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Using the ϕ-mapping topological theory, we study the topological structure of vortex lines in a two-dimensional

generalized Gross–Pitaevskii theory in (3+1)-dimensional space-time. We obtain the reduced dynamic equation in the

framework of two-dimensional Gross–Pitaevskii theory, from which a conserved dynamic quantity is derived on the

stable vortex lines. Such equations can also be used to discuss Bose–Einstein condensates in heterogeneous and highly

nonlinear systems. We obtain an exact dynamic equation with a topological term, which is ignored in traditional

hydrodynamic equations. The explicit expression of vorticity as a function of the order parameter is derived, where the

δ function indicates that the vortices can only be generated from the zero points of Φ and are quantized in terms of the

Hopf indices and Brouwer degrees. The ϕ-mapping topological current theory also provides a reasonable way to study

the bifurcation theory of vortex lines in the two-dimensional Gross–Pitaevskii theory.
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1. Introduction

The nonlinear quantum mechanics has a practi-

cal importance in different fields, such as condensed

matter,[1] quantum optics,[2] and atomic and molecu-

lar physics.[3] Especially, quantum gravity may be re-

lated to nonlinear quantum mechanics,[4−7] and quan-

tum computing is another important example.[8−11]

Intensive studies, both theoretical and experimen-

tal, have been carried out since the advent of Bose–

Einstein condensate (BEC),[12−14] which has recently

been observed in dilute atomic vapors.[14,15] Various

aspects of the condensate have been widely investi-

gated. Well-known vortex states in superfluid and

superconductor systems also play an important role

in characterizing the superfluid properties of BEC

systems.[16,17] The quasi-two-dimensional dipolar vor-

tex streets are generated by a moving momentum

source in the stratified fluid.[18] The quantized vortices

in superfluids have been the center of fundamental

theoretical and experimental work.[19,20] It is known

that vortex-like excitations exist in high-temperature

superconductors,[21] neutron stars,[22] and even ro-

tating nuclei.[23] Some other topological defects that

could exist in dilute gas condensates include textures

found in Fermi superfluid, 3He,[24] skyrmions,[25] and

spin monopoles.[26] The quantum aspects of the vor-

tex system in the BEC system are governed by a non-

linear Schrödinger equation which is equivalent to a

Gross–Pitaevskii (GP) equation.[27,28]

Recently, much interest has been paid to low-

dimensional BEC. Kolomeisky et al. have shown

that an essential modification of the GP theory is

necessary in two-dimensional space.[29] A relatively

simple nonlinear Schrödinger equation (i.e., the GP

equation)[27,28] with some higher-order terms of the

Lagrangian density describes precisely the atomic con-

densates and their dynamics (at least at low temper-

atures). The field Lagrangian L is a function of field

amplitude ψ(r, t), which can usually be expressed as

an integral over all space of a Lagrangian density L

L =

∫
L (ψ,∇ψ, ψ̇, t)d3r. (1)

According to variational principle, we can derive the
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Euler–Lagrange equation

∂L

∂ψ
− ∂

∂t

(
∂L

∂ψ̇

)
−

3∑
i=1

∂

∂xi

(
∂L

∂(∂ψ/∂xi)

)
= 0. (2)

By substituting the following Lagrangian density of

Schrödinger field

L = i~ψ∗ψ̇ − ~2

2m
∇ψ∗ ·∇ψ − Vextψ

∗ψ (3)

into Euler–Lagrange equation, the well-known linear

Schrödinger equation can be derived. Here, the Vext
is the external potential. In Ref. [30], it is suggested

that when the Lagrangian density of Schrödinger field

includes the terms ψ∗ψ̇, ∇ψ∗ · ∇ψ, and ψ∗ψ, one

can obtain the linear Schrödinger equation. If the

Lagrangian density includes higher-order terms, e.g.,

(∇ψ∗) · ∇ψ(ψ∗ψ), (∇ψ∗)2 · (∇ψ)2, (ψ∗ψ)m (m >

2), ψψ∗ ln(ψψ∗), ln(ψ∗ψ)n, we obtain some nonlin-

ear Schrödinger equations, such as the famous GP

equation, and logarithmic-form equation.[31] In the

present work, using the ϕ-mapping topological current

theory,[32,33] we will confirm that in the system de-

scribed by the generalized nonlinear Schrödinger equa-

tion, there is an elementary vortex topological current

constructed by the order parameter. We reveal the in-

trinsic relation between vorticity and condensate wave

function, as well as the topological structure of vor-

tices. The reduced dynamic equation and a conserved

dynamic quantity on stable vortex lines are derived.

We also find that there exists a crucial case of branch

process. The vortex lines cross, split, or merge at the

bifurcation points.

This paper is organized as follows. In Section 2,

we investigate the reduced dynamic equation and de-

rive a conserved dynamic quantity on stable vortex

lines. In Section 3, we discuss the basic formulation of

mean-field theory (more precisely, the time-dependent

GP equation) that describes the dilute BEC in the

low-temperature limit. In Section 4, we study the

bifurcation points of ψ, and show that there exist

four branch processes (intersection, splitting, and mer-

gence). We present our concluding remark in Section

5.

2. Two-dimensional Gross–Pitar-

vskii equation

We begin with a Landau–Ginzburg effective La-

grangian in the following form:

L =

∫
d3r

(
i~ψ∗ψ̇ − ~2

2m
∇ψ∗∇ψ

−Vextψ
∗ψ + e ∥ψ∥4

)
, (4)

where the higher-order term e ∥ψ∥4 is added to the La-

grangian density L of the Schrödinger filed; Vext(x)

is the external potential which prevents the conden-

sate from spreading out to infinity; e is the nonlinear

parameter reflecting the interaction extent between

coherent atoms. We can determine the constant e

with dimension analysis. The Lagrangian density L

of Schrödinger field has the dimension of energy den-

sity, i.e., [E][L]−3, and ψ has the dimension of [L]−3/2.

In the above equation, the dimension of constant e is

[E][L]3. Then, the constant e can be written as

e = g
~3

m2c
, (5)

where the constant g is dimensionless. This La-

grangian can be associated to a standard closed-form

equation

i~
∂

∂t
ψ = − ~2

2m
∇2ψ + Vextψ + e∥ψ∥2ψ, (6)

which takes the form of the GP equation. We

note in particular that for two-dimensional (2D) sys-

tems, Kolomeisky et al.[29] have suggested that in

many experimentally interesting cases, the nonlinear-

ity will be cubic or even logarithmic for ∥ψ∥2. Now

we consider the generalized GP equation, where the

quadratic e∥ψ∥2 is replaced by an arbitrary nonlin-

earity f(ψ∗ψ) = f(∥ψ∥2), i.e.,

i~
∂

∂t
ψ =

(
− ~2

2m
∇2 + Vext + f(∥ψ∥2)

)
ψ. (7)

It is well known that the wave function ψ(x, t) can be

considered to be a section of a complex line bundle

with base manifold M (M = R3⊗R). The condensed
wave function ψ(x, t) reads

ψ(x, t) = ϕ1(x, t) + iϕ2(x, t), (8)

where ϕ1(x, t) and ϕ2(x, t) are two components

of a two-dimensional vector field Φ(x, t) =

(ϕ1(x, t), ϕ2(x, t)) in the (3+1)-dimensional space-

time. Substituting Eq. (8) into Eq. (6), we obtain

−~
∂ϕ2

∂t
= − ~2

2m
∇2ϕ1 + Vextϕ

1 + f(∥ψ∥2)ϕ1, (9)

~
∂ϕ1

∂t
= − ~2

2m
∇2ϕ2 + Vextϕ

2 + f(∥ψ∥2)ϕ2. (10)

Adding Eq. (9) to Eq. (10), we obtain the dynamic

equation of the condensed atoms

~
1

∥ϕ∥2
ϵabϕ

a ∂ϕ
b

∂t
=

~2

2m

1

∥ϕ∥2
ϕa∇2ϕa − (Vext +W ),
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a, b = 1, 2. (11)

where W = f(∥ψ∥2). Based on Eqs. (9) and (10),

it is easy to find that the continuity equation of the

condensates describes the probability density ρ of the

condensed atoms. It can be expressed as

∂

∂t
(∥ϕ∥2) + ~

m
∇ · (ϕ1∇ϕ2 −∇ϕ1ϕ2) = 0, (12)

where

∥ϕ∥2 = ϕaϕa = ψ∗ψ, (13)

and

j =
~
m
(ϕ1∇ϕ2 −∇ϕ1ϕ2) (14)

is known as the probability current density vector.

Equation (11) is the basic equation of the line-bundle

representation of quantum mechanics, which can be

regarded as the dynamic equation of a particle with

mass m in the external potential field Vext(x). It is

clear that the continuity equation (12) can be rewrit-

ten in a simple and compact form

∂ρ

∂t
+∇ · j = 0, (15)

which reflects the conservation of the total probability

of the condensed atoms. The corresponding current

density j automatically takes a hydrodynamic form

j = ρu, (16)

with a flow velocity

u =
j

ρ
=

~
m
(ψ∗∇ψ − ψ∇ψ∗)/∥ψ∥2. (17)

Define a two-dimensional unit vector (n1, n2) as the

two-dimensional unit vector field of the complex scalar

field

na =
ϕa

∥ϕ∥
, ∥ϕ∥2 = ϕaϕa, a = 1, 2. (18)

This is a reasonable representation, and ϕa is a two-

component vector field related to the order parameter

field ϕ. Obviously, it can be regarded as a smooth

mapping between the (3+1)-dimensional space X

(with the local coordinate x) and the two-dimensional

Euclidean space R2, i.e., ϕ : x → Φ(x) ∈ R2, and na

is a section of the sphere bundle S1(X). In the follow-

ing, we will discuss the first term on the right-hand

side of the dynamic equation (11), which is related to

the quantum potential. Using the relation (18), we

obtain

ϕa∇2ϕa

∥ϕ∥2
=

∇2∥ϕ∥
∥ϕ∥

−∇na ·∇na. (19)

Then Eq. (11) can be expressed as

~
1

∥ϕ∥2
ϵabϕ

a ∂ϕ
b

∂t

= − ~2

2m
∇na ·∇na − (Vext +W + U), (20)

where U = −(~2/2m)(∇2∥ϕ∥/∥ϕ∥) is the Bohm quan-

tum potential.[34] Differentiating Eq. (20) with respect

to coordinates xµ, we have

~ϵab∂µ
[

1

∥ϕ∥2
ϕa
∂ϕb

∂t

]
= mϵµνλu

ν(∇× u)λ

− ∂µ

(
1

2
mu2 + U + Vext +W

)
, (21)

~ϵab∂µ
[

1

∥ϕ∥2
ϕa
∂ϕb

∂t

]
= m

∂uµ
∂t

−mϵλµν
∂xν

∂t
(∇× u)λ. (22)

Subtracting Eq. (22)) from Eq. (21), we obtain the

reduced dynamic equation

m
∂uµ
∂t

= mϵλµν

(
uν +

∂xν

∂t

)
(∇× u)λ

− ∂µ

(
1

2
mu2 + U + Vext +W

)
. (23)

The angular velocity is given by

w =
1

2
∇× u, (24)

then we have

m
∂uµ
∂t

= 2mϵλµν

(
uν +

∂xν

∂t

)
wλ

− ∂µ

(
1

2
mu2 + U + Vext +W

)
. (25)

In the case of the stable vortex lines, it is easy to ob-

tain

duµ

dt
= 0, (26)

which directly leads to

2mϵλµν

(
uν +

∂xν

∂t

)
wλ

= ∂µ

(
1

2
mu2 + U + Vext +W

)
. (27)

Multiplying Eq. (27) with wµ, and considering that

wµ is proportional to dxµ, we obtain

dxµ∂µ

(
1

2
mu2 + U + Vext +W

)
= 0. (28)
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Thus, on the stable vortex lines, we derive a conserved

dynamic quantity in the following form

1

2
mu2 + U + Vext +W = const. (29)

It should be pointed out that the above equations

do not depend on the concrete form of the nonlinear

terms in Eq. (6). Whichever form the nonlinear term

takes, even a logarithmic form, all the conclusions are

the same.

3. Topological structure of vortex

in BEC

BEC in optical lattices is a very active field of re-

search, both from the theoretical and experimental as-

pect. The optical lattice is created by the interference

of laser beams, and the lattice potential’s strength can

be modulated from weak to strong. In Refs. [27] and

[28], Gross and Pitaevskii have independently inves-

tigated an inhomogeneous dilute Bose gas, which has

the possibility of nonuniform states. The GP mean-

field theory is an indispensable tool of both analyzing

and predicting the outcome of experiments.

In mean-field approximation, the full BEC dy-

namic properties are well described by the time-

dependent GP equation[35]

i~
∂ψ(x, t)

∂t
+

~2∇2

2m
ψ(x, t)− V (r)ψ(x, t)

− g∥ψ(x, t)∥2ψ(x, t) = 0, (30)

where ψ(x, t), g, and V (r) are, respectively, the

2D wave function (“order parameter”), interaction

strength, and external trapping potential. The quan-

tity ∥ψ∥2 determines the atomic number density. The

effective interaction parameter g = 4π~2as/m is tun-

able (even its sign), because the s-wave scattering

length as can be adjusted using magnetic fields in

the vicinity of a Feshbach resonance.[36] Numerous

research groups are investigating the intermediate

regime between molecular condensates and degener-

ate Fermi gases (the so-called “BEC–BCS” crossover

regime[37]). Theoretical algorithms for manipulating

as have been develop by analogy with “dispersion

management” in nonlinear optics. Interactions be-

tween atoms are repulsive when as > 0 and attractive

when as < 0.[39] For a dilute ideal gas, as ≈ 0. In a

uniform bulk system, as must be helpful to prevent an

instability leading to a collapse, but a Bose conden-

sate in an external confining trap can remain stable

for as < 0 as long as the number of condensed atoms

N =

∫
dr∥ψ∥2 remains below a critical value. The

scattering lengths for the atomic species of Bose con-

densations used in the experiments is:[38] as = 2.75 nm

for 23Na, as = 5.77 nm for 87Rb, and as = −1.45 nm

for 7Li. In early experiments, only harmonic poten-

tials were employed. The external trapping potential

V (r) of a periodic potential and a harmonic oscillator

trap are modeled.[39] Recently, a variety of potentials

have been constructed experimentally. Apart from the

harmonic traps, these include double-well traps, peri-

odic lattices, and superpositions of lattices or super-

lattices with harmonic traps.

In order to obtain the equations resembling

the hydrodynamics for the condensate wave func-

tion ψ, we establish ψ in an equivalent “quantum-

hydrodynamics” form[40]

ψ = ∥ψ∥ e iΘ(x), (31)

and the velocity field u becomes the gradient of phase

factor Θ(x)

u =
~
m
∇Θ, (32)

which inevitably leads to the following irrotational re-

sult:

∇× u = 0. (33)

However, Onsager and Feynman[19] found that the

equality ∇ × u = 0 must be modified. Landau pre-

dicted that ∇×u can be non-zero at a singular vortex

line, and behaves like a δ function. Actually, we ignore

an essential fact implied in Eq. (32) that the phase of

the order parameter, Θ, is undefined at the vortex

cores, i.e., zero points of the order parameter. There-

fore, we cannot express the wave function in the form

of Eq. (31) at the zero points of ψ. Instead of adopting

the traditional expression (31), we shall rewrite it as

ψ = ϕ1 + iϕ2 = ∥ϕ∥(n1 + in2). (34)

In the following, we will explore the exact expression

for ∇ × u in the topological quantum field theory

based on the expression (34) of the order parameter

field by substituting Eq. (34) into the time-dependent

GP equation (30).

Then the real part constitutes the analog of the

Bernoulli equation

−~ϵabϕa
∂ϕb

∂t

= − ~2

2m
ϕa∇2ϕa + g∥ϕ∥2 + (V − µ)∥ϕ∥2. (35)

090304-4



Chin. Phys. B Vol. 21, No. 9 (2012) 090304

Correspondingly, the imaginary part yields the famil-

iar continuity equation for compressible flow

∂

∂t
∥ϕ∥2 + ~

m
∇ ·

(
ϕ1∇ϕ2 −∇ϕ1ϕ2

∥ϕ∥2
∥ϕ∥2

)
= 0,(36)

where the condensed atom density and the corre-

sponding current density, respectively, are

ρ = ∥ϕ∥2 = ϕ∗ϕ,

j =
~
m
(ϕ1∇ϕ2 −∇ϕ1ϕ2), (37)

which automatically assume a hydrodynamic form

j(r, t) = ρ(r, t)u(r, t) with the velocity field

u =
ϕ1∇ϕ2 −∇ϕ1ϕ2

∥ϕ∥2
. (38)

Noting that

∂in
a =

∂iϕ
a

∥ϕ∥
+ ϕa∂i

1

∥ϕ∥
, (39)

and using the Green function relation in ϕ-space

△ϕln ∥ϕ∥ = 2πδ2(Φ), △ϕ =
∂

∂ϕa
∂

∂ϕa
, (40)

it can be proved that[32]

∇× u =
h

m
δ2(Φ)D

(
ϕ

x

)
, (41)

where the vector Jacobians D(ϕ/x) = (D1(ϕ/x),

D2(ϕ/x), D3(ϕ/x)) are defined as

D1

(
ϕ

x

)
= det

 ∂yϕ
1 ∂zϕ

1

∂yϕ
2 ∂zϕ

2

 ,

D2

(
ϕ

x

)
= det

 ∂zϕ
1 ∂xϕ

1

∂zϕ
2 ∂xϕ

2

 ,

D3

(
ϕ

x

)
= det

 ∂xϕ
1 ∂yϕ

1

∂xϕ
2 ∂yϕ

2

 . (42)

Equation (41) with singular function δ2(Φ) is just the

precise topological expression for ∇× u that Landau

and Feynman expected to find out. We can reach an

important conclusion from this expression that ∇×u

is equal to zero if and only if Φ ̸= 0. Moreover, ∇×u

does not vanish but approaches infinity at the zero

points of ϕa (a = 1, 2), i.e.,

ϕ1(x, y, z, t) = 0, ϕ2(x, y, z, t) = 0. (43)

This makes the solution of ϕa(x, y, z, t) = 0 extremely

important.

The implicit function theory[41] suggests that, un-

der the regular condition

Di(ϕ/x) ̸= 0, (44)

the general solutions of Eq. (43) can be expressed as

x = xj(s, t), y = yj(s, t), z = zj(s, t), (45)

which represent the evolution surfaces of N isolated

strings Lj (j = 1, 2, . . . , N) moving in the (3+1)-

dimensional sapcetime X with s being the string pa-

rameter. These singular strings are just the vortex

lines in BEC systems. The location and direction of

the i-th vortex are respectively determined by the i-th

singular string Li and the vector JacobianD(ϕ/x) ̸= 0

on Li.

For a fixed t, we can obtain the following result

from δ-function theory as:[42]

δ2(Φ) =
N∑
j=1

βj

∫
Lj

δ3(x− xj(s))∣∣∣∣D(
ϕ

u

)∣∣∣∣
Σj

ds,

i = 1, 2, 3, (46)

where

D

(
ϕ

u

)
Σj

=

(
1

2
ϵlkϵmn

∂ϕm

∂ul
∂ϕn

∂uk

)
,

and Σj is the j-th planar element transversal to Lj

with local coordinates (u1, u2). The positive integer

βj is the Hopf index of ϕ-mapping. Since the direction

vector of Lj is given by

dxi

ds

∣∣∣∣
xj

=
Di(ϕ/x)

D(ϕ/u)

∣∣∣∣
xj

. (47)

From Eqs. (46) and (47), we find the important inner

topological structure of ∇× u

(∇× u)i =
h

m
ji

=
h

m

N∑
j=1

βjηj

∫
Lj

dxi

ds
δ3(x− xj(s))ds,(48)

where ηj is the Brouwer degree, and ηj =

sgn[D(ϕ/u)] = ±1. From Eq. (48), the winding num-

ber of Φ around Lj is

Wj = βjηj . (49)

Thus, the vorticity of vortex line Lj is

Γj =

∫
Σj

(∇× u) · ds =
h

m
Wj , (50)

which describes an infinite straight vortex line with

quantized circulation as suggested by Onsager and
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Feynman. The total vorticity on a surface Σ should

be

Γ =

∫
Σ

(∇× u) · ds =
h

m

N∑
j=1

Wj . (51)

It is obvious that the vorticity in a nonlinear sys-

tem characterizes the density of topological charges

for vortices. The vorticity is quantized by Wj , which

is called the winding number. This is the topological

essence of the vorticity in topological quantum me-

chanics.

In the weakly interacting BEC regime, the coef-

ficients in the time-dependent GP equation (30) are

almost the same as those given by Eq. (7), except

that the coupling constant g has a physical meaning

of the interaction strength. As a result, at any finite

temperature below or near Tc, the dynamic equation

of the condensed atoms is quite similar to the tradi-

tional dynamic equation (23).

The time-dependent GP equations (35) and (36)

necessarily reproduce all the standard hydrodynamic

behavior for both the vortex line and irrotational com-

pressible flow. Using the relation that

ϕa∇2ϕa

∥ϕ∥2
=

∇2∥ϕ∥2

∥ϕ∥
−
(
∇ ϕa

∥ϕ∥2

)
, (52)

and differentiating Eq. (35) with respect to coordi-

nates, then we obtain the reduced dynamic equation

m
∂uµ
∂t

= mϵλµν

(
uν +

∂xν

∂t

)
(∇× u)λ

− ∂µ

(
1

2
mu2 + U + V + g∥ψ∥2

)
. (53)

Furthermore, for the case of the stable vortex line, the

reduced dynamic equation yields a conserved dynamic

quantity in the following form:

1

2
mu2 + U + V (r) + g∥ψ∥2 = const., (54)

where mu2/2 is the kinetic energy of the Bose atoms.

In the limit Nas/d0 ≫ 1, which is relevant to current

experiments on trapped Bose condensates, the repul-

sive interactions significantly expand the condensate,

so that the kinetic energy associated with the den-

sity variation becomes negligible as compared with

the trap energy V (r) and interaction energy. If we

take traditional expression ψ = ∥ψ∥ e iΘ(x), the GP

equation (30) is transferred into the traditional hy-

drodynamic equations[43]

∂

∂t
ρ+∇[ρ(r, t)v(r, t)] = 0, (55)

m
∂u

∂t
= −∇

(
1

2
mu2 + Tqp + V + g∥ψ∥2

)
, (56)

where

Tqp = −~2
∇2

√
ρ(r, t)

2m
√
ρ(r, t)

is the quantum pressure term, which has the same

form as the Bohm quantum potential U . By com-

paring Eq. (53) with Eq. (56), we find that the first

term on the RHS of Eq. (53) has been ignored all the

time. The above results, obviously, indicate that this

term describes the topological properties of the BEC

system which takes the form of δ-like function. When

the vector field has no zero values, the δ(Φ) is zero and

equation (53) becomes Eq. (56). At the zero points of

ϕa, this term does not vanish but approaches infinity.

Therefore, as for the usual equation (56), it only de-

scribes the non-topological properties of the system,

while equation (53) describes both the vortex state

and the irrotational state.

4. Intersection, splitting, and

mergence of vortex lines

As discussed above, the zeros of the condensate

wave function ψ play an important role in studying

the vortex lines in the BEC system in the framework

of the GP theory. Now we begin to study the proper-

ties of the zero lines (locations of line defects), i.e., the

properties of the solutions of Eq. (43). In particular,

we focus on the evolution processes of the vortex lines

in the neighborhood of the critical point. Such vortex

lines would no longer be stable, and they would evolve.

In other words, generation and annihilation, splitting,

and mergence of vortex lines would take place. For

simplicity, we fix the z coordinate and consider an ar-

bitrary cross section normal to the z axis. Namely, we

consider (2 + 1)-dimensional space-time with coordi-

nates x1 = x, x2 = y, and x0 = t.

The velocity of the intersection point between Lj

and the cross section is given by

vij =
dxi

dt

∣∣∣∣
xj

=
Di(ϕ/x)

D0(ϕ/x)

∣∣∣∣
xj

, i = 1, 2. (57)

As we know, the solution (45) of Eq. (43) is based on

the condition that the Jacobian D(ϕ/x) ̸= 0. When

the condition fails, the above result (45) will change in

some way. Let us turn to the case that the restrictions

of Eq. (43) are

Dµ(ϕ/x) = 0, µ = 0, 1, 2. (58)
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These three restrictive conditions will lead to an im-

portant fact that the functional relationship between

t and x or t and y is not unique in the neighborhood

of (x∗
j , t

∗). Due to Eq. (58), the velocity vector of the

vortex lines at the bifurcation point (x∗
j , t

∗) cannot be

determined by Eq. (57). In general, there will be more

than one velocity vector at the bifurcation point. Now

we search for different directions of all branch curves

or velocity fields of the line defects at the bifurca-

tion point. It is known that, at the bifurcation point

(x∗ij , t
∗), the rank of the Jacobian matrix [∂ϕ/∂x] is

smaller than 2 (for Di(ϕ/x) = 0, i = 0, 1, 2).[43]

Then, we suppose that the rank of the Jacobian ma-

trix [∂ϕ/∂x] is 1, J2(ϕ/x) = ∂ϕ1/∂x2, and

det[J2(ϕ/x)] =
∂ϕ1

∂y
̸= 0. (59)

Then, from the implicit function theorem,[41] it fol-

lows that there is a unique continuous solution to the

following equation:

ϕ1(x1, x2, t) = 0. (60)

This solution can be expressed as

x2 = f1(x1, t). (61)

Substituting Eq. (61) into Eq. (60), we obtain

ϕ1(x1, f1(x1, t), t) ≡ 0. (62)

Based on the differentiations of Eq. (62), and with the

Gaussian elimination method, we can derive the first

and second partial derivatives of f1(x1, t). Substitut-

ing Eq. (61) into ϕ2(x, t) = 0, we obtain

F (x1, t) ≡ ϕ2(x1, f1(x1, t), t). (63)

From the definition of the branch point, we obtain

F (x∗
j , t

∗) = 0. (64)

Using the partial derivatives of f2 and f3, as well as

the Cramer rule, it can be proved that

∂F

∂x1

∣∣∣∣
(x∗

j ,t
∗)

= 0,
∂F

∂t

∣∣∣∣
(x∗

j ,t
∗)

= 0. (65)

According to Duan’s topological current theory, the

Taylor expansion of Eq. (63) in the neighborhood of

the bifurcation point (x∗
j , t

∗) reads

F (x1, t) =
1

2
A(x1 − x1∗j )2 +B(x1 − x1∗j )(t− t∗)

+
1

2
C(t− t∗)2 + · · · = 0, (66)

where A, B, and C are three constants given by the

two-order partial derivative terms

A =
∂2F

(∂x1)2

∣∣∣∣
(x1∗

j ,t∗)

, B =
∂2F

∂x1∂t

∣∣∣∣
(x1∗

j ,t∗)

,

C =
∂2F

(∂t)2

∣∣∣∣
(x1∗

j ,t∗)

. (67)

By dividing Eq. (66) by (t− t∗)2, equation (66) under

the limits that x1 → x1∗j and t→ t∗ leads to

A

(
dx1

dt

)2

+ 2B
dx1

dt
+ C = 0, (68)

or

C

(
dt

dx1

)2

+ 2B
dt

dx1
+A = 0. (69)

From Eq. (68) or Eq. (69), we can obtain the veloc-

ity component dx1/dt. The remaining component

dx2/dt can be given by[43]

dx2

dt
= fx

2

x1

dx1

dt
+ fx

2

t ,

where the partial derivative coefficients fx
2

x1 and fx
2

t

have been calculated using Eq. (60).

The solutions of Eq. (68) give different directions

of the branch curves, which are the zero lines of the

two-component vector order parameter. According to

the different values of A, B, and C, there are four

important cases showing the evolution of the vortex

lines in detail: besides the encountering of the vortex

lines, it also includes splitting and merging of the vor-

tex lines. When a multi-charged line defect passes

through the bifurcation point in three-dimensional

space, it may split into several line defects along differ-

ent branch curves. Moreover, several line defects can

merge into one line defect at the bifurcation point. No

matter which process takes place, from the following

equality:

∇ · (∇× u) = 0, (70)

one can always reach the conclusion that the winding

number βη is conserved. Now the topological struc-

ture of the vorticity at the bifurcation point should be

written as
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∇× u =


h

m

∑
li

Wli

∫
li

δ3(x− xli(s))dx, t < t∗,

h

m

∑
lf

Wlf

∫
lf

δ3(x− xlf (s))dx, t > t∗,

(71)

where li denotes the initial vortex lines, and lf denotes

the finial vortex lines. Equation (71) is another ver-

sion ((D(ϕ/x) = 0)) of vorticity (48). In the above

discussions, we consider only the case that two vortex

lines pass through the bifurcation point. The config-

urations in which more vortex lines pass through the

bifurcation point are high-energy unstable states, and

will fall apart as quickly as they form. If the condi-

tion (59) fails, all other sub-Jacobians vanish at the

bifurcation point, and we need to discuss the evolu-

tion processes at the higher-order bifurcation point.

The procedure of deduction will be more complicated.

However, the method will be similar to that we have

used above.

5. Discussion and conclusion

By making use of Duan’s topological current the-

ory, we have clarified the issue on the generation of

vortices in the nonlinear systems governed by the non-

linear GP equation. We find that the vortices origi-

nate from zeros of Φ naturally in the framework of

Duan’s topological current theory. Moreover, the re-

duced dynamic equation of the nonlinear systems is

derived, from which we obtain a conserved dynamic

quantity on the stable vortex lines. It is found that

in BEC, the vorticity is just the topological current

constructed by the condensate wave function. The

explicit expression of the vorticity ∇ × u is given,

which is no longer zero but takes the form of δ-like

function. We reveal the intrinsic relation between the

vorticity and the order parameter field, and prove in

an straightforward manner that the vorticity repre-

sents the density of topological charges for vortices in

2D generalized GP equation. Using Duan’s topologi-

cal current theory, an exact reduced dynamic equation

with a topological term is derived, which also behaves

like δ-like function, and is always ignored in the tradi-

tional equation. Furthermore, we obtain a conserved

dynamic quantity on the stable vortex lines.

These vortex lines are unstable at these branch

points of the vector order parameter field. The branch

processes including the spatial intersection, splitting,

and mergence of vortex lines are discussed in detail.

We should point out that when several vortices cross,

split, or merge at a certain time t∗, the branch condi-

tions D(ϕ/x)|(x∗
l , t

∗) = 0 are still valid, although these

configurations are unstable. The results could be very

conducive for further theoretical and experimental in-

vestigations of BEC. At last, it must be pointed out

when the vortex lines cross, split, or merge at zero

points of the condensate wave function, the branch

conditions are valid not only in GP theory, but also

in London theory, Ginzburg–Landau theory, etc. We

hope these results in this paper will be helpful for sim-

ulating vortex dynamics in the 2D GP theory.
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