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Gain enhancement in two-stream free electron laser

with planar wiggler and axial guide magnetic field
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The theory for the two-stream free electron laser (FEL) consisting of a relativistic electron beam transported

along the axis of a planar wiggler in the presence of an axial guiding magnetic field is proposed and investigated. The

electron trajectories and the small signal gain are derived. The characteristic of the linear gain and the normalized

maximum gain are studied numerically. The result shows that the normalized maximum gain is considerably enhanced

in comparison with that of the single stream. The effect of the difference between the energies of the two beams in this

configuration of FEL is also considered, and we find that the gain is affected by the energy differences between groups

1 and 2.
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1. Introduction

In the free electron laser (FEL), the wiggler field

is responsible for the instability of the relativistic elec-

tron beam. The large-amplitude short-wavelength

field generated is due to the interaction of a radia-

tion field with this unstable beam. The planar wig-

gler field must be approximately 71% higher than the

helical wiggler field to have a comparable effect, but

the planar wiggler can more easily adjusted in the di-

rection of the axis of symmetry. The use of the guide

field can enhance the transverse wiggler-induced ve-

locity and the gain of FEL.[1−3]

The two-stream instability has been studied ex-

tensively in FELs during the last few decades.[4−10]

Botton and Ron[11] calculated the gain of an elec-

tromagnetic wave coupled with the unstable electro-

static mode of a two-cold-stream beam. Bekefi and

Jacobs[10] have shown that the injection of a pre-

bunched electron beam results in the two-stream in-

stability and greatly enhances the radiation intensity

of the wave in the Raman regime. Seo and Park[4] have

studied a FEL with a dual beam in the Raman regime,

compared the two-stream instability with the Raman

instability, and showed that in a limited weak wiggler

strength, the peak growth rate of the two-stream mode

might be much higher than that of the Raman mode.

The effects of the two-stream instability on the growth

rate of the FEL with the planar wiggler and an axial

magnetic field have been investigated by Mehdian et

al.[12].

In this paper, a two-stream free electron laser in

the presence of the axial guiding magnetic field is in-

vestigated. In Section 2, the analysis of single-particle

trajectories of the two streams in the presence of the

axial guide magnetic field and the planar wiggler are

given. Section 3 is devoted to the derivation of the

small-signal gain. The numerical results and the con-

clusion are given in Sections 4 and 5, respectively.

2. Single particle orbits

The system studied is a two-stream relativistic

electron beam propagating through a planar wiggler

in the presence of an axial magnetic field. The pla-

nar wiggler and the axial guide magnetic fields can be

expressed as

Bw = Bw sin (kwz) êy, (1)

B0 = B0êk, (2)

where Bw and kw are the wiggler amplitude and the

wave number, respectively.

The relativistic equations of motion for an elec-

tron with rest mass m and charge −e moving with
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velocity v and energy γ in these combined fields are

dv

dt
= − e

m

[
E − 1

c2
v (v ·E)+

1

c
(v×B)

]
, (3)

dγ

dt
= − e

mc2
v ·E, (4)

where E is the electric component of the electromag-

netic wave.

With the aid of Eqs. (3) and (4) and the field

Eqs. (1) and (2), the constant transverse velocity of

each beam is given by

v0x =
kwv

2
∥Ωw

Ω2
0 − k2wv

2
∥
cos (kwz) , (5)

v0y =
ΩwΩ0v∥

Ω2
0 − k2wv∥

2 sin (kwz), (6)

where Ωw = eBw/γmc and Ω0 = eB0/γmc denote the

wiggler and the cyclotron frequencies, respectively.

Since the energy is a constant of motion, the av-

erage axial velocity over a wiggler period for this tra-

jectory is obtained using the root-mean-square value

of the transverse velocity component, and we find

v2∥i

c2

1 + Ω2
wi

(
Ω2

0i + k2wv
2
∥i

)
2
(
Ω2

0i − k2wv
2
∥i

)2

 = 1− 1

γ2i
,

i = 1, 2, (7)

where i represents each beam of the two stream beams.

3. Small signal gain

Now we consider a small-amplitude plane electro-

magnetic wave propagating parallel to the axial-guide

field and the direction of the two electron beams. The

electric component of this radiation field is in the form

of

δE = −δE sin (kz − ωt+ φ) êx, (8)

where δE is the amplitude of wave, c is the speed of

light, ω and k are the frequency and the wave num-

ber, respectively, and φ is the initial position of the

electron with respect to this wave. So the equation of

motion is given by

d(γimvi)

dt
= −e

(
δE +

1

c
vi ×B

)
, (9)

dδγi
dt

= − e

mc2
(v0i + δvi) · δE. (10)

Substituting Eqs. (5), (6), and (7) into Eq. (10) leads

to

dδγi
dt

=
e

2mc2

kwv
2
∥iΩwi

Ω2
0i − k2wv

2
∥i
δE

×{sin [(k + kw) z − ωt+ φ]

+ sin [(k − kw) z − ωt+ φ]}. (11)

By defining z = v∥it and ψi = (k + kw)v∥i−ω, the

synchronism condition is met when ψ = 0. Since near

synchronism, ψ ≈ 0, the frequency in the second term

of Eq. (11) is −2kwz, the average of this term is zero

in a few wiggler periods. Thus, we are left with the

first term of Eq. (11),

dδγ

dt
=

e

2mc2

kwv
2
∥Ωw

Ω2
0 − k2wv

2
∥
δE sin (ψt+ φ). (12)

Integrating Eq. (12) with respect to time and averag-

ing it over all phases yield

⟨δγi⟩φ = 0. (13)

So we replace the first-order z = v∥t position with

z(t) =

∫
vdt =

∫
(v0z+δvz)dt

= v∥it+

∫
cδβzidt, (14)

where δβzi = δvzi/c. Using

β̄2
zi = 1− β̄2

xi − β̄2
yi − γ−2

i , (15)

where βx,y = vx,y/c, and substituting the root-mean-

square values of Eqs. (5) and (6) into Eq. (15), we

obtain

β̄2
zi= 1− 1

2c2

v2∥iΩ
2
wi

Ω2
0i − k2wv

2
∥i

(
k2wv

2
∥i +Ω2

0i

)
− γ−2

i , (16)

which is the root-mean square value of the axial rela-

tive velocity for the electrons of each beam.

Differentiating Eq. (16) with respect to time, us-

ing Eq. (12), and substituting them into Eq. (14), we

obtain

z (t) = v∥it+
cDi

ψi
[− sin (ψit+ φ) + sin (φ)

+ψit cos (φ)], (17)

where

Di = − eδE

4mc2

(
kwv

2
∥iΩwi

Ω2
0i − k2wv

2
∥i

)3
1

c2γiψi

×
[(

kwv
2
∥iΩwi

Ω2
0i − k2wv

2
∥i

)2

×
(
1 + 2

k2wv
2
∥i +Ω2

0i

Ω2
0i − k2wv

2
∥i

)
−2

c2

γ2i

]
.
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Substituting Eq. (17) into Eq. (8), using Eqs. (5), (6),

and (10), and discarding the non synchronous term

lead to

dδγi
dt

=
e

2mc2

kwv
2
∥iΩwi

Ω2
0i − k2wv

2
∥i
δE

× sin
(
(ψit+ φ) +

kcDi

ψi
[− sin (ψit+ φ)

+ sin (φ)+ψit cos (φ)]
)
. (18)

By comparing Eq. (18) with Eq. (12), we can define

∆ϕi =
kcDi

ψi
[− sin (ψit+ φ) + sin (φ)

+ψit cos (φ)]. (19)

Since Di ∝ δE, ∆ϕi can be made arbitrary small. So

for ∆ϕi ≪ π, equation (18) becomes

dδγi
dt

=
e

2mc2

kwv
2
∥iΩwi

Ω2
0i − k2wv∥i

2 δE ×
(
sin (ψit+ φ)

+ cos (ψit+ φ)
kcDi

ψi
[− sin (ψit+ φ)

+ sin (φ)+ψit cos (φ)]
)
. (20)

Integrating Eq. (20) with respect to the electron tran-

sit time through the wiggler and then averaging it over

all phases yield the average change in δγi per electron

beam

⟨δγi⟩φ =
e

4mc2

kwv
2
∥iΩwi

Ω2
0i − k2wv

2
∥i
δE

ωDi

ψ2
i

× [ψit sin (ψit) + 2 cos(ψit)− 2], (21)

where Ti = L/v∥i, and L is the interaction length of

FEL. The change of the electromagnetic power due to

the two-stream beam in one transit is

δp = −mc2 I1
e
⟨δγ1⟩φ −mc2

I2
e
⟨δγ2⟩φ, (22)

where I1,2 are the average current of each beam, and

δγ1,2 is the change in the energy of each beam due

to the reaction with electromagnetic wave. Defining

the electromagnetic power as p = cδE
2

8π Area and using

Eq. (22) lead to

G =
δp

p
=

8π

cδE2Area

−mc2

e

×
[
I1⟨δγ1⟩φ + I2⟨δγ2⟩φ

]
. (23)

Substituting Eq. (21) into Eq. (23) and considering

the synchronism condition, we finally obtain the gain

equation as

G =
β̄5
z1ω̂

2
b1Ω̂

2
w1

8
(
Ω̂2

01 − β̄2
z1

)2
ψ̂3
1(1−β̄z1)

×

[
−β̄4

z1Ω̂
2
w1(

Ω̂2
01 − β̄2

z1

)2(1 + 2

(
β̄2
z1 + Ω̂2

01

)(
Ω̂2

01 − β̄2
z1

)2)+
2

γ21

]

× g(ψ̂)+
β̄5
z2ω̂

2
b2Ω̂

2
w2

8
(
Ω̂2

02 − β̄2
z2

)2
ψ̂3
2(1− β̄z2)

×

[
−β̄4

z2Ω̂
2
w2(

Ω̂2
02 − β̄2

z2

)2(1 + 2
(β̄2

z2 + Ω̂2
02)(

Ω̂2
02 − β̄2

z2

)2)+
2

γ22

]
× g(ψ̂), (24)

where ω̂b1,2 = ωb1,2/ckw, ωb1,2 = 4πn1,2e
2/m,

n1,2 are the densities of electron beams, Ω̂w1,2 =

Ωw1,2/ckw, Ω̂01,2 = Ω01,2/ckw, ψ̂1,2 = ψ/ckw,

L̂= Lkw, and

g(ψ̂) =

[
2− 2 cos

L̂ψ̂

β̄z1
− L̂ψ̂

β̄z1
sin

L̂ψ̂

β̄z1

]
.

4. Numerical results

A numerical study of the relativistic two-stream

electron trajectories in the presence of planar wiggler

and axial magnetic field has been taken. The typi-

cal dependence of the axial velocity on the cyclotron

frequency is obtained in the solution of Eqs. (5)–(7).

The electron energy factor is taken to be γ1 = 4

and γ2 = 4.2, the normalized magnetic wiggler and

the plasma frequencies of the two beams are chosen

to be Ω̂w1= 0.05γ1, Ω̂w2= 0.05γ1/γ2, ω̂
2
b1= 0.1γ1, and

ω̂2
b2= 0.1, respectively. Figure 1 shows the normalized

axial velocities of the two beams, β∥1 (solid line) and

β∥2 (dashed line), each as a function of the normalized

cyclotron frequency Ω̂0 = Ω0/ckw.
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0 0.5 1.0 1.5 2.0 2.5

Ω0
^
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||
1
, 
β

||
2 group 1 group 2

Fig. 1. The normalized axial velocities β∥1 (solid line)

and β∥2 (dashed line) each as a function of the normalized

cyclotron frequency Ω̂0 in the presence of two streams,

axial guide field, and planar wiggler. The chosen parame-

ters are γ1 = 4, γ2 = 4.2, Ω̂w1= 0.05γ1, Ω̂w2= 0.05γ1/γ2,

ω̂2
b1= 0.1γ1, and ω̂2

b2= 0.1.

The normalized maximum gain, Ĝ = Gmax/G0

(the maximum gain normalized by the maximum gain

without the cyclotron frequency), as a function of the

normalized cyclotron frequency is shown in Fig. 2. It

is found that the gain of group 2 decreases with the

increasing Ω̂0 until a minimum is reached. A further
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increase in frequency leads to an asymptotic behav-

ior. Figure 2 also shows that in contrary to group

2, the normalized gain of group 1 follows an increas-

ing trend with the increasing Ω̂0 until it reaches its

asymptotic region. To compare the maximum gains

of single-stream and two-stream, we plot the maxi-

mum gains in Fig. 3. As shown in this figure, the

two streams increase the maximum gain in comparison

with maximum gain of single-stream in both groups.

In the presence of B0, we illustrate the maximum gain

as a function of Ω̂0 and δγ (δγ = γ1−γ2) in Figs. 4(a)

(for group 1) and 4(b) (for group 2). As seen in these

figures, the maximum of Ĝ = Gmax/G0 occurs at a

suitable range of δγ.
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Ω0
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2
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-2

group 1

group 2

Fig. 2. The normalized maximum gain Ĝ as a function of the

normalized axial magnetic field Ω̂0 for groups 1 and group 2

in the presence of two streams, axial guide field, and planar

wiggler. The parameters are the same as those in Fig. 1.
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Fig. 3. The normalized maximum gain Ĝ as a function of the

normalized cyclotron frequency Ω̂0 for two streams and single

beam. Panel (a) shows the results of group 1, the parame-

ters are γ1 = 4, γ2 = 4.0156, Ω̂w1= 0.05γ1, Ω̂w2= 0.05γ1/γ2,

and ω̂2
b1= 0.1γ1, ω̂2

b2= 0.1. Panel (b) shows the results of

group 2, the parameters are γ1 = 4, γ2 = 4.8, Ω̂w1= 0.05γ1,

Ω̂w2= 0.05γ1/γ2, and ω̂2
b1= 0.1γ1, ω̂2

b2= 0.1.
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Fig. 4. (colour online) The normalized maximum gains

of (a) group1 and (b) group 2 each as a function of the

normalized cyclotron frequency Ω̂0 and δγ.

5. Conclusion

We summarize the specific results of this project

as:

1) The gain of group 2 decreases with the increas-

ing cyclotron frequency, and the normalized gain of

group 1 follows an increasing trend with the increas-

ing cyclotron frequency.

2) The normalized maximum gain is considerably

enhanced in comparison with that of the single stream.

3) The maximum of Ĝ = Gmax/G0 occurs at a

suitable range of δγ.
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