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Influence of defect states on band gaps in the

two-dimensional phononic crystal of
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The band structures of a new two-dimensional triangle-shaped array geometry of 4340 steel cylinders of square

cross section into epoxy resin were studied by the plane-wave expansion and supercell calculation method. The band

gaps of this type of phononic crystals with different defects were calculated such as defect-free, 60◦ crystal linear defect

states, 120◦ crystal linear defect states, and 180◦ crystal linear defect states. It was found that the band gap will

emerge in different linear defects of the phononic crystals and the bandwidth of linear defect states is larger than that

of the free-defect crystal by about 2.14 times within the filling fraction F = 0.1–0.85. In addition, the influence of filling

fraction on the relative width of the minimum band gap is discussed.
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1. Introduction

In recent years there has been growing interest

in the propagation of elastic waves in periodic elastic

composite materials known as phononic crystals.[1−4]

Of particular interest is the existence of band gaps in

which sound with a certain frequency range are forbid-

den. Further study also indicates that defect states ex-

ist inside the band gaps.[2−6] Moreover, because of the

ability of phononic crystals to effectively block sound

waves with a range of frequencies, they can be used as

acoustic filters, suppressing noise in places where a vi-

brationless or noise-free environment is desired.[2,7−13]

Consequently, it is of great importance to determine

and optimize the factors that influence the width of

the band gap. The motivation for these studies is to

better understand the Anderson localization of sound

in composite media[14] and use its properties.

For the two-dimensional (2D) phononic band gap

materials, various structures have been investigated.

Large acoustic band gaps in square, triangular, boron

nitride, and rectangular lattices have been found.

However, the constituent materials are either solid,

or both fluid (gas) and solid–fluid.[15−22] Plane-wave

method have been used to calculate the band gap

of 2D triangle-shaped array and square-shaped array

solid–solid phononic crystal with square cross section.

The results indicated that triangle-shaped array is

more likely to get wider band gap than square-shaped

array.[23] In this paper, we study 2D triangular lat-

tices of 4340 steel cylinders of square cross section in-

serted into epoxy resin (2D-SCER) by the plane-wave

expansion method and supercell calculations.[24−26]

Forbidden gap appeared in small filling fraction (e.g.,

F = 0.1) in solid-solid state. Its bandwidth increases

to a maximum, and then decreases as the filling frac-

tion increases.[27,28] The band gaps of 2D-SCER with

different defects, such as defect-free 60◦ crystal lin-

ear defect states, 120◦ crystal linear defect states, and

180◦ crystal linear defect states are calculated. The

band gap number and relative width of the minimum

band gap with the filling fraction are also obtained.

2. Model

We consider elastic waves propagating in a per-

fect phononic crystal with cylindrical of 4340 steel

(denoted by A) periodically embedded in the epoxy

resin (denoted by B), as shown in Fig. 1(a).
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For the 4340 steel, the density is ρA = 7.8 g/cm3,

the shear wave speed ctA = 3200 m/s, and the ver-

tical wave velocity clA = 5830 m/s. For epoxy

resin, the density ρB = 1.4 g/cm3, the shear wave

speed ctB = 1300 m/s, and the vertical wave velocity

clB = 2700 m/s. The filling fraction for component

A is F = 4l2/(
√
3a2/2) (0 ≤ F ≤ 0.86), where 2l

is the edge length of square rods, and a is the lat-

tice constant. The edge length of defect square is

2l1 ≤
√
3a/2, and thus the filling ratio is F ≤ 0.86.

The x and y directions are periodic, but the z direc-

tion is homogeneous. In reciprocal lattice vector space

with triangle-shaped array, the first Brillouin zone is

hexagonal, and the Bloch wave vector k is along the

triangle ΓXM, as shown in Fig. 1(b).
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Fig. 1. Structure of phononic crystal. (a) Triangular-

square lattice. (b) The first Brillouin zone for a 2D trian-

gle lattice.

Figure 2 shows the cross sections of the super-

cells having typical bending linear defects, which are

created by removing cylinders along the bend path in

phononic crystals. All models are periodic in the x

and y directions but homogeneous in the z direction.

(a) (b) (c)

Fig. 2. (a) Supercell structure with 60◦ linear defect;

(b) supercell structure with 120◦ linear defect; (c) super-

cell structure with 180◦ linear defect. Square: 4340 steel;

blank area and dotted line box: epoxy resin.

3. Theory

Defect states appearing inside the band gaps were

studied by the plane-wave expansion and supercell cal-

culation method. 2N×2N matrix eigenvalue equa-

tions were obtained for the x–y mode in 81 reciprocal

vectors G (i.e., the integers nx and ny in G take the

values from −4 to 4), where N is the number of recip-

rocal lattice vectors. For a given Bloch wave vector k

in the first Brillouin zone, an infinite number of eigen

solutions is obtained, which is characterized by a nat-

ural number n (rather than k). The results indicate a

good convergence.[3−9]

4. Results and discussion

Figure 3 displays the band structure along the

paths M–Γ and Γ–X in the first irreducible Brillouin

zone with filling fraction F = 0.4 and a = 0.04 m,

as shown in Fig. 1(b). The frequency is normalized

by a/2πct, where ct is the transverse wave veloc-

ity. For the free defect structure in Fig. 1(a), the

largest width of the band gap is L = 0.1709 with

L = ωa/2πct ranging from 4.7720 to 4.9429, where

ω is the eigen frequency (see Fig. 3(a)). For 60◦ lin-

ear defect in Fig. 2(a), the largest width of the band

gap is L = 0.3661 with L ranging from 8.6682 to

9.0343, as displayed in Fig. 3(b). For 120◦ linear de-

fect in Fig. 2(b), the largest width of the band gap is

L = 0.1661 with L ranging from 7.2912 to 7.4573, as

shown in Fig. 3(c). For 180◦ linear defect in Fig. 2(c),

the largest width of the band gap is L = 0.0390 with

L ranging from 3.8575 to 3.8865, as illustrated in

Fig. 3(d). It is found that the band gap widths of the

above-mentioned structures decrease in the sequence

of 60◦ linear defect, free defect, 120◦ linear defect, and

180◦ linear defect. The band gap width of 60◦ linear

defect is about 2.14 times larger than that of the free

defect. The band gap width of 120◦ linear defect is

about 0.97 times as large as that of free defect. The

band gap width of 180◦ linear defect is about 0.23

times as large as that of free defect. However, the

band gap width of the linear defects does not increase

with the angle of linear defect.
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Fig. 3. Acoustic band structure of (a) free defect, (b) 60◦ linear defect, (c) 120◦ linear defect, and (d) 180◦

linear defect for F=0.4.

Variation of the band gap number with the filling

fraction is shown in Fig. 4 and that for the relative

width of the minimum band gap is shown in Fig. 5.

The cases of the free defect, 60◦ linear defect, 120◦

linear defect, and 180◦ linear defect are considered.

It is noticed that the band gap exists for filling frac-

tions varying from 0.1 to 0.85 for the free defect in

Figs. 4(a) and 5(a). As the filling fraction increases,

the band gap number increases and reach a maximum

value of 22 when the filling fraction is 0.2, and then de-

creases. The maximum relative width of the minimum

band gap is 0.1144 as the filling fraction equals 0.25.

For 60◦ linear defect, there exists the band gap for the

filling fractions in the range from 0.1 to 0.85. As the

filling fraction increases, the band gap number changes

smoothly. When the filling fraction is 0.15, the max-

imum number of band gap is 12. When the filling

fraction is 0.8, the maximum relative width of the min-

imum band gap is 0.1959, as shown in Figs. 4(b) and

5(b). For the 120◦ linear defect, there is the band

gap for filling fractions varying from 0.1 to 0.85 ex-

cept 0.55. With the increase in the filling fraction,

the band gap number decreases to zero, and then in-

creases. When the filling fraction is equal to 0.85, the

maximum number of band gap is 6. However the fill-

ing fraction is 0.8, the maximum relative width of the

minimum band gap is 0.2809, as displayed in Figs. 4(c)

and 5(c). For 180◦ linear defect, as shown in Figs. 4(d)

and 5(d), it is seen that the band gap exists for the

filling fraction varying from 0.25 to 0.85. As the filling

fraction increases, the band gap number increases to a

maximum and then decreases. The maximum number

of band gap is 4 when the filling fraction is 0.75. The

maximum relative width of the minimum band gap is

0.0706 when the filing fraction is equal to 0.45.
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Fig. 4. Band gap number of (a) the free defect, (b) 60◦

linear defect, (c) 120◦ linear defect, and (d) 180◦ linear

defect as a function of the filling fraction.
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Fig. 5. Relative widths of the minimum band gap of (a)

the free defect, (b) 60◦ linear defect, (c) 120◦ linear de-

fect, and (d) 180◦ linear defect as a function of the filling

fraction.

5. Conclusions

In summary, the band gaps, the number of the

band gap trends, and the maximum relative width of

the minimum band of 2D-SCER with different defects

were obtained. The main results are as follows: 1) the

largest widths of the band gaps are 0.1709, 0.3661,

0.1661, and 0.0390 for free defect, 60◦ linear defect,

120◦ linear defect, and 180◦ linear defect, respectively;

2) the band-gap width of 60◦ linear defect crystal is

about 2.14 times larger than that of the free-defect

one, the band-gap width of 120◦ linear defect is about

0.97 times as large as that of the free-defect one, and

the band-gap width of 180◦ linear defect is about 0.23

times as large as that of the free-defect crystal. In

other words, for phononic crystal with different lin-

ear defects, the propagation of sound waves will have

different locations. Therefore, we can change the de-

fect structure and the filling fraction, and then adjust

the width and the number of the conduction band, to

control the propagation of sound waves with different

frequencies.
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