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Simplified nonlinear theory of the dielectric

loaded rectangular Cerenkov maser∗
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To rapidly and accurately investigate the performance of the dielectric loaded rectangular Cerenkov maser, a

simplified nonlinear theory is proposed, in which the variations of wave amplitude and wave phase are determined by

two coupled first-order differential equations. Through combining with the relativistic equation of motion and adopting

the forward wave assumption, the evolutions of the forward wave power, the power growth rate, the axial wave number,

the accumulated phase offset, and the information of the particle movement can be obtained in a single-pass calculation.

For an illustrative example, this method is used to study the influences of the beam current, the gap distance between

the beam and the dielectric surface, and the momentum spread on the forward wave. The variations of the saturated

power and the saturation length with the working frequency for the beams with different momentum spreads have also

been studied. The result shows that the beam–wave interaction is very sensitive to the electron beam state. To further

verify this simplified theory, a comparison with the result produced from a rigorous method is also provided, we find

that the evolution curves of the forward wave power predicted by the two methods exhibit excellent agreement. In

practical applications, the developed theory can be used for the design and analysis of the rectangular Cerenkov maser.
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1. Introduction

When a charged particle moves through a medium

with a constant velocity that is greater than the speed

of light in the medium, the electromagnetic radiation

will be generated. This phenomenon was firstly stud-

ied by a soviet physicist Cerenkov in 1934,[1] there-

after, it was called the Cerenkov radiation to com-

memorate the pioneer researcher. In 1947, another

soviet physicist Ginzburg put forward a suggestion

that the Cerenkov effect could be used to produce ra-

dio waves in the microwave regime.[2] From then on,

a number of theoretical and experimental works on

the Cerenkov maser have been done by different re-

searchers all over the world.

Through using a rectilinear electron beam in-

teracting with a dielectric loaded waveguide, the

Cerenkov maser has the potential to generate the

electromagnetic radiation from the microwave to the

terahertz regime.[3−12] Compared with the free elec-

tron lasers and the gyrotrons, the dielectric loaded

Cerenkov maser is intrinsically simple and compact;

meanwhile, it can effectively produce millimeter or

sub-millimeter waves with the characteristics of high

power and broadband tunable ability, all of which

make the Cerenkov maser possible to be used in wide

applications, for instance, plasma diagnostics, spec-

troscopy, advanced radar, and communication system.

In the cylindrical Cerenkov maser, a hollow elec-

tron beam is injected to pass through a cylindrical

waveguide with a dielectric liner. In the process, the

electrons gradually lose their kinetic momenta, and

the electromagnetic field of the working mode grows

up correspondingly. With the development of the

sheet beam technology, the dielectric loaded rectan-

gular waveguide can be used as a new interaction cir-

cuit. In comparison with the traditional cylindrical

structure, it has the following advantages. Firstly, the

output power level in the millimeter or sub-millimeter

wave regime can be improved by the prominent in-

creases of the beam current and the interaction area,

which are due to the introduction of the plane struc-

ture with a large transverse dimension. Moreover,

since the space charge force in the sheet beam can be

kept at a lower value, the electron momentum spread
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can be lessened to reduce the adverse effects on the

beam–wave interaction. In addition, the hybrid slow-

wave mode in the dielectric loaded regime can be di-

rectly and smoothly converted to the linear polarized

fast-wave mode by using a dielectric taper in the rect-

angular waveguide.[13]

In the past, theoretical investigations on the

Cerenkov masers mainly focused on the linear char-

acteristics of the cylindrical cases.[14−18] However, in

recent years, the studies on the interaction system in-

volved with the sheet beam and the dielectric loaded

waveguide gradually attracted more attention. By us-

ing the kinetic theory, a dispersion relation for the

Cerenkov instability in a dielectric loaded parallel

plate waveguide sheet beam system has been rigor-

ously derived.[19] For a real dielectric loaded rectan-

gular waveguide with a sheet beam, an approximate

dispersion relation to describe the three-dimensional

beam–wave interaction has also been obtained.[11,20]

The linear theory can accurately predict the linear

growth rate, bandwidth, initial power gain, and other

small signal characteristics in the interaction process.

For a real Cerenkov maser, the output power can-

not keep increasing forever, it will attain a saturated

value in a limited length. The real state of the elec-

tron beam also has obvious influences on the device

performances. To better understand the character-

istics in this physical system, a complete nonlinear

analysis is necessary. In Ref. [21], a three-order dif-

ferential equation of the field-evolution function has

been found. By combining this equation with the rela-

tivistic equation of motion and applying the traveling-

wave boundary condition, the beam–wave interaction

can be self-consistently determined through numeri-

cal calculations. This method is rigorous enough in

mathematics, but has the drawback of time consum-

ing. To perform a rapid nonlinear analysis on the

Cerenkov maser, we can describe the variations of

wave amplitude and phase separately by using two

coupled first-order differential equations, which is like

that presented in Ref. [22]. At the same time, the

boundary condition merely adopts the forward-wave

assumption. The validation of this simplified nonlin-

ear theory can be verified through comparing with the

results from the rigorous method in Ref. [21].

In this paper, the theoretical model for the non-

linear interaction between the sheet beam and the di-

electric loaded rectangular waveguide is presented in

Section 2. For a demonstrative example, numerical

results are given in Section 3, where the effect of the

electron momentum spread is studied, and the vali-

dation check of the simplified nonlinear theory is also

provided. Section 4 gives a brief summary.

2. Theoretical model

The dielectric loaded rectangular waveguide sheet

beam interaction system is shown in Fig. 1, where a

tenuous sheet beam with transverse dimension L is

confined by a strong uniform magnetic field B0 and

propagates along the z axis direction. In the rectan-

gular waveguide with width a, the thickness of the di-

electric layer is d, and the height of the vacuum region

is b. The sheet beam is above but near the dielectric

layer in order to effectively interact with the surface

wave.

B0

z

y

b

d

L
x

a

rectangular waveguide

electron beam

dielectric layer

Fig. 1. Diagram of three-dimensional dielectric loaded

rectangular waveguide sheet beam interaction system.

By choosing Ey as the potential function and us-

ing the Maxwell equations, the nonzero components

of the slow wave mode EHmn (Ez is dominant over

Hz) can be written as

Ey = A cos [κd (y + d)] sin (kxx) e
iα,

−d < y < 0, (1)

Ey = B cosh [κ0 (b− y)] sin (kxx) e
iα,

0 ≤ y < b, (2)

Ex =
1

k2x + k2z

∂2Ey

∂y∂x
, Ez =

1

k2x + k2z

∂2Ey

∂y∂z
,

Hx =
iωε

k2x + k2z

∂Ey

∂z
, Hz =

−iωε

k2x + k2z

∂Ey

∂x
, (3)

where kx = mπ/a, m = 1, 2, . . . for the EHmn

modes, ε is the permittivity of the two regions, ω

and kz are the angular frequency and the axial wave

number, respectively, κ2
d = εrω

2/c2 − k2x − k2z , and

κ2
0 = k2x + k2z − ω2/c2, with c being the speed of light

in vacuum and εr being the relative permittivity in

the dielectric regime. The phase of the EHmn mode

is defined as

α =

∫ z

0

kz (z
′) dz′ − ωt. (4)
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In the above expressions, axial wave number kz
and amplitudes A and B are all real numbers and

slowly vary along the z axis. For the cold-state di-

electric loaded waveguide, there exists the following

dispersion relation:

κd tanκdd = εrκ0 tanhκ0b, (5)

and amplitudes A and B can be related through the

equation

B = εr
cosκdd

coshκ0b
A. (6)

In the vacuum region, the real part of Hx can be

substituted in the following expression:(
ω2

c2
− k2x + κ2

0 +
∂2

∂z2

)
Hx = −

(
∂Jz
∂y

− ∂Jy
∂z

)
. (7)

For the algebraic operation of Hx, the second-order

derivatives of amplitude A (according to Eq. (6), am-

plitudeB is substituted by A) and phase α are omitted

under the assumption of slow variation.

After expanding Eq. (7), we have

ωε0εrkz
k2x + k2z

cosκdd

coshκ0b
cosh [κ0 (b− y)] sin (kxx)

×
[(

ω2

c2
− k2x − k2z + κ2

0

)
A cosα− 2kz

dA

dz
sinα

]
=

∂Jz
∂y

− ∂Jy
∂z

, (8)

where ε0 is the permittivity in vacuum, and Jy and

Jz represent the y- and the z-directional electron cur-

rents, respectively.

In the dielectric region, the real part of Hx can

be substituted into the simplified source-free equation(
εr
ω2

c2
− k2x − κ2

d +
∂2

∂z2

)
Hx = 0. (9)

After a series of derivations, we obtain

ωε0εrkz
k2x + k2z

cos [κd (y + d)] sin (kxx)

×
[(

εr
ω2

c2
− k2x − k2z − κ2

d

)
A cosα

− 2kz
dA

dz
sinα

]
= 0, (10)

where the relationship εrω
2/c2 − k2x − k2z − κ2

d =

ω2/c2 − k2x − k2z + κ2
0 can be introduced to unify the

equations for the two regions.

On the transverse section of the rectangular

waveguide, the Poynting energy integral is a constant

1

A2

∫
HxE

∗
y ds =

1

2

aωε0εrkz
k2x + k2z

1

cosh2 κ0b

×
[
cosh2 κ0b

(
d

2
+

sin 2κdd

4κd

)
+ εr cos

2 κdd

(
b

2
+

sinh 2κ0b

4κ0

)]
. (11)

Combining Eqs. (8), (10), and (11), we can obtain

the following expression:(
ω2

c2
− k2x − k2z + κ2

0

)
A cosα− 2kz

dA

dz
sinα

=
1

Cmn

∫ b

0

∫ a

0

cosh [κ0 (b− y)] sin (kxx)

×
(
∂Jz
∂y

− ∂Jy
∂z

)
dxdy, (12)

where

Cmn =
1

2

aωε0kz
k2x + k2z

[
coshκ0b

cosκdd

(
d

2
+

sin 2κdd

4κd

)
+ εr

cosκdd

coshκ0b

(
b

2
+

sinh 2κ0b

4κ0

)]
. (13)

Through separately multiplying both sides of Eq. (12)

with cosα and sinα, and then averaging them in one

time period, the following two equations can be ob-

tained: (
ω2

c2
− k2x − k2z + κ2

0

)
A

=
ω

πCmn

∫ 2π/ω

0

dt

∫ a

0

sin (kxx) dx

∫ b

0

dy

× {κ0 sinh [κ0 (b− y)]Jz cosα

− kz cosh [κ0 (b− y)]Jy sinα} , (14)

−2kz
dA

dz

=
ω

πCmn

∫ 2π/ω

0

dt

∫ a

0

sin (kxx) dx

∫ b

0

dy

× {κ0 sinh [κ0 (b− y)]Jz sinα

+ kz cosh [κ0 (b− y)]Jy cosα} . (15)

In the deduction of the above equations, it should be

noted that the slowly varying physical variable ex-

hibits an equivalent change when it evolves over one

time period or travels through one axial wavelength in

a steady state system. For the beam current density,

there is an approximate relationship

∂J

∂ (kzz)
≈ − ∂J

∂ (ωt)
. (16)

Subsequently, by using the above relationship and in-

tegrating by parts over time, equations (14) and (15)

can be straightforwardly obtained.
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For an electron beam represented by Nt discrete

particles, the current density J can be easily written

as

J (x, t) =
2πIb
ω

Nt∑
j=1

Wjδ (x− xj) δ (y − yj)

× δ (t− tj)
vj

vzj
, (17)

where Ib is the beam current and carries a negative

sign. The j-th particle passes through the cross sec-

tion corresponding to the axial position z at time co-

ordinate tj and transverse coordinates xj and yj , at

this moment vzj and vj are the axial and the vectorial

velocities of the j-th particle, respectively.

In Eq. (17), Wj is the normalized weighting fac-

tor for the j-th particle, and the following constrain

condition should be satisfied:

Nt∑
j=1

Wj = 1. (18)

When the electron momentum spread is considered,

Wj takes the following form:

Wj = W0 exp
[
−(pzj − pz0)

2
/2∆p2z

]
, (19)

where pzj is the j-th particle’s axial momentum, pz0 is

the average axial momentum, and ∆pz is the standard

deviation of the momentum spread. The value of W0

can be determined by using Eq. (18).

On the other hand, if the relation

dϕ

dz
= kz (z)−

√
ω2/c2 − k2x + κ2

0 (20)

is defined, there will be an equation

ω2

c2
− k2x − k2z + κ2

0
∼= −2kz

dϕ

dz
, (21)

where ϕ represents the accumulated phase offset pro-

duced from the deviation of kz from the vacuum wave

number during the beam–wave interaction.

After combining Eqs. (14), (15), and (17) and ap-

plying Eq. (21), we obtain two coupled first order dif-

ferential equations

dϕ

dz
=

|Ib|
kzACmn

Nt∑
j=1

Wj sin (kxxj)

×
{
κ0 sinh [κ0 (b− yj)] cosα

− kz
vyj
vzj

cosh [κ0 (b− yj)] sinα

}
, (22)

dA

dz
=

|Ib|
kzCmn

Nt∑
j=1

Wj sin (kxxj)

×
{
κ0 sinh [κ0 (b− yj)] sinα

+ kz
vyj
vzj

cosh [κ0 (b− yj)] cosα

}
, (23)

where vyj is the j-th particle’s y-directional velocity.

The particle dynamics is governed by the rela-

tivistic equation of motion

dp

dz
= − e

vz
[E + v × (B0ẑ +B)] , (24)

and the energy evolution is determined by the equa-

tion

dγ

dz
= − e

mec2pz
p ·E, (25)

where e is the electron charge, me is the electron rest

mass, and γ is the relativistic factor. The electromag-

netic field in the waveguide is given by Eqs. (1)–(3).

At the initial position of the interaction structure,

the amplitude corresponds to the power of the injected

wave, and the wave number is set as the vacuum value

in the cold-state waveguide. Though this simplified

boundary condition excludes the backward and the

evanescent waves, it is suitable for a steady-state am-

plifier model, in which the interested wave propagates

at the same direction of the electron beam, and the

related physical quantities can take the slowly varying

assumption.

By solving Eqs. (22)–(25) through the Gill algo-

rithm, the wave amplitude and the phase evolution in

the rectangular Cerenkov maser can be determined

with the forwardly streaming of the electrons. In

succession, the wave number variation, the saturated

power, the saturation length, the power growth rate,

and the other interesting information can be further

extracted from the calculated results.

3. Numerical results

In this section, a demonstrative example is given,

in which the sheet electron beam interacts with the

fundamental slow-wave mode EH10 of the dielectric

loaded rectangular waveguide. A 150 kV, 10 A elec-

tron beam is injected, and is confined by a strong uni-

form magnetic field of 1 T. The tenuous sheet beam

has a transverse dimension of 16 mm and propagates

1 mm above the dielectric surface. The rectangular
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waveguide has a width of 20 mm, in which the thick-

ness of the dielectric layer is 1 mm and the height of

the vacuum regime is 4 mm. The relative permittivity

of the dielectric layer is 5. In the following calcula-

tions, the above parameters will be used unless given

explicitly.

The working frequency and the axial wave num-

ber at the initial position are separately chosen to be

40.01 GHz and 1322 m−1, which correspond to the

intersection point between the cold-state dispersion

curve of the EH10 mode and the beam line. The in-

put signal power is set at 10 W. Figure 2 shows the

forward power evolution and the power growth rate

along the axial coordinate. The wave power attains

the saturated value of 95.01 kW at the axial posi-

tion of 289.13 mm, where the signal gain is 39.78 dB.

It can be observed that the power growth rate ap-

proaches zero at the axial position where the satu-

rated power occurs. Figure 3 exhibits the variations

of the axial wave number and the accumulated phase

offset along the axial coordinate. The axial wave num-

ber first increases rapidly, then is almost unchanged.

With the increase of the interaction length, the ac-

cumulated phase offset gradually becomes large. The

normalized axial momentum evolutions of some rep-

resentative particles are shown in Fig. 4, from which

it can be noted that most particles lose their kinetic

energies to the electromagnetic field at the saturation

position.

The influence of the electron beam on the for-

ward wave power evolution is displayed in Fig. 5.

It can be found that the saturated power and the

saturation length get higher and shorter respectively

with the increase of the beam current. In this figure,
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Fig. 2. Forward wave power and its power growth rate

along the axial coordinate at 40.01 GHz for an ideal beam

without momentum spread.
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Fig. 3. Axial wave number and accumulated phase offset

along the axial coordinate at 40.01 GHz for an ideal beam

without momentum spread.
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Fig. 4. The normalized axial momentum evolutions of

some representative particles along the axial coordinate.

when the beam current is 15 A, the saturated power

is 162.64 kW at the position of 263.62 mm; when the

current is 5 A, the saturated power is 38.68 kW at

340.39 mm. The gap distance between the sheet beam

and the dielectric surface has an evident influence on

the beam–wave interaction. As shown in Fig. 6, a

smaller gap can improve the saturated power after a

shorter interaction length. For the gap distance of

0.8 mm, the saturated power is 108.39 kW at the po-

sition of 254.88 mm; for the case of 1.2 mm, the satu-

rated power is 83.35 kW at 328.11 mm. The electron

momentum spread ∆Pz/Pz0 can obviously weaken the

interaction, as demonstrated in Fig. 7. According to

the forward wave power curves, the larger momentum

spread of the electron beam will lower the saturated

power and increase the saturation length. By com-

paring the case with the momentum spread of 0.02

with the ideal case without momentum spread, it can

be observed that the saturated power decreases from

95.01 kW to 58.07 kW, and the saturation length cor-

respondingly increases from 289.13 mm to 383.15 mm.
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Fig. 5. The influence of beam current on the forward

wave power evolution along the axial coordinate.
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Fig. 6. The influence of the distance between the electron

beam and the dielectric surface on the forward wave power

evolution along the axial coordinate.
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Fig. 7. The influence of electron momentum spread on

the forward wave power evolution along the axial coordi-

nate.

When the axial momentum spread of the electron

beam, ∆Pz/Pz0, changes from 0.0% to 2.25%, the re-

lations between the saturated output power and the

working frequency in the range of 37.8–42.0 GHz are

shown in Fig. 8. It can be noted that the maximum

saturated power decreases from 171.03 kW for the

ideal beam without momentum spread to 74.53 kW

for the beam with the momentum spread of 2.25%.

Figure 9 exhibits the relations between the satura-

tion length and the working frequency for the beams

with different momentum spreads. For the ideal beam

with a vanishing momentum spread, the curve of sat-

uration length versus frequency has the widest flat

region, namely, the saturation length keeps at about

300 mm in the regime of 38.36–40.87 GHz. When

∆Pz/Pz0 increases to 2.25%, the flat segment of the

curve shrinks evidently. According to the figure, the

saturation length is approximate 406 mm in the range

of 39.98-40.87 GHz. These results demonstrate that

a beam with a lower momentum spread can realize

more effective energy exchange and operate in a wider

frequency range by using a shorter interaction length.
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Fig. 8. Saturated output power versus the working fre-

quency for the beams with different axial momentum

spreads.
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Fig. 9. Saturation length versus the working frequency

for the beams with different axial momentum spreads.

To further verify the simplified nonlinear theory,

another example is given in Fig. 10. The interac-

tion structure is the same as that used in Fig. 2.

Both the solid and the dash curves represent the for-

ward wave power evolution along the axial coordinate,

while the former is obtained from the simplified the-

ory, and the latter is obtained by using the rigorous
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method in Ref. [21]. It can be observed that these two

curves show excellent agreement in the entire interac-

tion length. The rigorous method predicts that the

saturated power of 92.70 kW occurs at 289.61 mm,

which is consistent with the result of the simplified

method. The dotted curve in Fig. 10 represents the

net power along the axial coordinate. For the ampli-

fier model, the forward wave power is dominant in the

net transmitted power, so the curves of them have the

consistent tendency except at the beginning. At the

initial phase, there exists a discrepancy between the

net power and the forward wave power, which can be

well explained by considering the launching loss in the

traveling-wave interaction structure, namely, the for-

ward amplifying wave dominates over the backward

wave after traveling a finite distance. For a computer

equipped with Intel Core i3 CPU, the running time

of Fortran programs based on the simplified and the

rigorous methods is about 20.5 s and 244.7 s, respec-

tivley, which obviously shows that the the simplified

theory is more efficient.
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Fig. 10. The forward wave power and the net power

evolution along the axial coordinate derived from the sim-

plified theory and the rigorous method.

4. Summary

To investigate the beam–wave interaction in the

dielectric loaded rectangular Cerenkov maser, a sim-

plified nonlinear theory is proposed, in which the wave

amplitude and the wave phase are determined by two

coupled first-order differential equations. From the

physical viewpoint, the beam–wave interaction will

cause a complex shift in the axial wave number, the

real and the imaginary parts of which reflect the wave

phase and the wave amplitude variations, respectively.

Through combining with the relativistic equation of

motion and adopting the forward wave assumption,

the interaction process can be determined in a single-

pass calculation. By comparing with the result pro-

duced from the rigorous method, the deviation is ob-

served in the beginning region, where the existence

of the backward wave can lower the net transmitted

power along the waveguide. The evolution curves of

the forward wave power predicted by the two meth-

ods show excellent agreement, which indicates that

the simplified nonlinear theory is accurate enough for

the Cerenkov amplifier.

The simplified nonlinear theory has been used

to study an illustrative example. The evolutions of

the forward wave power, the growth rate, the axial

wave number, and the accumulated phase offset can

be given directly. The other interested information,

for instance, the particle momentum, can also be ex-

tracted from the obtained results. The calculation

demonstrates that the saturated power enhances and

the saturation length shortens with a larger beam cur-

rent, a smaller gap distance, and a lower momentum

spread. When the focusing magnetic field is strong

enough to sustain the beam propagation, it is noted

that the intensity varying has no effect on the inter-

action, which is evident for the Cerenkov maser. The

influence of the electron momentum spread on the re-

lation between the saturated power (length) and the

working frequency has also been obtained. It can be

concluded that using a beam with a lower momen-

tum spread can produce a higher saturated power in

a wider frequency range by traveling over a shorter

length. Due to its rapid and accurate characteristics,

the developed simplified nonlinear theory can be ef-

fectively used to analyze and design dielectric loaded

rectangular Cerenkov masers.
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