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Multipartite entanglement concentration

of electron-spin states with CNOT gates∗
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We propose a different entanglement concentration protocol (ECP) for nonlocal N -electron systems in a partially

entangled Bell-type pure state using the CNOT gates and the projection measurements on an additional electron.

For each nonlocal N -electron system, Alice first entangles it with the additional electron, and then she projects the

additional electron onto an orthogonal basis for dividing the N -electron systems into two groups. In the first group,

the N parties obtain a subset of N -electron systems in a maximally entangled state directly. In the second group, they

obtain some less-entangled N -electron systems, which are the resource for the entanglement concentration in the next

round. By iterating the entanglement concentration process several times, the present ECP has the maximal success

probability, which is the theoretical limit of an ECP, equals to the entanglement of the partially entangled state, higher

than the others. This ECP may be useful in quantum computers based on electron-spin systems in the future.
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1. Introduction

Entanglement is a very important quantum

resource in quantum information processing.[1] In

a long-distance quantum communication, the le-

gitimate users should distribute entangled pho-

ton systems acting as their quantum channels,

such as quantum key distribution,[2−8] quantum

teleportation,[9−14] quantum dense coding,[15,16]

quantum secret sharing,[17−24] quantum state

sharing,[25−30] controlled teleportation,[31,32] and

quantum secure direct communication.[33−38] As the

entanglement can only be produced locally, an en-

tangled photon system should be transmitted over

a noisy channel, which means that it will inevitably

interact with its environment. On the other hand,

in the storage of the entangled quantum state in a

quantum repeater, the decoherence will decrease the

entanglement of the entangled photon system. The

decoherence of the entangled quantum system will

decrease the fidelity and the security of the quantum

communication protocol.

The entanglement purification and the entangle-

ment concentration are two useful ways for depressing

the noise effect on entangled photon systems. In gen-

eral, the entanglement purification is used to extract

a subset of high-fidelity entangled systems from a set

of photon systems in a mixed entangled state with

less entanglement. Since Bennett et al.[39] proposed

the first entanglement purification protocol (EPP) in

1996, many works were focused on it, and many im-

portant EPPs have been proposed for different phys-

ical systems.[39−49] Compared with the EPP, the en-

tanglement concentration protocol (ECP) is usually

more efficient for two parties in quantum communica-

tion, say Alice and Bob, to distill some maximally en-

tangled systems from an ensemble in a less-entangled

pure state. Up to now, there have been some inter-

esting ECPs.[50−58] In 1996, Bennett et al.[50] pro-

posed the first ECP for two-photon systems based

on the Schmidt projection method. In 2001, an ECP

for photon pairs based on linear optical elements was

proposed.[53,54] In 2008, Sheng et al.[55] proposed an

ECP for photon systems based on the cross-Kerr non-
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linearities. By iterating the entanglement concentra-

tion process, it has far higher efficiency and yield than

those in Refs. [54] and [53]. Certainly, those three

ECPs have lower efficiencies compared to those for

known entangled pure states shown in Refs. [51] and

[52]. In 2010, the first single-photon ECP[56] was

discussed with the cross-Kerr nonlinearity. In 2012,

Sheng et al.[57] proposed an interesting ECP for par-

tially entangled photon pairs assisted by single pho-

tons. And an optimal ECP for multipartite photon

systems was proposed by resorting to the projection

measurement on an additional photon.[58]

An electron-spin system is an interesting qubit

in quantum computation and quantum communica-

tion. It can be used to construct the elementary log-

ical gate and quantum repeater, generate the entan-

glement, store quantum states, and so on. For exam-

ple, in 2004, Beenakker et al.[59] exploited the charge

detection[60] to construct a controlled-not (CNOT)

gate based on both the charge and the spin degrees

of freedom of electrons. In 2007, Ionicioiu[61] used the

charge detection to complete the entanglement gen-

eration of electron spins. In 2006, Zhang et al.[62]

presented a scheme for the multipartite entanglement

analyzer. Some other interesting EPPs and ECPs

for electron-spin systems were proposed in Refs. [63]–

[66]. In 2005, Feng et al.[63] proposed an EPP for

two-electron systems based on the charge detection.

In 2011, an EPP for multi-electron systems[64] was

proposed. Two ECPs for multi-electron systems were

discussed by Sheng et al.[65] and Wang et al.[66] by re-

sorting to the charge detection and the quantum dots

in micro-wave cavities, respectively.

In this paper, we propose a different ECP for non-

local N -electron systems in a partially entangled Bell-

type pure state, resorting to the CNOT gates and the

projection measurements on an additional electron. In

the present ECP, Alice first entangles each nonlocal

N -electron system with an additional electron a with

a CNOT gate, and then she projects electron a into an

orthogonal basis {|φ⟩, |φ⊥⟩} for dividing the outcomes

into two groups. In the first group, theN -electron sys-

tem is in the maximally entangled state. In the sec-

ond group, the parties obtain the N -electron system

in another partially entangled state with less entan-

glement, which can be used as the resource for entan-

glement concentration in the next round. By iterating

the process several times, the present ECP has an opti-

mal success probability, the theoretical limit, which is

just the entanglement of the partially entangled state

E, twice of those based on the entanglement swap-

ping and a collective unitary evolution,[51,52] and is far

higher than that of the other typical ECPs.[53−55,65,66]

This ECP may be useful with quantum computers

based on electron-spin systems in the future.

2. Entanglement concentration of

two-electron spin states with

CNOT gates

The quantum circuit for the present ECP is shown

in Fig. 1. Let us assume that the partially entangled

pure state before the entanglement concentration pro-

cess is

|Φ1⟩AB = α|↑⟩A|↑⟩B + β| ↓⟩A| ↓⟩B, (1)

where subscripts A and B represent the two electrons

shared by two remote parties in quantum communi-

cation, say Alice and Bob, |↑⟩ and | ↓⟩ represent the

up-spin and the down-spin states, respectively, α and

β are two coefficients and satisfy the relation

|α|2 + |β|2 = 1. (2)

Alice and Bob know these two parameters before

they distill a subset of maximally entangled electron

pairs from a set of nonlocal electron pairs in state

|Φ1⟩AB, which is the same as that in the ECPs with

the entanglement swapping and a collective unitary

evolution.[51,52] In fact, it is not difficult to obtain this

information about the partially entangled pure state

by measuring some samples in a practical quantum

communication.

A

CNOT

D1 D2 D3

PBSθ1 θ1
R PBSθ2 θ2 

R PBS

 >
a

a

Fig. 1. Circuit for the present ECP with CNOT gates,

where PBS represents the polarizing beam splitter for elec-

tron spins, R is a unitary rotation for electron spins, and

a represents the additional electron in spin state |↑⟩.

For distilling a subset of maximally entangled

electron pairs from a set of pairs in a partially en-

tangled pure state |Φ1⟩AB, Alice prepares an addi-

tional electron a in the spin state |Φ⟩a = |↑⟩a for each

nonlocal two-electron system AB and then performs

a CNOT operation on her electrons A and a by us-

ing the electron A as the controlling qubit. After the
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CNOT gate operation, the three-electron system ABa

is in the state

|Ψ1⟩ABa = α|↑⟩A|↑⟩B|↑⟩a + β| ↓⟩A| ↓⟩B| ↓⟩a. (3)

We can rewrite state |Ψ1⟩ABa under the orthogonal

basis {|φ1⟩a = α|↑⟩ − β| ↓⟩, |φ⊥
1 ⟩a = β|↑⟩+ α| ↓⟩}, i.e.,

|Ψ1⟩ABa = (α2|↑⟩A|↑⟩B − β2| ↓⟩A| ↓⟩B)|φ1⟩a

+
√
2αβ

|↑⟩A|↑⟩B + | ↓⟩A| ↓⟩B√
2

|φ⊥
1 ⟩a. (4)

The PBSθ, which is a polarizing beam splitter with its

axial direction placed at angle θ along the incidence

electron, is used to transmit the electron in the spin

state cos θ|↑⟩+ sin θ| ↓⟩ and reflect the electron in the

spin state − sin θ|↑⟩ + cos θ| ↓⟩. With the PBSθ1 in

the setup shown in Fig. 1, Alice can filter out the ad-

ditional electron in state |φ⊥
1 ⟩a. Here cos θ = α and

sin θ = −β.

When the additional electron a is reflected by

PBSθ1 and emitted out from outport D1, the elec-

tron pair AB is in the maximally entangled state

|ϕ+⟩AB = (|↑↑⟩+ | ↓↓⟩)AB/
√
2, which takes place with

the probability of

Ps1 = 2|αβ|2. (5)

If there is no electron emitted from outport D1 and the

additional electron passes through PBSθ1 , the electron

pair AB is in another partially entangled pure state

|Φ2⟩AB =
1√

|α|4 + |β|4

× (α2|↑⟩A|↑⟩B − β2| ↓⟩A| ↓⟩B), (6)

which takes place with the probability of

Pf1 = |α|4 + |β|4 = 1− 2|αβ|2. (7)

The unitary rotation Rθ1 is used to rotate the

spin state of the additional electron from the state

α| ↑⟩a − β| ↓⟩a to state | ↑⟩a. Subsequently, Alice

performs another CNOT gate on her electron and the

additional electron transmitted. The composite sys-

tem is in the state

Ψ2⟩ABa =
1√

|α|4 + |β|4
(α2|↑⟩A|↑⟩B|↑⟩a

− β2| ↓⟩A| ↓⟩B| ↓⟩a). (8)

The PBSθ2 is used to transmit the spin state

|φ2⟩ =
1√

α4 + β4
(α2|↑⟩+ β2| ↓⟩)a (9)

and reflect the spin state

|φ2⟩⊥ =
1√

α4 + β4
(β2|↑⟩ − α2| ↓⟩)a. (10)

We can rewrite state |Ψ2⟩ABa under the basis of {|φ2⟩a,
|φ⊥

2 ⟩a}, that is,

|Ψ2⟩ABa =
1

|α|4 + |β|4

[
(α4|↑⟩A|↑⟩B

− β4| ↓⟩A| ↓⟩B)|φ2⟩a +
√
2α2β2

× |↑⟩A|↑⟩B + | ↓⟩A| ↓⟩B√
2

|φ⊥
2 ⟩a

]
. (11)

If the additional electron a is in state |φ⊥
2 ⟩a, it emits

from output D2 of PBSθ2 , and the electron pair AB

is in the standard Bell state |ϕ+⟩AB. Otherwise, it

transmits through PBSθ2 and enters the next round

of entanglement concentration. The success probabil-

ity that the two parties obtain the electron pair in the

standard Bell state becomes (considering the proba-

bility that the additional electron transmits through

PBSθ1)

Ps2 = Pf1

1

(|α|4 + |β|4)2
2|αβ|4

=
2|αβ|4

|α|4 + |β|4
. (12)

The probability that the addition electron transmits

through PBSθ2 is

Pf2 = Pf1

1

(|α|4 + |β|4)2
(|α|8 + |β|8)

=
|α|8 + |β|8

|α|4 + |β|4
. (13)

The Rθ2 is used to rotate the spin state of the ad-

ditional electron from state (β2|↑⟩+α2|↓⟩)a√
α4+β4

to state | ↑⟩a.

The PBSθn transmits spin state (α2n−1
|↑⟩+β2n−1

|↓⟩)a√
α2n+β2n

and reflects spin state (β2n−1
|↑⟩−α2n−1

|↓⟩)a√
α2n+β2n

. The Rθn

is used to rotate the spin state of the additional elec-

tron (α2n−1
|↑⟩+β2n−1

|↓⟩)a√
α2n+β2n

to be | ↑⟩a (n ≥ 2). When

the additional electron is detected at output D1, D2,

. . ., or Dn, the two-electron system AB will be in the

maximally entangled state |ϕ+⟩AB. That is, by iterat-

ing the entanglement concentration process n times,

the total success probability of this ECP is

Pn = 2

[
α2β2 +

α4β4

α4 + β4
+

α8β8

(α4 + β4)(α8 + β8)

+
α16β16

(α4 + β4)(α8 + β8)(α16 + β16)
+ · · ·
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+
α2nβ2n

(α4 + β4)(α8 + β8) · · · (α2n + β2n)

]
. (14)

The relation between the success probability P ,

with which the two parties obtain a nonlocal two-

electron system AB in the maximally entangled state

|ϕ+⟩AB from a system in the partially entangled state

|Φ1⟩AB, and the entanglement E is shown in Fig. 2.

If |α| ≤ |β|, the entanglement of the state |Φ1⟩AB =

α| ↑⟩A| ↑⟩B + β| ↓⟩A| ↓⟩B is E = 2|α|2.[51,52] When

E < 0.4, Alice and Bob only need to perform the

entanglement concentration process twice (n = 2)

for obtaining a success probability P nearly equiva-

lent to the entanglement E. When 0.4 < E < 0.72

(0.72 < E < 0.88), they should perform the process 3

(4) times for obtaining an optimal success probability.

From Fig. 2, we can see that 5 iterations of the entan-

glement concentration process are usually enough to

obtain an optimal success probability (i.e., the entan-

glement E).

0       0.2       0.4       0.6      0.8      1.0

1.0

0.8

0.6

0.4

0.2

0

E

P

n/

n/

n/

n/

n/

Fig. 2. Relation between the success probability of the

present ECP P and the entanglement of the partially en-

tangled state E for different iteration numbers n of entan-

glement concentration process.

3. Optimal multipartite entan-

glement concentration of N -

electron spin states

It is straightforward to generalize our ECP

to reconstruct maximally entangled N -electron

Greenberger–Horne–Zeilinger (GHZ) states from the

partially entangled GHZ-class states. Suppose the

partially entangled N -electron GHZ-class states are

described as

|ΦN ⟩ = α| ↑↑ · · ·↑⟩AB···Z + β| ↓↓ · · · ↓⟩AB···Z, (15)

where |α|2+ |β|2 = 1, subscripts A, B, . . ., Z represent

the electrons hold by Alice, Bob, . . ., Zach, respec-

tively. For obtaining a subset of nonlocal N -electron

systems in a maximally entangled state, Alice prepares

an additional electron a′ in the state | ↑⟩a′ and per-

forms a CNOT operation on her electron A and the

additional electron a′. Then the (N +1)-electron sys-

tem is in the state

|ΦN+1⟩1 = α|↑⟩A|↑⟩a′ |↑ · · ·↑⟩B···Z

+ β| ↓⟩A| ↓⟩a′ | ↓ · · · ↓⟩B···Z. (16)

By projecting the state of the additional elec-

tron a′ into the orthogonal basis {|φ⟩a′ = α| ↑⟩
−β| ↓⟩, |φ⊥⟩a′ = β| ↑⟩ + α| ↓⟩}, the N par-

ties obtain the maximally entangled state |ϕ+⟩ =
(|↑↑···↑⟩+|↓↓···↓⟩)AB···Z√

2
directly if Alice obtains the state

of |φ⊥⟩a′ for the additional electron, which takes

place with the probability of 2|αβ|2. If Alice ob-

tains the state |φ⟩a′ , the parties obtain a partially

less-entangled pure state

|Φ′
N ⟩ =

1√
|α|4 + |β|4

× (α2|↑↑ · · ·↑⟩AB···Z − β2| ↓↓ · · · ↓⟩AB···Z).

The parties can also distill some maximally entangled

states from this partially less-entangled state, simi-

lar to the case with nonlocal two-electron systems in

a partially entangled pure state. That is, this ECP

works for N -electron systems in a partially entangled

pure state.

4. Discussion and summary

Let us compare the efficiency of the present

ECP for electron systems with those in the

literature.[50−52,65] Of course, there are some dif-

ferences between the present ECP and the others.

The present ECP requires that the parties know the

information about the initial state of the nonlocal

N -electron systems, which is the same as those in

Refs. [51] and [52]. However, in Refs. [50] and [65],

the parties did not require to know the information.

In essence, all existing ECPs[50−52,65] for electron sys-

tems are based on the Schmidt projection method, in

which the parties exploit the combination of a pair

of systems with the same parameters to obtain a sys-

tem in a maximally entangled state with an average

success probability of α2β2. The ECP in Ref. [52] ex-

ploited an additional collective unitary evolution on
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one qubit in the system and an additional qubit to

improve the success probability to be α2. The ECP

for electron systems in Ref. [65] simplified the imple-

mentation by sacrificing the efficiency compared with

those in Refs. [51] and [52]. However, the present ECP

distills an N -electron system from a system in a par-

tially entangled pure state and an additional electron,

not from a pair of N -electron systems, which is very

different from all existing ECPs.[50−52,65] Moreover,

the success probability of the present ECP is 2α2 (|α|
≤ |β|), which is just the entanglement of the partially

entangled pure state. That is, the success probability

of the present ECP is the theoretical limit of ECPs

for a partially entangled pure state. It is an optimal

one. Moreover, the present ECP is based on CNOT

gates and may work in quantum computers based on

electron spins in the future.

In summary, we have proposed an optimal ECP

for nonlocal N -electron systems in a partially entan-

gled pure state. One of the N parties, say Alice, ex-

ploits a CNOT gate to extend the partially entangled

N -electron system to an (N +1)-electron system first

and then projects the additional electron onto an or-

thogonal basis. By detecting the output of the addi-

tional electron from a PBS, the N parties in quan-

tum communication can divide their N -electron sys-

tems into two groups. One is in the maximally en-

tangled state. The other is in another partially entan-

gled state with less entanglement, which is just the re-

source for the entanglement concentration in the next

round. By iterating the entanglement concentration

process several times, the N parties can obtain a sub-

set of N -electron systems in the maximally entangled

state with the maximal success probability just equiv-

alent to the entanglement of the partially entangled

state. Compared with the other ECPs for electron

spins,[50−52,65] the present ECP has the optimal suc-

cess probability.
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