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A theory of the dynamic response of the turbulent plasma against the externally-controlled perturbations is

reported. Based on the Mori’s method [Prog. Theor. Phys. 33 423 (1965)], the nonlinear force is assumed to be

separated into the memory function and the nonlinear fluctuating force. The former corresponds to the damping term,

and the latter is categorized into the noise term. The response of the turbulent plasma against the externally-controlled

source is formulated. The response kernel, which connects the externally-controlled source and the response of the

turbulent field, is shown to have both the nonlocal property (in space) and the non-Markovian response (in time). A

discussion is made on the nonlocal and non-Markovian response, including the case of disparate-scale interactions. A

new method is proposed to observe experimentally the nonlocal interaction in the drift wave turbulence via the zonal

flows.
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1. Introduction

Physics of turbulence in the magnetized plasmas

has shown remarkable progresses recently. The new

physics pictures of turbulence, such as the excitation

of fluctuations via nonlinear mechanisms (subcritical

instabilities, zonal flows, etc.), the co-existence of fluc-

tuations of multiple scales, and statistical and stochas-

tic properties (stochastic transition, finite life time,

probability density functions of physical quantities,

etc.), are widely recognized to be important.[1−7] So

far, emphases have been placed upon understanding

the structure formation in real space.

Those progresses have been led by theories, and

the experimental progress is also noticeable. As a re-

sult of theoretical prediction and simulational guid-

ance, the direct experimental measurement of the non-

linear processes in the plasma turbulence has been

in progress and flourished. Examples include the ex-

citation of zonal flows and the nonlinear interaction

of drift wave fluctuations.[8−19] The nonlocality in

space in the transport process has just been pointed

out.[2,4,20−24] However, the understanding of the sta-

tionary structure is not enough, and the quantitative

observation and analyses, which may lead to the in-

duction of the law of dynamic evolution, are impor-

tant.

In the study of turbulent transport, the impor-

tance of dynamic behavior is widely recognized, and

the important role of memory (the non-Markovian

property) has been pointed out.[3,4] Experiments on

the dynamic response of plasma transport have illumi-

nated many challenging problems.[25−29] In the study

of relaxation processes, the observation of the dy-

namic response against the externally controlled per-

turbation has been one of the standard methods of

analyses.[30] In plasma turbulence, many basic quan-

tities must be studied. For example, the time scales

include the decorrelation rate (determined by the tur-

bulence), the memory function of the test field, the

source of incoherent excitation for the test field, and

so on. There are other essential time scales, which gov-

ern the physics, and they also must be measured. It is

expected that studying the dynamic response of tur-

bulent plasma against the externally-controlled per-

turbations will further advance the study of plasma

∗Project supported by Grants-in-aid for Scientific Research of JSPF, Japan (Grant Nos. 21224014 and 23244113), the Collaboration

Programs of NIFS (Grant No. NIFS10KOAP023), and the RIAM of Kyushu University and Asada Science Foundation.
†Corresponding author. E-mail: s-iitoh@riam.kyushu-u.ac.jp

© 2012 Chinese Physical Society and IOP Publishing Ltd
http://iopscience.iop.org/cpb　http://cpb.iphy.ac.cn

095201-1



Chin. Phys. B Vol. 21, No. 9 (2012) 095201

turbulence. Devoted experiments along this line of

thought have been developed with the use of ba-

sic plasma experimental devices. The chaos control

and synchronization of drift waves (i.e., the physics

of small degrees of freedom) have been reported on

various devices,[31−33] and the experimental study of

the response in turbulence has emerged.[34,35] An ex-

plicit formula, which describes the response of plasma

turbulence against the external field, is desirable. In

addition, the dynamical response in coupled macro-

micro systems has attracted much attention, and the

propagating wave eigenmode in the diffusion reaction

system has been pointed out.[36]

In this article, we report a theoretical approach

to study the response of turbulent plasma against the

prescribed externally-controlled perturbations. The

statistical approach is based on the Mori’s method[37]

of nonlinear theory to formulate the stochastic equa-

tions of variables. According to the Mori’s method,

the course-grained dynamical equation for the mode

of interest can be derived, in which the nonlinear force

is separated into the memory function and the non-

linear fluctuating force. The former corresponds to

the damping term, and the latter is categorized into

the noise. In the preceding literature,[38] theories have

been proposed to derive an approximate inter relation-

ship of formalisms of memory functions and the fluctu-

ating force for the plasma turbulence. In this article,

the response of turbulent plasma against the exter-

nally controlled source is formulated using the model

formula for the memory function and the random fluc-

tuating force. It is shown that the response kernel,

which connects the source and the response of tur-

bulent field, has both the nonlocal property in space

and the Non-Markovian response in time. A discus-

sion is made about the nonlocal and non-Markovian

response. A case of disparate-scale interaction is also

discussed for the drift wave turbulence–zonal flow sys-

tem. The dynamic response against an external oscil-

lating source for the zonal flows is studied. The oscilla-

tion of the envelope of the drift wave turbulence has a

spatially-nonuniform part, which oscillates at different

phases (seesaw oscillation) compared to the spatially-

uniform part. This provides an experimental method

to observe the nonlocal interaction in the drift wave

turbulence via the zonal flows, which has been pre-

dicted theoretically.[39−41] This report describes the

theoretical framework, and provides a basis for the

forthcoming applications.

2. Model equation for plasma

turbulence

We consider the magnetized slab plasma, which is

inhomogeneous in the x direction. Cartesian coordi-

nates (x, y, z) are used. The magnetic field is given as

B = B0 (0, sx, 1) with B0 (x) =
(
1 + L−1

B x+ · · ·
)
B0,

where LB denotes the inhomogeneity of the magnetic

field strength. In this system, a microscopic turbu-

lence can be sustained. To describe the system, the

reduced set of equations for electrostatic potential ϕ,

current J , and pressure p is employed. This choice is

for illustration, and does not influence the arguments

in this article. The global plasma inhomogeneity and

the turbulent fluctuations are separated as ϕ = ϕ0+ϕ̃,

J = J0+J̃ , and p = p0+p̃, where the mean values with

suffix 0 (ϕ0, J0, and p0) are defined by the long time

averages (i.e., the averaging time is much longer than

the characteristic decorrelation time of fluctuations of

interest). Parameters ∇p0 and ∇2
⊥ϕ0 represent the

inhomogeneity of the system and the potential free

energy source to be released. The dynamical nonlin-

ear equation of fluctuations is given by

∂

∂t
f + L(0)f = N (f) + S, (1)

where L (0) denotes the linear operator, f denotes the

fluctuating fields with symbol ˜ being suppressed

fT = (ϕ, J, p) , (2)

and N (f) stands for the nonlinear terms, N (f)
T
=

−
(
∇−2

⊥
[
ϕ,∇2

⊥ϕ
]
, [ϕ, J ] , [ϕ, p]

)
, and S indicates the

external source, whose phase and amplitude are con-

trolled externally. In the nonlinear operator, the

bracket [f, g] denotes the Poisson bracket, [f, g] =

(∇f ×∇g) · b, (b = B0/B0). Details of the basic dy-

namical equations have been explained in Refs. [38]

and [42], and are not repeated here.

We introduce the Fourier representation in space

f =
∑
k

fk (x, t) , S =
∑
k

Sk (x, t) ,

where the Fourier components fk (x, t) and Sk (x, t)

have the dependence exp (ik · x). In terms of the

Fourier components, equation (1) is rewritten as

∂fk/∂t+ L
(0)
k fk = Nk + Sk,

Nk ≡
∑

k=p+q

Mkpqfpfq, (3)

095201-2



Chin. Phys. B Vol. 21, No. 9 (2012) 095201

where the explicit form of the nonlinear interaction

matrix is given by

M1,kpq = (p× q) · b
(
p2⊥ − q2⊥

)
k2⊥

,

M(2,3),kpq = (p× q) · b. (4)

Depending on the plasma profiles, the global parame-

ters such as dp0/dx in operator L (0) may not be con-

stants, but depend on x. In order to analyze the case

with general profiles, the two-scale approach must be

employed.[43] In this approach of a hierarchical system

of equations, the expansion parameter is 1/kL, where

L is the scale length of global inhomogeneity. Equa-

tion (3) corresponds to the lowest order equation in

this formalism. We choose this simplification in order

to examine the dressed-test-mode method from the

viewpoint of the Mori’s method.

In the study of nonlinear equation, Mori has

shown a methodology[37] to deduce the nonlinear in-

teraction term for the memory function Γk(s) under

the condition that the long-term average exists, and

the projection operator P can be defined as

PY =
⟨
Y (t)f † (0)

⟩ ⟨
f (0)f † (0)

⟩−1
f (0) , (5a)

where the long time average is defined as⟨
Al(t)A

†
m (0)

⟩
≡ lim

T→∞

1

T

∫ T

0

dsAl (t+ s)A†
m(s). (5b)

If the above condition is satisfied, the nonlinear term

can be decomposed into a memory function, a fre-

quency shift, and a random force, and equation (3)

can be rewritten as

Nk = iΩkfk + Rk(t)−
∫ t

0

ds Γk(s)fk (t− s) , (6)

where Ωk is the nonlinear frequency shift, and Rk(t)

is a rapidly-changing fluctuating force term

∂fk/∂t+ L
(0)
k fk − iΩkfk

+

∫ t

0

ds Γk(s)fk (t− s) = Rk(t) + Sk. (7)

Equation (7) can be rewritten as

∂fk/∂t+Hkfk = Rk(t) + Sk, (8a)

with

Hkfk ≡ L
(0)
k fk − iΩkfk +

∫ t

0

ds Γk(s)fk(t− s).

(8b)

In Eq. (8a), the term Hkfk is apparently linear with

respect to the field variable fk, and equation (8a) de-

scribes the response of fk against the source Sk and

the fluctuating force term Rk(t), which includes the

effects from the ensemble of fluctuating components.

It might be useful to revisit the fundamental con-

dition under which the Mori’s method (separation of

memory function from random force) can be applied to

this problem. The principal condition is that the long

time average (Eq. (5b)) exists. In the present analysis,

we assume that the dynamical but stationary state of

turbulence exists, and we study its response. Under

this condition, the long-time average exists, and the

Mori’s method works. The magnitude of the memory

function is related to the rate of decorrelation of the

test mode, and the width of function Γ (s) is related

with the length of memory in the non-Markovian re-

sponse. These relations are explained in Ref. [44].

It should also be noted that the terms H in the

left hand side (LHS) of Eq. (8a) and R in the right

hand side (RHS) of Eq. (8a) are of internal origin,

while the term S in the RHS of Eq. (8a) is the con-

tribution of the external source. The discrimination

of the nonlinear term and the other source terms has

been discussed in Ref. [45]. The essential point is that

the phase of the term Hf (in the LHS) is controlled

by the phase of the test mode f , while that of S is

prescribed by the external source.

3. Response to external source

3.1.Green’s function

We next introduce a Green’s function

∂

∂t
gk (t, t

′) +Hk(t)gk (t, t
′) = δ (t− t′) , (9)

with gk (t, t) = 1, where δ (t− t′) is the Dirac’s delta

function. By using gk (t, t
′), the solution of Eq. (8a)

is formally given as

fk(t) = ζk(t) +

∫ t

0

dt′ gk (t, t
′)Sk (t

′) , (10a)

with

ζk(t) = gk (t, 0)fk (0) +

∫ t

0

dt′ gk (t, t
′)Rk (t

′) , (10b)

where k2 = k− k1, and ζk (t) represents the response

against the fluctuating force terms, which is originated

from Nk.

The Green’s function has been explained in terms

of the fluctuating fields. The result is briefly repro-

duced here. Details can be found in Ref. [38]. We
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introduce the correlation function of the fluctuation

field

⟨fk(t)f−k (t
′)⟩ = Ck (t− t′) . (11)

The Laplace transformation of the Green’s function

Gk (p) =

∫ ∞

0

dτ exp (−pτ) gk (τ) (12)

is given by the recurrence formula

Gk (p)

=
1

p+ L
(0)
k −

∑′
2Mk,k1,k2Mk2,k,−k1Uk1,k2 (p)

, (13)

where Uk1,k2 (p) is the Laplace transform of function

gk2(s)Ck1(s). This form is given for the simplified case

with Ωk = 0. The RHS of Eq. (13) is a symbolic ex-

pression of the operator[
p+ L

(0)
k −

∑′
2Mk,k1,k2

Mk2,k,−k1
Uk1,k2

(p)
]−1

.

As has been discussed in Ref. [38], a simpler expression

can be obtained if the strongly-damped eigenmodes

are much weakly excited in comparison with the least

stable eigenfunction[
p+ L

(0)
k −

∑′
2Mk,k1,k2Mk2,k,−k1Uk1,k2 (p)

]−1

=
1

p+ λk −
∑′

2Mk,k1,k2
Mk2,k,−k1

Uk1,k2
(p)

. (14)

If we employ the assumption that the decay of the

Green’s function is faster than that of the correlation

function, the term Uk1,k2 (p) in Eq. (13) is given by

Uk1,k2 (p) = Ck1Gk2 (p), and equation (13) then takes

the form

Gk (p)

=
1

p+ λk −
∑′

2Mk,k1,k2Mk2,k,−k1Ck1Gk2 (p)
. (15)

Substituting the expression of Gkn into Eq. (15), we

obtain

Gk (p) =
1

pk +
∑′

Vk,1,2


1

p2 +
∑′

V2,3,4


1

p4 +
∑′

V4,5,6

(
1

p6 + · · ·

)

, (16)

where (k, 1, 2) is an abbreviation of (k, k1, k2), suffices

(2, 3, 4, . . .) indicate (k2, k3, k4, . . .), and

pn = p+ λ
(0)
kn

,

Vk,k1,k2 ≡ −2Mk,k1,k2Mk2,k,−k1Ck1 (s = 0) . (17)

The Laplace transform of the memory function is

given under the assumption that is used for deriving

Eq. (15) as

Γ̄k (p) =
∑′

Vk,k1,k2Gk2 (p) . (18)

Similarly, the continued fraction expression is ob-

tained as

Γ̄k (p)

=
∑′ Vk,1,2

p2 +
∑′

V2,3,4

 1

p4 +
∑′

V4,5,6

(
1

p6 + · · ·

)

. (19)

These relations form the set of equations that de-

scribes the response of fk against the external source

Sk. The Green’s function and the memory function

are given if the correlation functions of fluctuations are

given by Eqs. (16) and (17). Once the Green’s func-

tion and the memory function are given, the coherent

part of fk against the imposition of Sk is calculated

by using Eq. (10). The response of turbulent plasma

against the external source is analyzed.

3.2.Nonlocal and non-Markovian re-

sponse

The response relation equation (10a) is formu-

lated into the nonlocal and non-Markovian relation.

The turbulence field and the source in the observable

coordinates are written as

f(x, t) =

∫ ∞

−∞
dk exp (ikx)fk(t), (20a)

Sk (t
′) =

∫ ∞

−∞
dx′ exp (−ikx′)S (x′, t′) . (20b)
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Substituting Eq. (20b) into Eq. (10a), which is then

substituted into Eq. (20a), we obtain

f(x, t) =

∫ ∞

−∞
dk exp (ikx) ζk(t)

+

∫ ∞

−∞
dk exp (ikx)

∫ t

0

dt′ gk (t, t
′)

×
∫ ∞

−∞
dx′ exp (−ikx′)S (x′, t′) . (21)

The second term is the RHS of Eq. (21) has the form∫ ∞

−∞
dx′

∫ t

0

dt′
∫ ∞

−∞
dk exp (ikx− ikx′)

× gk (t, t
′)S (x′, t′) .

We introduce a nonlocal and non-Markovian kernel as

the Fourier transformation of the Green’s function

K (x, x′ : t, t′) =

∫ ∞

−∞
dk exp (ikx− ikx′) gk (t, t

′) .(22)

By using this nonlocal and non-Markovian kernel, the

turbulent field is rewritten as

f(x, t) =

∫ ∞

−∞
dk exp (ikx) ζk(t)

+

∫ ∞

−∞
dx′
∫ t

0

dt′K (x, x′ : t, t′)S (x′, t′) ,(23)

where the second term in the RHS denotes the coher-

ent response of the fluctuating field to the externally-

controlled source S (x′, t′).

Equation (23) shows that the nonlocality in space

and the memory effect in time (the non-Markovian

property) coexist. It is emphasized that the nonlocal-

ity in space appears simultaneously with the memory

effect in time. The range of the nonlocal interaction

is determined by the dependence of the Green’s func-

tion on the wave number. If the response function does

not depend on the wave number of fluctuations (as the

case of fluctuations in thermal equilibrium, where the

Onsager’s ansatz of scale-independence of the kinetic

coefficient holds[30,43]), putting gk → g in Eq. (22), we

have

K (x, x′ : t, t′) = g (t, t′)

∫ ∞

−∞
dk exp (ikx− ikx′)

= g (t, t′) δ (x− x′) . (24)

The local relation between the source and the response

holds. On the other hand, if the response function

has a peak width ∆k in the wave number space, e.g.,

∝ exp
(
− (k − k0)

2
(∆k)

−2
)
, the nonlocal kernel has

the dependence

K (x, x′ : t, t′) ∝ exp
(
− (x− x′)

2
∆k2

)
. (25)

The interaction length in the x direction is in propor-

tion to 1/∆k.

The properties of the memory function and the

Green’s function have been discussed in the litera-

ture. Here we employ simplified approximations to

study qualitative perspectives of the nonlocality and

the memory. For like-scale interactions, where the re-

lation Γ̄k (p) ≃ Γ̄k′ (p) holds between memory func-

tions from k and k′ for the like-scale wave numbers

|k′| ∼ |k|, equation (19) is approximated as

Γ̄k (p) =
∑′ Vk,1,2

p2 + Γ̄k2 (p)
∼

∑′
Vk,1,2

pk + Γ̄k (p)
. (26)

This crude estimate gives approximate relations for

the memory function

Γ̄k (p) ∼ Γ̄
(0)
k =

√∑′
Vk,1,2 for pk ≪ Γ̄

(0)
k , (27a)

Γ̄k (p) ∼
Γ̄

(0)2

k

pk
for pk ≫ Γ̄

(0)
k . (27b)

The relation (27a) corresponds to the Corrsin

approximation,[3] which is often used in the strong tur-

bulence case. The like-scale estimation also provides

an approximate relation from Eq. (16)

Γ̄k (p) =
∑′

Vk,k1,k2Gk2 (p) ∼ Gk (p)
∑′

Vk,k1,k2

= Gk (p) Γ̄
(0)2

k , (28)

so we have

Gk (p) ∼
1

Γ̄
(0)
k

for pk ≪ Γ̄
(0)
k ,

Gk (p) ∼
1

pk
for pk ≫ Γ̄

(0)
k . (29)

This evaluation of the Green’s function, Eq. (29), indi-

cates that the memory in the Green’s function remains

substantial during the period of
(
Reλk + Γ̄

(0)
k

)−1

,

where Reλk is the linear damping rate. This may

be more explicitly seen by employing an interpolation

formula for Eq. (29)

Gk (p) ∼
1

p+ λk + Γ̄
(0)
k

, (30)

which gives the Green’s function

g (t− t′) ∝ exp
(
−
(
λk + Γ̄

(0)
k

)
(t− t′)

)
for t > t′. (31)

From these considerations, we observe that the spatial

range of the nonlocal kernel Eq. (22) is determined by

the width in the wave number space, and that the

characteristic value of memory is given by the nonlin-

ear decorrelation rate of fluctuations.
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3.3.Deduction of nonlinear decorrela-

tion rate from observations

Equations (10a) and (31) can be used in inter-

preting the experimental observation of the response

of turbulent plasma against the externally-controlled

signals. If one takes the correlation between the fluc-

tuating field and the externally-controlled signals, one

can observe the coherent part in the fluctuations. If

one focuses on the temporal memory effect and as-

sumes that each Fourier component is observed (for

the simplicity of argument), one may have the rela-

tion

⟨fk(t)Sk(t)⟩ =
⟨
Sk(t)

∫ t

0

dt′ gk (t, t
′)Sk (t

′)

⟩
. (32)

The cross correlation function

CS,f (τ) =
⟨fk (t)S

∗
k (t− τ)⟩√

⟨f2
k ⟩ ⟨S2

k⟩
(33)

provides the information of the nonlinear decorrela-

tion rate of the turbulent plasma. For a sinusoidal

source, Sk(t) = Sk,ω exp (−iωt), the approximate re-

lation (Eq. (31)) yields

CS,f (τ) =
e−iωτ

Γ̄
(0)
k +Reλk + i (Imλk −Ωk − ω)

. (34)

This result indicates that depending on the choice of

the external frequency, the ratio between the ampli-

tude of sinusoidal element fk and that of the exter-

nal source varies. The ratio becomes maximal at the

applied frequency with which the imaginary part of

the denominator vanishes. Thus, by observing the re-

sponse against the prescribed source in experiments,

the nonlinear decorrelation rate can be measured. It

should also be noted again that the nonlinear decorre-

lation rate is influenced by the external source. This

relation can be applied in the bicoherence analysis of

the turbulent plasmas. An application to actual ex-

periments will be reported in a separate article.

3.4.Nonlocal case of disparate-scale in-

teraction

The results in Sections 3.2 and 3.3 are derived

under the assumption that Γ̄k (p) ≃ Γ̄k′ (p) holds for

the like-scale wave numbers |k′| ∼ |k|. The zonal

flows (with longer spatial scales) are excited by the

microscopic drift wave turbulence in the confined plas-

mas. In this disparate-scale interaction, the response

of the zonal flows has a much longer timescale com-

pared to the decorrelation time of the drift waves.

By taking advantage of this separation of time scale,

a predator–prey model has been proposed.[5] In that

mode, the dynamical variables are reduced to only

two, i.e., the energy density of the drift waves W

and that of the zonal flow Z. In addition, the rapid

changes in the time scales of drift wave frequency or

of rapidly-varying random force are filtered out. The

latter has been discussed in Refs. [5], [46], and [47].

In the reduction process of the variables to W and

Z, the memory function and the noise source (both

of which have the quadratic order, either W 2 or WZ)

are absorbed into the nonlinear term W 2 or the quasi-

linear term WZ. Even though highly simplified, the

predator–prey model is a useful model that explains

the dynamical evolution of the energies of zonal flow

and turbulence in the time scale of meso-scale physics.

The response of the drift waves–zonal flows system

against the external forcing (which is a smooth func-

tion in time, say sinusoidal wave form) is investigated

here. The objective in this subsection is to analyze the

nonlocal and non-Markovian interaction in the meso-

scale time relevant to the zonal flow and the drift wave

envelope.

Coupled dynamical equations for the drift wave

and zonal flow system are derived in the normalized

form as a set of nonlocal interaction equations[39]

∂

∂t
W = γLW − ω2W

2 − αZW, (35a)

∂

∂t
Z = −γdampZ + αZ

1

2l

∫ x+l

x−l

dx′ W (x′)

+S(t), (35b)

where W and Z are the energy densities of the drift

waves and the zonal flows (normalized to miniV
2
d /2,

with Vd being the electron diamagnetic drift velocity),

respectively, and S(t) denotes the external source of

the zonal flow excitation. The length l indicates the

autocorrelation length of the zonal flow, which is much

longer than that of the drift waves. The γL and ω2 are

the linear growth rate and the nonlinear damping rate

of the drift waves, respectively, and γdamp is the damp-

ing rate of the zonal flow. The quasi-linear coupling

rate between the zonal flows and the drift waves, α,

as well as ω2 and γdamp is assumed to be constant

and uniform here for simplicity. Explicit expressions

of these parameters are given in Ref. [3]. Figure 1

illustrates the radial distributions of W and Z, and

denotes the schematic wave forms for the microscopic
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turbulence and the zonal flows. Thus, the drift wave

fluctuations can interact with the drift waves across

long distances via the coupling with the zonal flows.

The spatial profile of the energy exchange between

the drift waves and the zonal flows has been studied

experimentally, and the initial observation has shown

the nonlocal energy exchange between the drift waves

through the channel of the zonal flows.[48] This experi-

mental progress motivates the analysis of the nonlocal

dynamics of Eq. (35).

drift waves

zonal flows

l

Z↼x↽

W↼x↽

x

Fig. 1. (colour online) Conceptual description of micro-

scopic turbulence and zonal flow. Correlation length of mi-

croscopic fluctuations is much shorter than that of zonal

flow. Profiles of fluctuation intensity and that of zonal

flow, W and Z, are also shown by solid and dashed lines,

respectively.

Before proceeding to the detailed analysis of

Eq. (35), it is useful to illustrate the limitation of

the model studied in this article. First, this model

takes into account only the meso-scale zonal flows,

and does not include the effects of possible global

characters. There are a couple of processes that can

induce multiple-scale interactions. For instance, the

dependence of diamagnetic drift velocity on radial lo-

cation can introduce other types of nonlocal interac-

tions (e.g., see Ref. [49]). These effects can introduce

more complex dynamical responses. Second, even if

the analysis is limited up to the meso-scale, GAMs can

also play an important role in addition to the zonal

flows. The coupled dynamics between drift waves,

zonal flows, and GAMs has been analyzed in the ab-

sence of the source in Ref. [50]. The conclusion in

Ref. [50] is that depending on the global plasma pa-

rameters, the plasma chooses a state with/without

zonal flows and/or GAMs. The boundary between

GAMs and zonal flows has been explicitly derived.

Thus, for plasma in which GAMs have a larger damp-

ing rate than the zonal flows (in other words, the

safety factor is low, and the plasma is in the collision-

less regime), the zonal flows, instead of the GAMs,

are preferentially induced. The analysis here is lim-

ited to the turbulence state without the GAMs, i.e., to

the plasmas with relevant parameters. Noting these

limitations, we emphasize that the analysis here is a

prototypical example studying the multiple scale dy-

namics of turbulence, provides a basis for more com-

plete theories that describe the nonlocal interactions

of the drift wave turbulence.

Equation (35b) provides the nonlocal and non-

Markovian response of the zonal flows to the external

source S(t)

Z(x, t) =

∫ t

−∞
dt′ exp

{
− γdamp (t− t′) +

α

2l

×
∫ t

t′
dt′′

∫ x+l

x−l

dx′ W (x′, t′′)

}
S (t′) . (36)

The second term in the argument of the exponential

function denotes the nonlocal coupling due to the long

radial correlation length of the zonal flows.

If the time scale separation holds, the steady state

of Eq. (35a) is reached during the evolution of Z,

W =
1

ω2
(γL − αZ) . (37)

Substituting Eq. (36) into Eq. (37) gives

W (x, t) =
γL
ω2

− α

ω2

∫ t

−∞
dt′

× exp

[
− γdamp (t− t′) +

α

2l

×
∫ t

t′
dt′′

∫ x+l

x−l

dx′ W (x′, t′′)

]
S (t′) . (38)

The drift wave fluctuations at far distance x′ can in-

teract with the fluctuations at location x within a cor-

relation length of zonal flow, i.e., |x′ − x| < l. Equa-

tion (38) represents the nonlocal and non-Markovian

response of the microscopic turbulence in the presence

of zonal flows.

In the presence of the temporally changing source,

the simplified relation (37) does not always hold.

The response near the stationary fixed point (with-

out source) is studied here. The stationary solution(
W̄ , Z̄

)
of Eq. (35) in the absence of source (S(t) = 0)

is given by

W̄ =
γdamp

α
+

γL
ω2

− 1

2l

∫ x+l

x−l

dx′ γL (x
′)

ω2
, (39a)

Z̄ =
1

2l

∫ x+l

x−l

dx′ γL (x
′)

α
− γdampω2

α2
. (39b)

The second and the third terms in the RHS of

Eq. (39a) indicate the influence of the seesaw mech-

anism, i.e., the pumping of fluctuations at distance
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influences the local level of fluctuations. For the trans-

parency of the argument, we keep the spatial depen-

dence of γL, and assume that the other parameters

are constant 1 over the correlation length of the zonal

flows. The perturbations driven by the source in the

vicinity of nonlinear fixed point
(
W̄ , Z̄

)
is studied. We

put

W (x, t) = W̄ (x) + w(x, t), Z(t) = Z̄ + z (t) .

The linearlized coupled equations are given as

∂

∂t
w = −Γ11 (1− ε)w − Γ12 (1 + ε) z, (40a)

∂

∂t
z = Γ21

1

2l

∫ x+l

x−l

dx′ w (x′) + S(t), (40b)

that is,

∂2

∂t2
w + (1− ε)Γ11

∂

∂t
w

+ (1 + ε)Γ12Γ21
1

2l

∫ x+l

x−l

dx′ w (x′)

= − (1 + ε)Γ12S (t) , (40c)

where

Γ11 =
γdampω2

α
, (41a)

Γ12 = γdamp, (41b)

Γ21 =
1

2l

∫ x+l

x−l

dx′ γL (x
′)− γdampω2

α
, (41c)

ε (x) =
α

γdampω2

(
γL (x)−

1

2l

∫ x+l

x−l

dx′ γL (x
′)

)
.

(41d)

The term ε (x) represents the influence from the nonlo-

cal interaction. In the local limit, where l → 0 holds,

the coefficient ε (x) vanishes. And, if γL is uniform

across distance l, ε (x) → 0.

We can observe the nonlocal effects by using

the response against the external source. The re-

sponse w(x, t) ∝ exp (−iωt) against the source S(t) =

S0 exp (−iωt) is analyzed. Let us put

w(x, t) = w0(t) + w1(x, t), (42a)

where w0(t) and w1(x, t) are spatially uniform and

nonuniform parts of w(x, t), respectively, i.e.,

1

2l

∫ x+l

x−l

dx′ w (x′, t) = w0(t),

1

2l

∫ x+l

x−l

dx′ w1 (x
′, t) = 0. (42b)

Putting Eq. (42a) into Eq. (40c), and separating the

uniform and the nonuniform parts, up to the first or-

der correction of ε, we have

w0(t) =
Γ12S(t)

ω2 + iωΓ11 − Γ12Γ21
, (43a)

w1(x, t) =
ω + 2iΓ11

ω + iΓ11
ε (x)w0(t), (43b)

z(t) =
iω − Γ11

ω2 + iωΓ11 − Γ12Γ21
S(t). (43c)

Equation (43a) indicates the resonance (where the rel-

ative amplitude w0/S takes the maximum) at ω = ωr

ωr =
√
Γ12Γ21 − Γ 2

11/2. (44)

The correlation to the resonance frequency is of the

order ε2.

By using the sinusoidal oscillation source S(t) ∝
exp (iωt), the resonance at ω = ωr is searched. The

resonance frequency is realized for the response, in

which the perturbation w varies concomitantly in the

domain of correlation length l. The result indicates

that the influence of nonlocal effect appears in com-

ponent w1 (x, t), which has an unambiguous phase dif-

ference from w0 (t) given by Eq. (43b). Although S is a

constant in space, the spatially-inhomogeneous modu-

lation of the envelope of the fluctuation intensity takes

place. This spatially-inhomogeneous part oscillates at

different phases (the seesaw oscillation). This pro-

vides an experimental method to observe the nonlocal

interaction between the drift wave turbulence via the

zonal flows. It is noted that in this section, the enve-

lope of the drift wave turbulence (not the waveform of

each wave component) is analyzed. At the resonant

frequency ω = ωr, the zonal flow intensity changes in

time sinusoidally, and the intensity of the drift wave

turbulence also oscillates in time sinusoidally. Addi-

tional spatial modification of the envelope of turbu-

lence w1(x, t) is induced. The relative phase delay in

response is described by Eq. (43c).

We can directly measure and study the nonlo-

cal response of microscopic fluctuations through the

externally-modulated zonal flow amplitude. This

damped oscillation has some analogy with the

damped-propagation wave solution in the system of

turbulence intensity and mean pressure gradient.[36]

In Ref. 36], a coupling between the microscopic tur-

bulence and the macroscopic profile is the origin of

the oscillatory solution. In the case of the drift waves–

zonal flows system, the oscillation takes place owing to
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the coupling between microscopic and mesoscopic fluc-

tuations. The novel feature in this article is that the

effect of nonlocal interaction can be directly observed

in experiments by measuring the phase difference be-

tween the spatially-homogeneous and inhomogeneous

parts in response w(x, t). The experimental observa-

tion of this oscillation by identifying the resonance in

the response to the external oscillation will illuminate

the nonlocal interaction between the drift wave tur-

bulence and the zonal flows.

4. Summary

In this article, we report a theoretical framework

that describes the formula of response of turbulent

plasmas against the externally-controlled prescribed

perturbations. We assume that the conditions re-

quired by the Mori’s method are satisfied, and sep-

arate nonlinear interactions into the memory function

and the fluctuating force. Making use of the memory

function, we derive the formula of the response.

It is shown that the response kernel, which con-

nects the source and the response of the turbulent

field in real space and time, has the nonlocal prop-

erty (in space) and the non-Markovian response (in

time). The time scale of the memory and the spatial

range of the nonlocal interaction are discussed. With

the further simplifications that the memory function

is weakly dependent on the wave number of interests,

the approximate forms of the memory function and

the Green’s function are discussed. The response of

the turbulent field is discussed. This provides a re-

lation to deduce the memory function from the ob-

served response. The case of disparate-scale interac-

tion is also discussed. The response of the seesaw

mechanism is analyzed, and an explicit relation for

the nonlocal and non-Markovian transport is derived.

The dynamic response against an external oscillating

source for the zonal flows is studied. The oscillation

of the envelope of the drift wave turbulence has a

spatially-nonuniform part, which oscillates at differ-

ent phases (the seesaw oscillation) compared to the

spatially-uniform part. This provides a new experi-

mental method to observe the nonlocal interaction in

the drift wave turbulence via the zonal flows.

We note that the analysis is limited to the tur-

bulence state without GAMs. This means that the

analysis is valid for the plasma parameters in the do-

main of preferential excitation of the zonal flows. It

is also noted that if we choose the plasma parame-

ters with which the state with GAMs without zonal

flows is preferred, we can directly extend to obtain

a theory of similar structure. The basic dynamical

equation is given by a similar formula (with different

coefficients) as long as the time scale separation be-

tween the GAM frequency and the ambient turbulence

holds. The analysis here will be straightforwardly ex-

tended to such circumstances. The analysis for the

case, where GAMs and zonal flows coexist, could be

much more complex, and needs furhter studies.

We now discuss possible methods to excite the

zonal flows. Two cases have been considered. The first

is an experimental study of the fundamental process of

zonal flow–drift wave turbulence. This approach has

been developed in the magnetized linear plasmas, and

the essential physics has been discovered.[48] In this

system, the end-plate biasing is a promising method

to induce the zonal flow externally. Initial investiga-

tions have been presented, e.g., Ref. [51]. The other is

the case of toroidal plasma. It is shown that the biased

limiter is able to induce a solitary strong radial elec-

tric field at edge,[52] and explains the biased limiter

experiments.[53,54] This process may be extended to

drive zonal flows externally with temporal oscillation.

The basic framework in this article would be ex-

tended in the following directions. The expression

here would be formulated in such a way that the wide

range of spectrum is induced (e.g., avalanche). More

explicit formulas are given for the interrelations among

various physical quantities (e.g., density, momentum,

heat).[55] The theory can be extended to the higher

order moments, such as the bicoherence. An explicit

description between the external circuit and the inter-

nal source (S in this article) is desirable for applying

this result to the experimental work. These are sub-

jects of near future work.

Dedication

This article is dedicated to the memory of Prof.
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[33] Klinger T, Schröder Ch, Block D, Greiner F, Piel A, Bon-

homme G and Naulin V 2001 Phys. Plasmas 8 1961

[34] Grulke O, Windisch T, Brandt C, Ullrich S and Klinger

T 2010 Plasma Fusion Res. 5 013

[35] Inagaki S, Arakawa H, Oldenbürger S, Nagashima Y, Ya-

mada T, Yagi M, Kasuya N, Sasaki M, Fujisawa A, Itoh

S I and Itoh K 2011 66th Annual Meeting of the Physical

Society of Japan, canceled Niigata, Japan, 25pGZ-4

[36] Garbet X, Sarazin Y, Imbeaux F, Ghendrih Ph, Bourdelle
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