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With the B-spline expansion technique and a model potential of the alkali atoms, the properties of frequency-

modulated excitation of Rydberg potassium atoms in a static electric field and a microwave field are investigated

by using the time-dependent two-level approach. We successfully reproduce the square wave oscillations in the low

frequency, the stair step population oscillations in the intermediate frequency, and the multiphoton transitions in the

high frequency with respect to the unmodulated Rabi frequency, which have been observed experimentally by Noel et

al. [Phys. Rev. A 58 2265 (1998)]. Furthermore, we also numerically obtain the discretized Rabi oscillations predicted

in the Landau–Zener accumulation model.
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1. Introduction

Since the invention of tunable lasers, the Ryd-

berg atoms in an external field have been intensively

studied in both experiment and theory. A number of

researches have focused on the behaviors of Rydberg

hydrogen and alkali-metal atoms in a static electric

field, in a microwave field, and in a laser field, such

as energy-level crossing and anticrossing,[1−4] multi-

photon transition,[5,6] multiphoton ionization,[7] pop-

ulation transfer,[8] and autoionization.[9] In the ab-

sence of frequency modulation, multiphoton transi-

tions (or the standard Rabi oscillations) occur between

two Rydberg Stark states driven by a microwave field.

And then the presence of a frequency-modulated field

makes the time evolution of the Rydberg atoms mod-

ified. It has been observed in Ref. [10] that the pop-

ulations between two Rydberg Stark states present

square-wave oscillations with a slow modulation, stair

step population oscillations with an intermediate mod-

ulation, and multiphoton resonances with a fast mod-

ulation. The frequencies of these modulations are

studied with respect to the unmodulated Rabi fre-

quency.

To understand those phenomena, the time-

dependent multi-level approach has been proposed by

Zhang et al.,[11] which could almost reproduce all the

featured experimental results in Ref. [10]. The ap-

proach was further extended to the population trap-

ping with a designed radio-frequency field.[12] How-

ever, in the approach of Zhang et al.,[11] the Stark

states are constructed by using the analytic wave func-

tions obtained by solving the complicated nonlinear

algebraic equations, and the numerical calculation is

time-consuming, because many Stark states are in-

volved in the close-coupling equations. Therefore, it

is desirable to propose an alternative approach, which

can avoid the inconvenience in constructing the basis

set, but give reasonable good results and cost much

less computer time.

Recently, due to the considerable advantages over

the earlier basis sets, B-spline has been widely applied

to the calculation in atomic and molecular physics.[13]

Those works were concerned about the energy levels

of the ground and the lower excited states of the hy-

drogen in a magnetic field of arbitrary strength,[14]

the spectra and the life time of the hydrogen cir-

cular states in a magnetic field,[15] the Stark shifts

and the Stark widths of the highly excited states

near the classical ionization threshold of the hydrogen

∗Project supported by the Special Funds for the Projects of Basic Scientific Research and Operating Expenses of the Central

Universities, Northwest University for Nationalities, China (Grant No. zyz2012103) and the National Natural Science Foundation

of China (Grant Nos. 11044007 and 11064013).
†Corresponding author. E-mail: lxycock@163.com

© 2012 Chinese Physical Society and IOP Publishing Ltd
http://iopscience.iop.org/cpb　http://cpb.iphy.ac.cn

094205-1



Chin. Phys. B Vol. 21, No. 9 (2012) 094205

atom,[16] the high-order harmonic generation,[17] the

above-threshold ionization of atoms in an intense laser

field,[18] and the microwave multiphoton transition of

the Rydberg potassium atoms.[19]

In this paper, we present the B-spline basis set ex-

pansion for the time-dependent wave function of the

Rydberg atoms, and apply the time-dependent two-

level approach to study the frequency-modulated ex-

citation of the Rydberg Stark states of the potassium

atoms in the presence of a microwave field. This ap-

proach has been established in our earlier work and

shown success in the study of the microwave multi-

photon transition of the Rydberg potassium atoms.[4]

Our results present the square-wave oscillations in the

low-frequency field, stair step population oscillations

in the intermediate-frequency field, and multiphoton

resonances in the high-frequency field. These calcu-

lated results are in good agreement with the experi-

mental measurements of Noel et al.[10] and the theo-

retical calculations of Zhang et al.[11] We further carry

out the calculation in the intermediate-frequency field

with a large amplitude and obtain the discretized Rabi

oscillations, which are predicted by the Landau–Zener

phase accumulation model.[10]

2. Theory

Apply a static electric field Fs, a microwave

field Fmw cosωmwt, and a radio-frequency (rf) field

Frf cosωrft to Rydberg atom potassium, the directions

of the three fields are along the z axis. The time-

dependent Schrödinger equation for the outer electron

of the atom is (in atomic units)

i
∂

∂t
Ψ(t) = H(t)Ψ(t), (1)

where H(t) = H0+zFs+zFmw cosωmwt+zFrf cosωrft

is the Hamiltonian of the system under consideration,

H0 is the zero-field Hamiltonian, Fmw and Frf are the

amplitudes of the microwave and the rf fields, respec-

tively.

To solve Eq. (1), we use the B-spline basis func-

tion and the one-electron model potential to obtain

the eigenfunctions of H0. And then, by choosing the

eigenfunctions of H0 as the basis, the eigenstates of

H1 = H0 + zFs can be calculated through diagonal-

ization, i.e., we can obtain the Stark structure of the

alkali-metal atom in the static electric field. We then

select two eigenvectors of H1 of interest as the basis

set to expand the time-dependent solution of H(t).

Finally, by solving the two-state close-coupling equa-

tions, we obtain the transition probability.

2.1.The B-spline and the model poten-

tial

The B-splines are piecewise polynomials, which

possess the characteristics of both analytical and nu-

merical functions. For a given knot sequence on the

r axis, {r1 ≤ r2 ≤ · · · ≤ rN ≤ · · · ≤ rN+k}, B-spline

functions of order k are defined as[20]

Bi,1(r) =

 1, ri ≤ r < ri+1,

0, otherwise,

Bi,k(r) =
r − ri

ri+k−1 − ri
Bi,k−1(r)

+
ri+k − r

ri+k − ri+1
Bi+1,k−1(r). (2)

We can immediately see that Bi,k is a piecewise poly-

nomial of order k−1 localized within (r1, rN+k), while

Bi,k is nonvanishing within (ri, ri+k). The behavior of

theB-spline functions can be readily adjusted with the

knot sequence, viz., the choice of order k, number N ,

and knot point ri, which offers a mean to optimize the

B-splines as the basis set to expand the wavefunctions

of one or several states concerned. In the process of

calculation, we choose order k = 9, number N = 180,

and the knot sequence in the exponential form, i.e.,[13]

ξi = rmin + (rmax − rmin)
e
γ
(
i−1
n−1

)
− 1

eγ − 1
,

i = 1, 2, . . . , n. (3)

The one-electron model potential given by Mari-

nescu et al.[21] can well describe the motion of the

valence electron in the alkali-metal atom. The form of

this potential depends on the orbital angular momen-

tum l of the valence electron and is given by

Vl(r) = −Zl(r)

r
− αc

2r4
[1− e−(r/rc)

6

], (4)

where αc is the static dipole polarizability of the

positive-ion core. The radial charge Zl(r) is given by

Zl(r) = 1 + (Z − 1) e−a1r − r(a3 + a4r) e
−a2r, (5)

where Z is the nuclear charge of the neutral atom,

and rc is the cutoff radius introduced to truncate the

unphysical short-range contribution of the polariza-

tion potential near the origin. Here αc, rc, a1, a2, a3,

and a4 are the parameters, which have been given in

Ref. [21].
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2.2. Solution of the stationary Schröd-

inger equation

Due to the central symmetry of the potential, the

eigenfunction of H0 has the following form:

Φnlm = Rnl(r)Ylm(θ, φ), (6)

where n, l, and m are the principal, the angular mo-

mentum, and the magnetic quantum numbers, respec-

tively, and Ylm(θ, φ) is the spherical harmonic func-

tion.

The radial wavefunction Rnl(r) can be expanded

as a linear combination of B-splines

Rnl(r) =
∑
i

DiBi,k(r). (7)

Substituting Rnl(r) and Vl(r) into the radial

Schrödinger equation[
− 1

r2
d

dr

(
r2

d

dr

)
+
l(l + 1)

r2
+ Vl(r)

]
Rnl(r)

= EnlRnl(r), (8)

and then multiplying Bj,k(r) from left and integrating

with respect to r, we obtain a matrix equation. By

means of diagonalizing the equation, the numerical

form of Rnl(r) can be obtained. The radial wavefunc-

tion will have the correct number of nodes.

2.3.The basis set

Using the above zero-field wavefunction Φnlm =

|nlm⟩ = Φi as the basis set, we have the following form

for the matrix elements of HamiltonianH1 = H0+zFs:

H1nlm,n′l′m = δnlm,n′l′mEnl + Fs ⟨nlm| z |n′l′m⟩ . (9)

By diagonalizing the matrix of H1, we obtain the

eigenvalue Ek and the eigenvector ψ
(s)
k of H1. They

obey the following equation:

H1ψ
(s)
k = Ekψ

(s)
k , (10)

where

ψ
(s)
k =

∑
i

CkiΦi. (11)

2.4.Time-dependent two-level approach

If the two concerned states satisfy the oscillation

conditions and the external field is a long pulse, we

can safely use the time-dependent two-level approach

to study the interaction between the atoms and the

external field. In this paper, the two conditions are

well satisfied, and we choose two Stark states (one is

the initial state and the other is the final state) as the

new basis set. The time-dependent wave function of

the potassium atom in the presence of the static elec-

tric field together with the microwave and the rf fields

can be written as

Ψ(t) =
2∑

k=1

ak(t)ψ
(s)
k e−iEkt, (12)

where ak(t) is the coefficient of the expansion, which

represents the amplitude of the transition probability.

Substituting Eq. (12) into Eq. (1) and solving these

equations using the fourth-order Runge–Kutta[22] al-

gorithm, we can obtain the expansion coefficient ak(t).

Then the probability of the outer electron occupying

state k at time t can be written as

Pk(t) = |ak(t)|2 . (13)

Using the above formula, we can calculate the multi-

photon transition probability.

3. Results and discussion

For simplicity, we denote one Stark state as (n, k),

where n and k are adiabatically connected with the

quantum numbers n and l in the zero field, and the

form (n, ki ∼ kj) denotes a collection of states (n, ki),

(n, ki + 1), . . ., (n, kj). In this paper, we focus on

the two Stark states 21s and 19f, and the basis set is

formed by the zero-field wave functions of (16, 2 ∼ 15),

(17, 1 ∼ 16), (18, 0 ∼ 17), (19, 0 ∼ 18), (20, 0 ∼ 19),

(21, 0 ∼ 20), (22, 0 ∼ 1), and (23, 0). The total num-

ber of these basis wave functions is 111. In principle,

the basis set should include infinite states, but this

cannot be carried out in a real calculation. We have

checked that the truncated basis in our calculation is

large enough.

To check the accuracy of the time-dependent two-

level approach, in which the transition caused by the

external fields is limited within two Stark states only

and the transition probability to the other states is

very small compared to that of the concerning states,

we calculate the positions of multi-photon resonance

peaks by scanning a static electric with a microwave

field. There already have been some experimental and

theoretical works about the microwave multi-photon

transition in a static electric field, see Refs. [5], [6],

and [19]. We compare the calculations based on the

two-level approach with Stark states 21s and (19, 3)

and the multi-level approach with the Stark states
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in the vicinity of the 21s state and the (19, 3) state

symmetrically. The 10, 20, 30, 40, 50, and 60 Stark

states are included in the multi-level approach. In

the calculation, the amplitude and the frequency of

the microwave field are Fmw = 7.23646 V/cm and

ωmw = 8.0 GHz, respectively. And then, we sweep

the static electric field from the s state crossing field

to the zero field with a step of 0.01 V/cm. Finally,

we obtain the one-photon resonance peaks under the

static electric field Fs, which are shown in Table 1. We

can see that the influence of the states around the 21s

state and the (19, 3) state is very small, i.e., the time-

dependent two-level approach provides enough accu-

racy and is an effective method in this case. More-

over, we also have checked the convergence of the

two-level approach with respect to the multi-level ap-

proach with an rf modulated field (not shown here).

We have checked the accuracy of the two-level ap-

proach, and it can be used to study the Rydberg Stark

atoms in a microwave field with another frequency-

modulated field.

Table 1. Resonance peaks calculated by using the time-dependent multi-level approach. The n is the number

of the Stark states in the basis set.

n 2 10 20 30 40 50 60

Fs/V·cm−1 289.38 289.38 289.38 289.38 289.38 289.38 289.39

3.1. Low-frequency field

The low frequency (or slow modulation) is the

frequency far smaller than the Rabi frequency of the

one-photon transition. In this paper, we choose the

amplitude and the frequency of the microwave field

as Fmw = 7.23646 V/cm and ωmw = 8.0 GHz, re-

spectively. These parameters are the same as those in

the experiment[10] and Zhang et al.’s calculation.[11]

Using the two-level approach and scanning the static

field, we obtain the one-photon transition resonance

peak at Fs = 289.38 V/cm, and the Rabi frequency

is Ωmw1 = 83.9 MHz according to Eq. (13). Then

we add an rf field, and set Frf = 0.6 V/cm, and

ωrf = 10.25 MHz (ωrf ≈ 1
8Ωmw1), which is the same
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Fig. 1. Square wave oscillations in low-frequency field.

Curve (i) is our calculated result; curve (ii) is the ex-

perimental result;[10] curve (iii) is the results of Zhang

et al.;[11] and curve (iv) presents the results of the dressed

theory based on Eq. (1) of Ref. [10].

as that in the experiment.[10] We obtain the popula-

tion of the excited states using Eq. (13). In Fig. 1, we

show our calculated square-wave oscillations in terms

of microwave pulse width together with the experi-

mental results,[10] Zhang et al.’s[11] calculation results,

and the results of the two-state approximation based

on the theory of dressed or Floquet Stark states.[5,10]

As showing in curve (iv), the results of the two-

state dressed theory cannot describe the square os-

cillations, and disagree with the experiment. It is

obvious that our results [see curve (i)] are in good

agreement with the experimental measurements[10]

[see curve (ii)] and Zhang et al.’s calculation results[11]

[see curve (iii)]. The characteristic of the square os-

cillations in the experiment has been reproduced in

our theory. It can be understood as follows. When we

add a static electric field to the one-photon microwave

resonance under a modulated field, which begins as

a cosine and whose amplitude is large initially, be-

cause of the Stark effect, this modulated field makes

the system off resonance, thus the system populate

in the lower state 21s initially. And then the modu-

lated field Frf cosωrft approaches zero, the two-level

system makes a transition from 21s to 19f. Later,

the system will be off the resonance as the cosine be-

comes nonzero, the population will remain in the up-

per states, and so on. After a careful examination,

there are some structures both on the square-wave

crest and in the trough of the square wave. These

structures seem like experimental noise in the experi-

mental results, but they are quiet regular both in our

calculation and Zhang et al.’s. In comparison with
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the microwave frequency, the modulated frequency is

very low. In a small time interval, Frf cosωrft can be

considered as a constant, and the rf field can be re-

garded as a static electric field. Due to the presence

of this affixation field, the Stark shift will change, and

the Rabi oscillation will also change accordingly. In

Fig. 1, we also see that the amplitudes of the oscil-

lations on the square-wave crest and in the trough of

the square wave of our results are bigger than those

in Zhang et al’s. Actually, these structures can be ef-

fectively controlled by changing the amplitude of the

rf field to modify the Stark shift in our calculation.

3.2. Intermediate-frequency field

The intermediate frequency (or intermediate

modulation) is the frequency that can be compa-

rable with the Rabi frequency. The time evolution of

the Rydberg Stark atom exhibits stair step popula-

tion oscillations with an intermediate modulation in

the experiment.[10] In Ref. [10], only the microwave

Rabi frequency Ωmw1 = 108 MHz and the frequency

ωrf = 52 MHz of the modulated-frequency field were

given. But there was no information about the am-

plitude and the frequency of the microwave field.

In Fig. 2, curve (i) shows the experimentally mea-

sured Rabi oscillation in the absence of the frequency

modulation, curves (ii) and (iii) are the time evo-

lutions of the stair step populations in the presence
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Fig. 2. Curves (i), (ii), and (iii) are the experimental

results.[10] Curve (i) is the Rabi oscillation with the fre-

quency of 108 MHz when the frequency modulation is

turned off. Curves (ii) and (iii) are the time evolutions

of the two-level atom system in the presence of frequency

modulation with the frequency of 52 MHz and the ampli-

tudes of 0.92 V/cm and 0.78 V/cm, respectively. Curves

(iv), (v), and (vi) are our theoretical results corresponding

to curves (i), (ii), and (iii), respectively.

of the modulated-frequency field with the frequency

of ωrf = 52 MHz ≈ 1
2Ωmw1 and the amplitudes of

0.92 V/cm and 0.78 V/cm, respectively. We can

see the constructive interference in curve (ii) and

the destructive interference in curve (iii). To com-

pare with the experiment, we set the amplitude of

the static field as Fs = 287.62 V/cm, and the am-

plitude and the frequency of the microwave field as

Fmw = 11.07 V/cm and ωmw = 9 GHz, respectively.

We obtain the frequency of the one-photon microwave

transition, Ωmw1 = 111 MHz. The amplitude and the

frequency of the rf field are the same as those in the

experiment. In Fig. 2, curves (iv), (v), and (vi) are our

calculated results, and they are similar to curves (i),

(ii), and (iii), respectively. It shows that our results

agree well with the experimental ones.

LZ1 LZ2
t

Fig. 3. Schematic representation of the Landau–Zener

phase accumulation model,[10] where LZ1 and LZ2 are the

Landau–Zener paths at the first and the second avoided

crossings, respectively.

In terms of the Landau–Zener phase accumula-

tion model,[10] we can understand the above results.

As shown in Fig. 3, each microwave dressed state as a

function of time in the sinusoidal modulating field is

considered. When the rf field changes to zero, the mul-

tiphoton transition condition is satisfied, and there is a

nonzero transition amplitude to the other state. The

system is now in a superposition of the two dressed

states. Therefore, when the avoided crossing is tra-

versed again, there will be interference between the

two transition amplitudes. The interference depends

on the relative phase accumulated by the two states

during their evolutions in between the crossings. Dif-

ferent rf amplitudes and frequencies would result in

different half and single cycle transition probabilities.

According to the Landau–Zener phase accumulation

model,[10] when the rf frequency is Ωrf =
1
2Ωmw1 , the

amplitude of the rf field is set to be large, the dis-

cretized Rabi oscillations will appear, which have not
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been investigated in the experiment because of the

limitation of the apparatus. In theory, we use the

same parameters of the microwave field above, and

then set the amplitude and the frequency of the rf field

as Frf = 10.0 V/cm and Ωrf = 54 MHz, respectively,

we obtain the discretized Rabi oscillations shown in

Fig. 4.
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Fig. 4. Discretized Rabi oscillations with the modulated

field of the frequency Ωrf = 54 MHz, and the amplitude

Frf = 10.0 V/cm.

3.3.High-frequency field

The high frequency (or fast modulation) is the

modulated frequency, which is much higher than the

Rabi frequency. To obtain the rf multiphoton tran-

sition, we first turn off the rf field and set the mi-

crowave amplitude at Fwm = 17.45 V/cm and the

microwave frequency at ωmw = 9 GHz. Next, by

scanning the static field, we obtain the position of

the one-photon resonance when Fwm = 287.61 V/cm

and the microwave Rabi frequency Ωmw1 = 159 MHz.

And then, turn on the rf field and set the frequency

at ωrf = 330 MHz, which is about 2Ωmw1 , and the

amplitude at Frf = 4.13 V/cm. Finally, we obtain

the multiphoton resonances by scanning the electric

field from 284.5 V/cm to 289.5 V/cm. In Fig. 5, we

show our theoretical results (upper curve) and the ex-

perimental results (lower curve). We notice that our

results agree well with the experimental ones.

From Fig. 5, we can see that the widths of the odd

rf resonances are wider than the even ones because of

the variation in the rf Rabi frequencies defined as[10]

Ωrfq = Ωmw1Jq

(
SErf

ωrf

)
, (14)

where Ωrfq is the q-photon transition Rabi frequency,

Jq is a Bessel function of order q, and S is the relative

slope between the two related states. From this equa-

tion, we can learn that for one particular amplitude of

the rf field, there are narrow resonances when Ωrf1and

Ωrf3 are small, and large resonances when Ωrf0 and

Ωrf2 are large.
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Fig. 5. Multiphoton resonance spectra with a modulated

field (Frf = 4.13 V/cm and ωrf = 330 MHz). The abscissa

axis is labeled by SFs, where Fs is the static field ampli-

tude. The upper curve is our calculation result, and the

lower curve is the experimental multi-photon resonance

spectrum from Ref. [10]. The carrier resonance is labeled

as ∆ = 0 and the third sideband is labeled as ∆ = 3ωrf .
[10]

4. Conclusion

In this paper, we have presented a time-dependent

two-level approach employing the B-spline as the ba-

sis set and a more accurate potential model of the

alkali atoms to study the prosperities of the Rydberg

atoms in a frequency modulation field together with

a static electric field and a microwave filed. As an

alternative of the multi-level approach proposed by

Zhang et al.,[11] our method also provides a quantita-

tive description of the experimental results in Ref. [10].

Meanwhile, the Stark state constructed using the B-

spline as the basis set is accurate and easily calculated

numerically, and the close-coupling equations can be

solved quickly using the time-dependent two-level ap-

proach. Based on our model, we have calculated

the square oscillations in the low-frequency field, the

stair step population oscillations and the discretized

Rabi oscillations in the intermediate-frequency field,

and the multiphoton transitions in the high-frequency

field. Our calculated results are in good agreement

with the experimental ones[10] and Zhang et al.’s

calculations.[11]

Our method has been successfully applied to

study the characteristics of the Rydberg atoms in

a frequency modulated field. Its accuracy has been
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tested by comparing with the experimental measure-

ments and the other theoretical calculations in this

paper. This method has also been applied to study

the microwave multiphoton transition[19] and the mul-

tiphoton Rabi oscillations[23] of the Rydberg potas-

sium atom by our group. The accuracy of the Stark

state involved in our model has also been tested by

our group[4] through the positions and the widths of

the anticrossings for potassium Rydberg Stark states

against the experimental results. All of these works

have shown that the B-spline expansion technique is

powerful. And our model can be used to predict some

novel behaviors of the alkali-metal atoms in the ex-

ternal fields, such as static electric fields, microwave

fields, and radio-frequency fields.
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