well and barrier widths, respectively. The elec-

tron states take the form

|n,k⊥⟩ = ψ(k⊥, z) =
1√
A

e ik⊥·ρφn(z), (1)

which includes a free in-plane wave function with in-

terface area A and wave vector k⊥, as well as a con-

fined wave function in the z direction. Within the

framework of the effective mass approximation, the

Schrödinger equation in the z direction for a confined

electron with charge e is given by{
− ~2

2

∂

∂z

[
1

mz(z)

]
∂

∂z
+ V (z) + eF (z)z

+VH(z) + Vxc(z)

}
φn(z) = Enφn(z), (2)

where VH is the Hartree electrostatic potential, and

Vxc is the exchange-correlation potential. In the above

equation, mz(z) is the position-dependent effective

mass of the electron, V (z) is the height of potential

barriers, the ratio of the conduction band to the va-

lence band offset has been assumed to be 75:25. The

F (z) is the BEF which can be expressed by

F (z) =

 Fw, |z| ≤ dw/2,

Fb, dw/2 < |z| < dw/2 + db .
(3)

with the BEF in each layer given by[18]

Fw =
db(P

sp
b + P pz

b − P sp
w − P pz

w )

dbε0w + dwε0b
, (4)

and

Fb = −dw
db
Fw. (5)

Here, P sp
j and P pz

j are the spontaneous and piezo-

electric polarization of layer j(j =b,w), ε0j is the

static dielectric constant, and P pz
j can be written as[31]

P pz
j = 2εxx,j

(
e31,j − e33,j

c13,j
c33,j

)
, (6)

where e31,j and e33,j are the piezoelectric constants,

c13,j and c33,j are the elastic constants, and the strain

tensor components can be given by[32]

εxx,j = εyy,j =
aeq − aj
aj

, (7)

where aeq is the equilibrium lattice constant shared

by all layers, which can be written as

aeq =
awdw + abdb
dw + db

. (8)

According to the Poisson equation, the Hartree

electrostatic potential VH(z) can be determined by

d

dz

[
ε0(z)

d

dz
VH(z)

]
= −e2[N+

D (z)−N(z)], (9)

with

N+
D (z) =

ND

1 + 2 exp

[
EF − ED(z)

kBT

] , (10)
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and

N(z) =
∑
n

mz(z)kBT

π~2
|φn(z)|2

× ln

[
1 + exp

(
EF − En

kBT

)]
, (11)

where ε0(z) is the position-dependent static dielectric

constant ND is the donor density ED is the donor ion-

ization energy kB is the Boltzmann constant, T is the

temperature, and EF is the Fermi energy which can

be derived from the condition of charge neutrality∫ +∞

−∞
[N+

D (z)−N(z)]dz = 0. (12)

Using the local density approximation, the

exchange-correlation potential in Eq. (2) can be for-

mulated in an analytic form[33]

Vxc(z) =
e2

4π2ε0(z)aB(z)rS(z)

(
9

4
π

)1/3

×
{
1 + 0.0545rS(z) ln

[
1 +

11.4

rS(z)

]}
, (13)

where the effective Bohr radius is defined as aB(z) =

ε0(z)~2/e2mz(z), and the radius of a sphere contain-

ing one electron as rS(z) = {(3/4π)[a3B(z)N(z)]−1}1/3.
Therefore, the eigen energies En and wave func-

tions φn(z) of the confined electron can be obtained

by self-consistently solving the Schrödinger equation

(2) and the Poisson equation (6) via an iterative pro-

cedure.

3. Phonon-assisted intersub-

band transitions in wurtzite

GaN/InxGa1−xN QWs

The e–p interaction Hamiltonian can be written

as

He−p =
∑
β

∑
k

[eϕβ(q, z) e
iq·ρakβ + h.c.], (14)

where a+kβ(akβ) is the creation (annihilation) opera-

tor of an optical phonon with frequency ωβ(q) and

wave vector k = (q, kz). The β refers to the IF, CO,

HS, and PR phonon modes, respectively. It should

be pointed out that the summation over k becomes∑
q

since kz = 0 for IF modes,
∑
k

becomes
∑
q

∑
k1m

with kz = k1m for CO modes, and
∑
k

becomes
∑
q

∑
k2z

with kz = k2z for HS and PR modes. Because of

the one-mode behavior of optical phonons in TMC

InxGa1−xN, the direction-dependent dielectric func-

tions for the well and barrier materials can be written

as

εz(ω) = ε∞
ω2 − ω2

zl

ω2 − ω2
zt

, ε⊥(ω) = ε∞
ω2 − ω2

⊥l

ω2 − ω2
⊥t

, (15)

where ωz(⊥),l(t) is the lattice dispersion frequency of

longitudinal (transverse) optical phonon parallel (per-

pendicular) to the z direction. Here we assume εz,∞ =

ε⊥,∞ = ε∞. The phonon dispersion relations and the

coupling coefficients can be obtained in the framework

of the dielectric continuum model.[22,23] As shown in

Ref. [14], x = 0.056 and x = 0.34 are the critical

compositions for the transformation of phonon modes.

All of the CO and HS phonon modes exist in the en-

tire composition range. However, none of IF phonon

modes exist when x < 0.056, whereas the PR modes

do not exist if x > 0.34. Moreover, high-frequency

IF phonons and low-frequency PR phonons can ex-

ist between 0.056 and 0.34. We only focus our at-

tention on the e–p interaction from the IF, CO, and

HS longitudinal-like phonon modes in the region of

0.1 < x < 1 since the influence from the low-frequency

phonons is negligibly small.

Following the Fermi’s golden rule, the phonon in-

duced transition rate of an electron from an initial

state |n,k⊥⟩ to a final state |n′,k′
⊥⟩ is given by

Wn,n′(k⊥,k
′
⊥)

=
2π

~
|⟨n′k′

⊥, Nq ± 1|He−p |nk⊥, Nq⟩|
2

× δ[En′ + E′
⊥ − En − E⊥ ± ~ωβ(q)], (16)

where the upper and lower signs correspond to phonon

absorption and emission, respectively. The delta func-

tion guarantees energy conservation in the process.

(En′ − En) + (E′
⊥ − E⊥) ≤ ~ωβ with E′

⊥ − E⊥ =

(~2/2m⊥)(k
′2
⊥−k2⊥) is valid for phonon absorption pro-

cess even when 0 = (En′ −En)+(E′
⊥−E⊥) ≤ ~ωβ . In

wurtzite GaN/InxGa1−xN QWs, (En′ −En) + (E′
⊥ −

E⊥) goes far beyond the phonon energy due to a large

intersubband separation between En′ and En and a

large difference between E′
⊥ and E⊥ caused by high

2DEG density (in an order of 1019 cm−2), and there-

fore we will hereafter only focus on the emission pro-

cess and drop the lower sign of W .

In Eq. (16), the En and E′
n are the band-edge

energies of the n-th and n′-th subbands, k⊥ and k′⊥
are the in-plane electron wave vectors of the initial

and final states, respectively, E⊥ = ~2k2⊥/2m⊥(z) is
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the in-plane energy, and Nq is the phonon population

which can be written as

Nq =
1

exp (~ωβ/kBT )− 1
. (17)

Substituting Eqs. (1) and (14) into Eq. (16) and sum-

ming over all allowable final states, the transition rate

is calculated as[15]

Wn,n′(k⊥)

=
∑
k′
⊥

Wn,n′(k⊥,k
′
⊥)

=
1

4π2

2π

~

∫ 2π

0

dθ
m⊥(z)

~2
|F (q+)|2 (Nq+ + 1)

×ϑ[E⊥ + En − En′ − ~ωβ(q+)], (18)

where θ is the angle of the in-plane wave vector be-

tween the initial and final states, ϑ is the Heaviside

step function, and F (q+) is defined as

F (q+) =

∫ +∞

−∞
φ∗
n′(z)eϕ(q+, z)φn(z)dz, (19)

where q+ can be determined from the in-plane mo-

mentum and energy conservation laws as

q+ =
√
k2⊥ + k′2⊥ − 2k⊥k′⊥ cos θ, (20)

and

En′ − En +
~2k′2⊥

2m⊥(z)
− ~2k2⊥

2m⊥(z)
+ ~ωβ(q+) = 0. (21)

4. Numerical results and discus-

sion

The material parameters used in our calculation

are given in Table 1. Compared with that in the well

region, the electron wave functions are negligibly small

in barrier region beyond 4aB. Hence we assumed the

barrier thickness to be 4aB. Here as a length unit in

our numerical calculation, the Bohr radius aB equals

2.8 nm. The donor density is taken to be 1×1019 cm−3

and temperature T = 77 K. Such a doping level is so

high that it may cause the electron-phonon scattering

to occur not only for 1-2 transition, but for 1–3 transi-

tion. Here, we do not consider 1–3 transition because

higher quantized electron states can only exist in nar-

row QWs due to the BEF effect.

Table 1. Parameters used in the computation. The energy gaps are in units of eV, the effective masses in unites of the

electron rest mass m0, the phonon frequencies in units of cm−1 and the spontaneous and piezoelectric polarization in

units of C/m2 respectively.

GaN InN InxGa1−xN

Eg
a) 3.43 0.64 0.64x + 3.43(1 − x) − 1.4x(1 − x)

mez
a) 0.19 0.065 0.065x + 0.19(1 − x)

me⊥
a) 0.21 0.068 0.068x + 0.21(1 − x)

mhz
a) 0.26 0.17 0.17x + 0.26(1 − x)

mh⊥
a) 1.89 1.56 1.56x + 1.89(1 − x)

ε∞a) 5.4 6.7 6.7x + 5.4(1 − x)

ε0a) 10.18 14.7 14.7x + 10.18(1 − x)

ω⊥l
a) 741 593 593x + 741(1 − x)

ω⊥t
a) 559 476 476x + 559(1 − x)

ωzl
a) 734 586 586x + 734(1 − x)

ω⊥t
a) 532 447 447x + 532(1 − x)

P sp b) -0.034 –0.042 −0.042x− 0.034(1 − x) + 0.037x(1 − x)

e31b) –0.34 –0.41 −0.41x− 0.34(1 − x)

e33b) 0.67 0.81 0.81x + 0.67(1 − x)

c13b) 103 92 92x + 103(1 − x)

c33b) 405 224 224x + 405(1 − x)

a)Ref. [34], b)Ref. [31].

Figure 1 presents a schematic potential profile and

wavefunction distribution of an electron at different

energy levels for a typical wurtzite GaN/InxGa1−xN

QW. It can be seen that the potential of conduction

band is strongly tilted by the BEF and slightly bent

due to the Hartree-Fock potential. The quantum con-

finement on electrons mainly comes from the triangle

potential formed by the left barrier material and the

well material. As a result, the electron wave functions

are mostly located near the left interface and deeply
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penetrate into the neighbor barrier especially for the

excited states. The influence from the left barrier is

more obvious than that from the right barrier.
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Fig. 1. Schematic potential profile and wavefunction dis-

tribution of an electron at different energy levels for a typ-

ical wurtzite GaN/InxGa1−xN QW.

We plot the transition energy as a function of well

width dw in Fig. 2 and as a function of In composition

x in Fig. 3. The situation without the BEF is the

same as the square QW case. Meanwhile, no con-

fined excited states exist in a quite narrow and deep

QW. The variation of transition energy is only related
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Fig. 2. Transition energy as a function of the well width

dw in GaN/In0.4Ga0.6N QWs.
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Fig. 3. Transition energy as a function of In composition

x in GaN/InxGa1−xN QWs with dw = 2aB.

to the quantum confinement which weakens with in-

creasing dw and strengthens with increasing x. Unlike

the square QW case, the influence from the QW con-

finement is restrained by the BEF since the electron is

pushed towards the left interface by the combination

of BEFs in the well and in the left barrier. Moreover,

according to Eqs. (4) and (5), the increase in dw de-

creases the absolute value of the BEF in the well but

increases it in the barrier layers, while both the BEFs

in the well and in the barriers become stronger as x

increases. The competition between the BEF and the

QW confinement results in that the transition energy

always increases with either dw or x.

Figure 4 illustrates the transition rate contributed

by IF, CO, and HS longitudinal-like optical phonons

as a function of the electron in-plane energy for a

given QW with x = 0.4 and dw = 5 nm. In this

structure, the calculated transition energy is 602 meV

which is larger than the phonon energy of well or

barrier material. From Eq. (15), the transition rate

is mainly determined by the overlap integral between

the phonon potential and the electron wavefunctions.

Without considering the BEF, the electron wavefunc-

tions almost distribute in the well region and few

of them penetrate into the barriers. Only the anti-

symmetric phonon modes contribute to the transition

rate due to the wavefunction parity. The HS phonon-

modes-assisted transition rate is negligible compared

with the other two kinds of modes, whereas the transi-

tion rate assisted by CO phonon modes is larger than

that by the IF modes. Comparatively, the BEF breaks

the wavefunction symmetry and changes its distribu-

tion so that the contribution from all of the phonon

modes, including the symmetric and antisymmetric

ones, should be taken into account. Our results show

that the transition rates assisted by the HS and IF
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0

0.5

1.0

1.5

3.5

4.0

4.5   with BEF
  without BEF

Ek/meV

CO
IF

HS

τ
-

1
/
1
0

1
2
 s

-
1

Fig. 4. Phonon-assisted intersubband transition rate con-

tributed by IF, CO, and HS phonons as a function of the

electron in-plane energy in GaN/InxGa1−xN QWs with

x = 0.4 and dw = 2aB.
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Fig. 5. Total phonon-assisted intersubband transition

rate as a function of the electron in-plane energy in

GaN/InxGa1−xN QWs with x = 0.4 and dw = 2aB.

phonon modes become more important and the tran-

sition rate assisted by CO phonon is relatively small

because of the BEF effect. In Fig. 5, the summation

of the transition rates assisted by the three kinds of

phonon modes is compared with and without a BEF.

It can be found that the transition rate is obviously re-

duced by the BEF. However, the dispersion property

of each phonon mode has little influence.

5. Conclusions

In conclusion, we have computed the phonon-

assisted transition rates for intersubband transitions

between the ground state and the first two excited

states in wurtzite GaN/InxGa1−xN QWs including

the TMC effect. The quantum-confined Stark effect

induced by the BEF on the electron intersubband

transition and phonon scattering is discussed in de-

tail. It is indicated that the HS and IF phonon emis-

sions play an important role in the process of 1–2 ra-

diative transition since the electron wavefunctions are

squeezed near one of the QW interfaces and penetrate

into the neighbor barrier by the BEF. The transition

rate is also obviously reduced by the BEF. We believe

that the present work can be helpful for the structural

optimization of new semiconductor lasers. As for the

case of multilayered QWs, especially step QWs, be-

ing more applicable in practice, the implanting of a

nanogroove layer to the well can enhance the quantum

confinement on electrons in the well region. Thereby,

more energy subbands are achieved and a moderate

overlap of wavefunctions between 1 and 3 subbands

can be expected in these step QWs to minimize the

scattering rate in the present single QWs. However,

the phonon modes in multiple-layer structures consist-

ing of ternary mixed crystals are still not very clear up

to now and these problems can be discussed in future

works.
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