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Conformal invariance, Noether symmetry, Lie symmetry

and conserved quantities of Hamilton systems
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In this paper, the relation of the conformal invariance, the Noether symmetry, and the Lie symmetry for the

Hamilton system is discussed in detail.

The definition of the conformal invariance for Hamilton systems is given.

The relation between the conformal invariance and the Noether symmetry is discussed, the conformal factors of the

determining expressions are found by using the Noether symmetry, and the Noether conserved quantity resulted from

the conformal invariance is obtained. The relation between the conformal invariance and the Lie symmetry is discussed,

the conformal factors are found by using the Lie symmetry, and the Hojman conserved quantity resulted from the

conformal invariance of the system is obtained. Two examples are given to illustrate the application of the results.
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1. Introduction

The theory of symmetry is one of the highest level
principles in physics. Finding conserved quantities us-
ing the symmetries plays an important role in the de-
velopment of the analytical mechanics.'=4 The re-
search on the symmetries, including the Noether sym-
metry, the Lie symmetry, and the Mei symmetry, has
been conducted recently.l?] The study about other
new symmetries, such as the Lagrange symmetry and
the conformal invariance, is also in progress. The con-
formal invariance of the Birkhoff systems was stud-
ied by Galiuillin,[* and the conformal factors and the
conserved quantities resulted from the conformal in-
variance were obtained. The research about the rela-
tion between the conformal invariance and the other
symmetries has been carried out recently.’=20/ The
conformal invariance in the Hamilton systems was dis-
cussed, finding the conformal factors by using the Lie
symmetry was specially researched, and the Hojman
conserved quantities resulted from the conformal in-
variance were obtained in Ref. [13]. In this paper, the
conformal invariance of the Hamilton system under in-
finitesimal transformations is studied, the conformal
factors under the condition that the conformal invari-
ance exists simultaneously with the Noether or the Lie
symmetry are obtained, the relation of the conformal
invariance, the Noether symmetry, and the Lie sym-
metry in the Hamilton system is discussed, then the
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Noether and the Hojman conserved quantities resulted

from the conformal invariance are obtained.

2. Definition of conformal invari-

ance in Hamilton systems

The Hamilton canonical equations of a system can

be written as
OH . OH

= = — :1... 1
8ps7 Ps aqs7 (8 ’ ?n)7 ( )

where ¢, and p, are the canonical variables. Equation

qs

(1) can be expressed as
(s=1,...

n). (2)

Introduce infinitesimal transformations for time ¢,

4s = gs(tvqap)v Ds = hs(t7Qap)7

generalized coordinates g5, and generalized momenta
Ps

=1+ AL qi(t7) = qs(t) + Ags,

pi(t") =ps(t) + Aps, (s=1,...,n). (3)

The expanding forms are

t"=t+elolt,q,p),

s (t7) = qs(t) + €&s(t, q, ),

Ps(t") = ps(t) + ens(t, q, p), (4)
where € is an infinitesimal parameter, &g, &, and 7 are

called the infinitesimal generators of ¢, ¢, and ps un-
der the infinitesimal transformations (4), respectively.
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The infinitesimal transformation vector of gener-

ator is

) B )
0) ¢ “ v =
X Sogy &k 90 + 1k e (5)

and its first extension is

. .. 0 . L. 0
XU =XxO4 (g - qs&’)(’qu + (1 — Psfo)afp]; (6)

Let
R~ @
FY = pet 5o 0
R0 )

Definition In the infinitesimal transformations
of infinitesimal generators &y(t, q,p), &s(t,q,p), and
ns(t,q,p), if Fy satisfies the following determining ex-

pression:
XWF, = ¢4 F,, (10)

then the infinitesimal transformations have conformal
invariance for the corresponding first order differential
equations, this kind of invariance is called the confor-
mal invariance, and £¥ is called the conformal factor.

3. Conformal invariance and

Noether symmetry of Hamil-

ton systems

For Hamilton system (1), under the infinitesimal
transformations (4), the Noether identity can be writ-
ten in the form

OH 0H

Efo—aqufs—H&H-GN =0, (11)

pss —
where Gn = Gn(t, g, p) is a gauge function.
Proposition 1 For canonical Egs. (7) and (8),
if the generators of the infinitesimal transformations
satisfy the determining Eq. (10), the conditions that
their conformal invariance exists simultaneously with
the Noether symmetry under the action of infinitesi-
mal transformations are that there exists the following
conformal factor:

ok 0
0 ¢k

£ =

S

(12)

where
0 .
ok = op (&x — dréo),
Egk = _8(]5 (fk - Qk§0)7 (57 k= 1. ’n)' (13)
Proof As
0 . O0H
X(l)Fs{ - ps <pk§k - Efe
0H . .
- 87%51@ - H& + GN)
OH 0 .
= x4 _ -z
(qé 8ps> ap <pk§k
OH O0H . )
e - g - H
o o Dan ke §o + GN)
_ o d 0 0% | 9GN
- dt (pk aps Haps N 3ps >
0 ) . OH
+ o (& — o) (Qk - 5]%)
0 .
= o (& — Go) Fy, (14)
0 . O0H
g ~ _
XWES+ 4. <pk§k ot o
0H . .
- 87%&6 - H& + GN)
O0H 0 .
— v (5 i
OH OH . )
- W&) - 87%516 - H¢ +GN>
A g 0% en
Codt (pk 90, Tag, "™t o, )
0 . . OH
- aqs (51@ - Qkfo) (pk + aqk)
0 .
= _67(]8(&“ — qréo) Fy., (15)
SO
/ 0 .
0F = ap &k — dr€o),
Egk = _aqs (fk _ngo)’ (S7k: 17""77’)' (16)
We obtain
0 .
Xmﬂ—@ﬁ&—%mﬂ
0 . OH OH . )
= 3P4 <pkfk: - Efo - 87%&6 — Hé + GN)u (17)

0 .
XWF" 4 a(fk — qréo)Fy,

S

0 . OH OH . )
= "o <Pk§k - E&) - aqufk - Hé + GN> -(18)

Therefore, the Hamilton system has the conformal in-
variance and the Noether symmetry simultaneously
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under the action of infinitesimal transformations (4),
which satisfies the Noether identity (11), we have

XOF, =¢°F,. (19)

Deduction 1 For Hamilton systems, if the in-
finitesimal transformations (4) are conformal invari-
ant, the infinitesimal transformations are Noether
symmetrical as well. If the infinitesimal transforma-
tions are Noether symmetrical, the infinitesimal trans-
formations must be Lie symmetrical.'] So for Hamil-
ton systems, if the infinitesimal transformations are
conformal invariant, the infinitesimal transformations
must be Lie symmetrical.

Proposition 2 For Hamilton system (1), un-
der the action of infinitesimal transformations that are
conformal invariant and Noether symmetrical simulta-
neously, besides the infinitesimal generators &, &5, and
7, satisfing the conformal factors (12) and the gauge
function GN = G (¢, g, p) satisfying the Noether iden-
tity (11), there exists the Noether conserved quantity

In = ps€s — HEy + G = const. (20)

Example 1 Consider a system of two degrees
with the following Hamiltonian

1
H =3l +p) + @, (21)

and the equations of motion are
G —m;
F, = a2 .*pz . (22)
Y41
P2+ 1

When the infinitesimal generators are

1
Co=patt, & =0, @zwru(@+tﬁ,

2
m=0, n=(p+1)? (23)
we have
X(I)FS
0
.. 1, . .
—qi(gr —p1)+ (2 + §t — G2 ) (42 — p2)
0
—(p2 +1)(p2 +1)
0 0 0 0
. 1, .
_ | h ettt a0 0
0 0 0 0
0 0 0 —(p2+1)

g1 —p1
% Q2.—P2 . (24)
P1
p2+1

Then we obtain the conformal factor

0 0 0 0
j +1t2 i 0 0
Ef _ q1 g2 B q2 . (25)
0 0 0 0
0 0 0 —(p2+1)

Utilizing Proposition 1, we can also obtain the
conformal factor

0 .
o (& — o) 0

k S

b = P .

0 ~ 9 (& — dréo)
0 0 0 0
—1 q2 + L 0 0
_ q1 492 B q2 . (26)

0 0 0 0
0 0 0 —(p2 +1)

Apparently, the result is the same to Eq. (26). There-
fore, equation (23) under the action of Eq. (24) is con-
formal invariant and Noether symmetrical simultane-
ously.

Utilizing Proposition 2, the giving infinitesimal
generator Eq. (24) satisfies the Noether identity (11),
we obtain one solution of the gauge function

Gn= g+ 22 L (p2 +1)? (27)
N—2 qz 9 31021?2 .

Then the Noether conserved quantity (20) gives

1.\ 1 1,\°
In = pa(p2 +1t) Q2+§f +§ Q2+§t

1
- §p2(p2 + t)? = const. (28)

4. Conformal invariance and Lie
symmetry of Hamilton sys-

tems

For canonical Egs. (7) and (8), if the generators of
the infinitesimal transformations satisfy the determin-
ing Eq. (10), the necessary and sufficient conditions
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that the conformal invariance exists simultaneously
with the Lie symmetry under the action of infinitesi-
mal transformations are that there exist the following

conformal factors:!13]
o, . 0,
& ans ans _é_ 68
8(1771 6pm 0%m

Deduction 2 For Hamilton systems, if the in-
finitesimal transformations (4) are conformal invari-
ant, the infinitesimal transformations are Lie symmet-
rical as well. If the infinitesimal transformations are
Lie symmetrical, besides there exists a gauge func-
tion Gy = GN(t,q,p) satisfying the Noether iden-
tity (11), the infinitesimal transformations must be
Noether symmetrical. Otherwise, they would not be
Noether symmetrical.[ll' So if the infinitesimal trans-
formations are conformal invariant and satisfy the
Noether identity (11), the infinitesimal transforma-
tions must be Noether symmetrical.

For Hamilton system (1), under the action of spe-
cial infinitesimal transformations that are conformal

invariant and Lie symmetrical simultaneously, there

exists the Hojman conserved quantity!!3]
9 | Ons
I = == t. 30
H 94 + - cons (30)

Example 2 We study the relation between the
conformal invariance and the Lie symmetry, and the
Hojman conserved quantities for the Hamilton sys-
tems. Consider a system with the Hamiltonian

1
H =50t +p})e”, (31)

where + is a constant. The equations of motion are

G —pret
. _ e’yt
Fo=|®P . (32)
P1
D2

When the infinitesimal generators are
1L
o=t & =pi|lqa——pe’],
~
1 ot
S=p2|q— Speet ) m= 0, m=0, (33)

we have

X(l)FS

. . 2
(p1 —1)(¢1 —p1e™) +p1 <ql — ;IH ew)

. , 2
= | (p2—1)(g2 — p2e™) + po <q2 P th>

—P1
—p2
2
p—1 0 q—=pe” 0
y
2
_ 0 p2—1 0 Q2*§P267t
0 0 -1 0
0 0 0 —1
@1 —pre
. _ e,yt
q2 .Pz (34)
D1
D2

Evidently, we obtain the conformal factors

2
pr—1 0 q—-—pe 0
v
2 t
= 0 p2—1 0 ¢ — —p2e” |
0 0 ~1 0
0 0 0 1

(35)

which are the necessary and sufficient conditions that
the system is conformal invariant and Lie symmetri-
cal simultaneously. The giving infinitesimal genera-
tor Eq. (34) satisfies another form of the determin-
ing equations of the Lie symmetry under the action
of special infinitesimal transformations, the Hojman
conserved quantity Eq. (31) gives

Ity = p1 + pa = const. (36)

5. Conclusion

For Hamilton systems, the infinitesimal transfor-
mations have the conformal invariance for the corre-
sponding first order differential equations. The con-
formal factors of the determining expressions can be
found by uisng the Noether symmetry, which are the
conditions that the system’s conformal invariance ex-
ists simultaneously with the Noether symmetry under
the action of infinitesimal transformations. The con-
formal factors can be found by using the Lie symmetry
as well, which are the necessary and sufficient con-
ditions that the system’s conformal invariance exists
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simultaneously with the Lie symmetry. Besides, for
Hamilton systems, if the infinitesimal transformations
are conformal invariant and the conformal factors sat-
isfy condition (12), the infinitesimal transformations
are Lie symmetrical as well. If the conformal factors
satisfy the necessary and sufficient conditions (30), the
infinitesimal transformations are Noether symmetrical
as well. Therefore, the relation of the conformal in-
variance, the Noether symmetry, and the Lie symme-
try for the Hamilton system has been found. And we
obtain the Noether conserved quantities and the Hoj-
man conserved quantities resulted from the conformal
invariance, find the relation between the conformal in-

variance and the conserved quantity.
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