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We investigate the energy-level shift of a hydrogen atom in a two-dimensional optical microcavity, where there

exists a Bose—Einstein condensation of photons. It is found that below the critical temperature T¢, the energy-level

shift of the bound electron is dependent on temperature, and it is a monotonically increasing function of the absolute

temperature T'. Especially, at the absolute zero temperature, the energy-level shift entirely comes from the Lamb shift,

and the atom can be treated approximately, that is, in vacuum.
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1. Introduction

Bose—Einstein condensate (BEC) is a remarkable
state of matter that spontaneously emerges when a
system of bosons becomes cold enough that a signif-
icant fraction of them condenses into a single quan-
tum state to minimize the system’s free energy. Par-
ticles in that state then act collectively as a coherent
wave. The phase transition for an atomic gas was
first predicted by Einstein in 1924 and experimentally
confirmed by the discovery of superfluid helium-4 in
1938. Obviously, atoms are not the only option for a
BEC. In recent years, with the development of tech-
niques, the phenomena of BEC have been observed in
several physical systems,!! =1 including exciton polar-
itions and solid-state quasi-particles. We have known
that photons are the simplest bosons that are expected
in principle to undergo this kind of condensation. The
difficulty is that in the usual blackbody configuration
consisting of an empty three-dimensional (3D) cavity,
the photon is massless and its chemical potential is
zero, making the BEC of photons under these circum-
stances impossible. However, Klaers et al. have over-
come both obstacles using a simple approach.'? By
confining a laser light within a thin cavity filled with

dye and bounded by two concave mirrors, they es-

DOT: 10.1088/1674-1056/21/9/090502

tablished the conditions required for the light to ther-
mally equilibrate as a gas of conserved particles rather
than as an ordinary blackbody radiation.

that the
discovery!'3l and explanation!'¥ of the Lamb shift

Furthermore, it is well known
mark the beginning of modern quantum electrody-
namics. The 25-2P, /, level difference arises from the
coupling of the bound electron to the vacuum electro-
magnetic modes.['! Since then the energy-level shift
has become one of the central themes in quantum
optics. People have explored various modifications of
the mode structure to obtain different shifts. Essen-
tially, these modifications come from some confined
environments or periodic structures, for example, near
a conducting plane,'% inside a waveguide,['” inside
a cavity,[ls] or inside a quantum well.19 A variety
of large, small, and negative energy shifts have been
observed. Despite of the excellent agreement between
measured and calculated energy shifts of the atom,
there remain small differences between theory and
experiment. Some scholars also pointed out that the
differences mainly come from thermal correction in ra-
diation field,2%21) i.e., the differences are dependent
on the temperature. However, for usual electromag-
netic environments, the photons have a vanishing
chemical potential, meaning that their number is not
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conserved when the temperature of the photon gas is
varied. In that case, it is difficult to determine their
relation. In this letter, however, we restrict the ob-
ject atom in a new electromagnetic environment: the
BEC of photons. We find that in the new environ-
ment an explicit temperature correction factor can be
obtained, which is useful for people to determine the
fine structure of an atom. Furthermore, the investiga-
tion into the fine structure of the atom is important
for its connection with basic quantum physics, and
for its practical applications to ultrahigh-precision
spectroscopy and metrology.

This paper is organized as follows. In Section 2,
we theoretically investigate the phenomenon of BEC
of photons in a two-dimensional (2D) optical micro-
cavity. The expression of the energy-level shift of a
hydrogen atom is derived in Section 3. Finally, we
present a further discussion and make a simple con-
clusion.

2. Bose—=Einstein condensation of

photons

In this section, we will theoretically investigate
the BEC of photons. Here we introduce such a 2D
optical microcavity consisting of two curved dielec-
tric mirrors with high reflectivity (about 99.9) which
is shown in Fig. 1. The microcavity is filled with a
dye solution. An external radiation field is injected
into the microcavity, where photons are repeatedly ab-
sorbed and re-emitted by the dye molecules.

pump irradiation

mirror

Fig. 1. Schematic of the optical microcavity. The mi-
crocavity consists of two high-reflectivity curved mirrors
which are filled with a dye solution. A hydrogen atom is
immersed inside the microcavity.

Generally, the coupling of the cavity photon and
the atoms in a solution can lead to the formation of

new eigenstates called polaritons, which are half-light,
half-matter bosonic quasi-particles. However, in the
present work, due to the frequent collisions of dye
molecules with the solvent, the phase coherence time
That
is, no transient coherent effects occur, i.e., there is

of photons does not match with the solvent.

no enough time to form ploaritons. We can therefore
assume the relevant particles to be well described as
photons instead of ploaritons.

2.1. Free-photon dispersion relation in-
side the optical microcavity

We know that for a free photon, its frequency as
a function of transversal (k,) and longitudinal (k)
wavenumber is wg = ¢ [/ﬂz + k3]1/2. However, in the
case of photons confined inside the microcavity, the
vanishing of the electric field on the reflecting sur-
faces of the curved mirrors imposes a quantization
condition on the allowed value of the z component
of the photon wave vector k,(r) = nw/D(r), where
D(r) = Dy — 2(R — v/R%Z —12) is the separation be-
tween the two curved mirrors at distance r from the
optical axis, with Dy being the mirror separation at
distance r = 0 and R the radius of the curvature.
Thus, the common frequency—wavenumber relation
becomes the energy—-momentum relation for the pho-
ton after multiplying 7

1/2

E = he [k2 + n’n® /D?(r)] (1)

In the limit of small-angle propagation (R > r),
where the small transverse momentum of the photon
satisfies the inequality k, < k,, we obtain from a
Taylor expansion of the relativistic relation a nonrela-
tivistic energy—momentum relation for the 2D nonin-
teracting photons inside the microcavity

2
pr)

E = mync? (7 2

ph + 2mph’ ( )

where mpn = p./c = hweg/c? is the effective mass of
the confined photons for mixed longitudinal wavenum-
ber n, with p, = nwh/Dy. At low temperatures, it is
convenient to redefine the zero of energy to ensure that

only the effective kinetic energy remains as

E ﬂ. (3)
2mpy,

The above analysis demonstrates that in the limit
of small-angle propagation, the photon confined inside
the 2D microcavity is formally equivalent to a boson
having an effective mass m = hweg/c? that is moving
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in the transverse resonator plane. Furthermore, ther-
malization is achieved in a photon-number-conserving
way by photon scattering off the dye molecules.[??] As
a result, the system of photons can be treated as a
grand canonical ensemble with nonvanishing chemical
This is the key prerequisite for the BEC

Given the fact that there exist repul-

potential.

of photons.
sive interactions between the photons, and the interac-
tions are always weak (see appendix for details), then
for the case of 2D photon gas inside the microcavity,
we can connect it with an earlier problem solved by
Bogoliubov for the weakly-interacting Bose gas. All
the approximations involved in the Bogoliubov theory
should be valid for the weakly-interacting photon gas.

2.2. Bogoliubov dispersion relation for
the photon gas

In virtue of the above analysis, for the weakly-
interacting photon gas inside the microcavity, we can

start with the Hamiltonian (H). Here, let k = k,. for

simplicity.
H= Hnonint + Hint7 (4)
with
nonm Z ak, ak, (5)
k
1
1nt 5 ; p+ka kapatp (6)

where a,Jg and ag are the creation and annihilation op-
erators, respectively, for photons with transverse wave
vector k and effective mass mpy = hwes/ c®. The first
term Honing in the Hamiltonian represents the energy
of the noninteracting photon gas in the microcavity,
where e(k) satisfies the relation given by Eq. (3). The
second term Hj,; represents the interaction energy be-
tween the photons. The interactions mean a scattering
process with a wave-vector transfer k between a pair
of photons with initial wave vectors p and q, along
with the assignment of energy V (k) to this scattering
process.

We know that in a weakly-interacting Bose gas
at absolute zero temperature, there exists a Bose—
Einstein condensate consisting of a great number (NVy)
of particles occupying the zero-momentum state. The
feature should also survive in the case of the weakly
interacting photon gas. For the ground state |¢q(Nog))
with Ny particles in Bose-Einstein condensate in the

= 0 state, the zero-momentum operators ag and

ao operating on the ground state obey the following

relations:
ao |¢o(No)) = v/ No |po(No))
ag [e0(No)) = v/No + 1o 0)>- (7)

Since Ny > 1, we can neglect the difference between
the factors /Ny + 1 and v/Ny. Thus, one can replace
all occurrences of a(f and ag by the ¢ number /Ny.
Moreover, the fact that only small momenta are in-
volved in the solution of the weakly-interacting many-
body problem allows us to only consider the £k = 0
value of the two-body potential V' (k), and finally we
obtain (see Ref. (23) and appendix)

4mh%a

Vik)~ Vo = : (8)
Mph

where a is the s-wave scattering length. As a result, at
the absolute zero temperature, by separating out the
condensate state from the sums in the Hamiltonian,
and doing corresponding replacement, we find that the
Hamiltonian of the weakly-interacting photon gas has
the following form:

H ~ + Z ak' (4373
k£0
1
+ §N0‘/O Z (G;zatk + a/ka—k)a (9)
k0
where €/;(0) is given by
1
Eéﬂc(O) =Ny |:€(O) + 2V0N0:| ) (10)
and
e'(k) = e(k) + NoVp (11)

is the modified photon energy.
Based on the Bogolubov theory,[?42% by intro-
ducing the following canonical transformation:

b = pak +vat,,
by = pgag + vka—g, (12)

we can diagonalize the Hamiltonian as

(smerg). 03)

where Fj is the ground-state energy. The transforma-

Hpgc = Ey + Z g(k
k£0

tion introduces a new set of operators, by and b,j, to
which we impose the same Bose commutation relation
bkb;, — b,i',bk = Op,k’. It can be easily verified that the
commutation relation is satisfied if

2 2
| ” = Jow|” =1, (14)
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or if

i = coshag, vg = sinh ag. (15)

Equation (13) shows that the original system of
interacting particles can be described in terms of a
Hamiltonian of independent simple harmonic oscilla-
tors, i.e., quasi-particles. The operators b,Jg and bg
represent the creation and annihilation of the quasi-
particles having energy £(k), and they satisfy the fol-
lowing equation of motion in the Heisenberg picture:

ihbe (b)) = [bw(B), H] = E(k)bi()).  (16)
According to Egs. (11) and (16), we can obtain the
relation
E(k)? = /(k)* — N3V
= e(k)* 4 2¢(k) Ny V. (17)
Substituting Eq. (3) into Eq. (17), we can finally ob-

tain

Mph

1/2
N

2
4mph

which is the famous Bogoliubov dispersion law. At low
temperatures, the long-wavelength approximation can
be used, and the dispersion law of quasi-particle takes
the phonon-like form

E(k) = hiy, = hé |k, (19)

where

¢ =1/ NoVo/mpn (20)

is the sound velocity. This feature, together with the
fact that the operator by bs in Eq. (13) describes a
density fluctuation in the photon fluid, indicates that
the nature of the elementary excitations here is that
of phonons. For phonons,!?® we also find that the
effective velocity of phonons has the form

i= < Vo >1/2 (N —oT)"?, (21)

Mph

where NNV is the total number of photons in the micro-

cavity, and o = mpnkph™2 Y k72,
K#0

3. Energy-level shift

We consider a hydrogen atom which is embedded
inside the microcavity, as shown in Fig. 1. The energy-
level shift (S) of the bound electron consists of two

parts. The first part, referred to as the usual Lamb
shift (SpLamb), comes from the coupling of the bound
electron with the vacuum electromagnetic modes. The
other part comes from the interactions between the
bound electron and the weakly-interacting photon
field, and is named the normal shift (Snoym). Ac-
cording to the above analysis, the energy-level shift of
the atom inside the microcavity can be phenomeno-
logically expressed as S = Spamb + SNorm- Lhe Lamb
shift is studied by many scholars.[27=29 In the present
mode, we are only interested in the novel effects that
are caused by the BEC of photons and will derive the
expression of the normal shift of the atom using a non-
relativistic QED theory. The relativistic correction is
neglected because it is much smaller than the nonrel-
ativistic contribution.[3%

According to Eq. (13) and the above analysis, we
can find that in the Bose-Einstein condensate state,
the total Hamiltonian of the field and the atom can
be given by

H = Hy + Hpgc + Hi, (22)

where Hy is the unperturbed atomic Hamiltonian
which obeys the eigenvalue equation

Ho |n) = En[n), (23)

where |n) (n =1,2,...) is the eigenstate of the atom
with a corresponding eigenvalue F,,, and Hj is the in-
teraction Hamiltonian which is given by

H=-Sp-A, (24)
m

where p is the momentum of the atom, and A is the
vector potential of the electromagnetic field

B 1/2 .
A= Zk: (2V€ka) (a + af) ex.

We have already shown that in a Bose-Einstein con-
densate state, the original system of interacting pho-
tons can be described as a collection of noninteracting
phonons. This implies that at low temperatures, due
to the BEC of photons, the interactions between the
atom and the weakly-interacting photon field turn into
the interactions between the atom and the noninter-
acting phonon field. As a result, the vector potential
of the electromagnetic should be changed. In order
to reveal the characteristics of the present system, we
can express the vector potential in terms of the an-
nihilation and creation operators of phonons through
Eq. (12). In addition, in a BEC state we can approxi-
matively replace the Bohr frequency wy of photons by
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wo (wo = mpnc®/h). Since by is equivalent to by,

the vector potential can be reexpressed as

A 1/2 .

1/2, and n is the refractive

where exp(ag) = (¢/né)
index of the dye solution. Using the second-order per-
turbation theory, the energy-level shift for a reference

state |ng) is given by

|(n, 1k || Hi [0, G)
AE,, = L 2
R A

where the summation over n includes both discrete
and continuous spectra of the hydrogen atom. As we
all know, the energy-level shift is infinite in all exist-
ing theories. However, it is possible to identify the
most divergent term in the energy-level shift due to
an electromagnetic mass effect which must exist for
both bound and free electron. The effect is reason-
ably thought to be already included in the observed
mass of the electron, and is incorporated into the mass
renormalization term.!' Consequently, it should be
subtracted from Eq. (26). We can obtain the mass
renormalization term by setting E,, = E,,, on the right
hand of Eq. (26)

After some direct calculations, the normal shift of the
hydrogen atom inside the microcavity is derived to be

SNorm = SrS()a (28)

where

11 2 3/2 ~
Sr:w*oﬁ (m;l;c> (N —aT) %% (29)

is the relative shift and

2
SO - 27Th50€2m2 En |pn,no| (En - Eno)

K
X In B, — By (30)
is the usual energy-level shift for a hydrogen atom in
2D free photon field. The nonrelativistic limit requires
an effective upper limit of the order of K = mc? to
the frequencies of light which effectively contribute to
the energy-level shift of a bound electron.

4. Results and discussion

From Eq. (28), we can see that in a Bose-Einstein
condensate state the energy-level shift of the atom in-
side the microcavity is modified by a factor S; com-
pared with that in free photon field. In order to know
the physical origin of S}, we can rewrite it in another
form. Substituting Eq. (21) into Eq. (29), we obtain
the relative shift

Sr = SLSN, (31)
where
11 /mypc® 3/2
Sp = —— [ 22— 32
L wWo N ( Vo ) (32)

is the linear contribution part depending on the geom-
etry of the microcavity and the interactions between
photons, and Sy is the nonlinear contribution part
and reads

Sx = (N—aT)™*?, (33)

which comes from the BEC of photons.

In this paper, we mainly focus on the nonlin-
ear effect on the energy shift induced by the BEC of
photons. From Eq. (33), it is obvious that the non-
linear contribution factor Sy is an increasing func-
tion of the absolute temperature 7. In order to bet-
ter illustrate the temperature dependence relation,
we introduce the notation of effective temperature:
T* = T/ (N — oT). Subsequently, a simple relation
SN = (T*/T)?’/2 can be obtained (see Fig. 2). From
Fig. 2, it is obvious that Sy increases monotonically
from zero to unity as the ratio 7% /T rises. At abso-
lute zero temperature, almost all photons are in the
condensate state, allowing the relations Ny > 1 and
T*/T = 1/Ny ~ 0 to be satisfied. As a result, at abso-
lute zero temperature, the nonlinear factor is equal to
zero, and the normal shift of the bound electron can be
ignored. That is to say, at absolute zero temperature
the energy-level shift entirely comes from the Lamb
shift, and the atom can be approximately regarded
to be in vacuum. With the increase in the absolute
temperature T, the ratio T* /T also increases, leading
to the enhancement of the nonlinear effect. Mean-
while, the energy-level shift of the bound electron en-
larges. However, as the temperature becomes higher
than the critical temperature T, the BEC of photons
The re-
sult means that above T, the photon system is in a

disappears and the relation Sy = 1 holds.

normal thermal radiation state and the temperature
dependence relation of the normal shift disappears.
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That is to say, above T, the normal shift only de-
pends on the linear contribution factor St,: SNorm =
S1.So. Here, if we connect Eq. (25) with Eq. (28),
we also find that in the BEC state, the vector poten-
tial of the electromagnetic field can be reexpressed as
A = BA’, with 8 = (c/né)l/2 = n~ Wy 'mpne? Sy

and A’ = > (h/QVsowk)l/Qek (bi, +b;). The term
k
A’ with the identical form compared with the origi-

nal vector potential of the field determines the usual
energy-level shift Sy, and this part is closely related
to the structure of the atom. A prototypic example
is atomic Helium and Hydrogen. However, the non-
linear correction factor Sy comes from the parameter
B, which is independent of the structure of the atom.
According to above analysis, we therefore can predict
that the 3/2 principle should also survive for other
atoms.

1.0

0.8}

0.6

Sx

0.4}

0.2

0 02 04 06 08 1.0
T*/ T

Fig. 2. Variation of the nonlinear contribute factor Sy
with relative temperature T* /T

Up to now, there has always been a question why
the normal shift increases monotonally from zero to
S1.Sp, as the absolute temperature rises from zero to
T.. We have already known that at low temperatures,
due to the BEC of photons, the normal shift mainly
comes from the interactions between the bound elec-
tron and the noninteracting phonon field. At absolute
zero temperature, the number of phonons is equal to
zero, thus the interactions between the bound electron
and the phonons disappear. As a result, there is no
normal shift. With the increase in the absolute tem-
perature T', the phonon number also increases. This
result means that more phonons are involved in the in-
teractions between the bound electron and the phonon
field. Thus, when the absolute temperature rises, the
normal shift of the bound electron enlarges. However,
above T¢, the BEC of photons disappears and the in-
teractions between the bound electron and the phonon

field turn into the interactions between the bound elec-
tron and the photon field. In the present model, the
photon number is conserved by photon scattering off
the dye molecules. Thus, above T, the normal energy
shift only depends on the geometry of the microcavity
and the interactions between photons. In other words,
above T, the normal energy shift only depends on the
linear contribution factor Sy,.

5. Conclusion

To sum up, the BEC of photons in a 2D optical
microcavity is investigated. The effective mass and
the chemical potential for a photon inside the micro-
cavity are nonvanishing. This implies the existence
of a Bogoliubov dispersion relation for the elementary
excitations of the photon gas, and in particular, that
sound waves exists for long-wavelength disturbances
of the system. The energy-level shift of the hydro-
gen atom immersed in the microcavity is also inves-
tigated. It is found that below the critical tempera-
ture T, the energy-level shift of the bound electron
is temperature-dependent, and it is a monotonically
increasing function of the absolute temperature T
Especially, at absolute zero temperature, the energy-
level shift of the bound electron entirely comes from
the Lamb shift, and the atom can be approximately
considered to be in vacuum.

Appendix A

According to the experimental results given by
Klaers et al.,'” we have known that the diame-
ter of the transversal ground state is a function of
No/Npn
ameter of (14 +2) um is well consistent with the ex-

Slightly above criticality the measured di-

pected ground-state diameter

do = 24/hIn2/mpn o2,

for non-interacting photons.

(A1)

However, for a higher
ground-state occupation Ny/Npp, this does not hold
anymore. This observation suggests the presence of a
repelling photon—photon interaction mediated by the
dye solution.

The interaction energy between photons can be
determined by Eine = mpnc®n2l(r)/ng, where I (r)
is the optical intensity, and ng and ny are the
linear and nonlinear indices of refraction, respec-
tively.  For BEC, using a dimensionless interac-
tion parameter g:—(méhcﬁng) / (27h*noq) and the
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Gross—Pitaevskii order parameter v (r) with I (r) =
(mph02)2 (hig) ™" Ny |4(r)|?, the interaction energy can
be written in a more familiar form

Eing = (B /mpy) gNo | (). (A2)

From the increase in the mode diameter, Klaers et al.
have estimated the magnitude of the repulsive inter-
action with g ~ (7+3) x 1074, This is far below
the value g (in the order of 1072 to 10~!), which is
reported for 2D atomic physics quantum gas exper-

iments. The result means that the interactions be-

tween photon are always weak. Furthermore, for BEC,
the parameter |9 (7")|2 can be replaced by the density
of the photon gas n.132l As a result, the interaction
between photons can be rewritten in the s-wave inter-
action form Ein = nVoNo/2, where Vo = 4dnh%a/mpy
is the two-body potential for k = 0, and a = ¢g/27 is
the s-wave scattering length.
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