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In this study, we use the direct discontinuous Galerkin method to solve the generalized Burgers–Fisher equation.

The method is based on the direct weak formulation of the Burgers–Fisher equation. The two adjacent cells are jointed

by a numerical flux that includes the convection numerical flux and the diffusion numerical flux. We solve the ordinary

differential equations arising in the direct Galerkin method by using the strong stability preserving Runge–Kutta method.

Numerical results are compared with the exact solution and the other results to show the accuracy and reliability of

the method.
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1. Introduction

The nonlinear partial differential equation plays

an important role in physical science and engineering.

Recently, the nonlinear equations have attracted much

attention of researchers. There are various power-

ful mathematical methods, including the first integral

method,[1] the variational iteration method,[2,3] the

homotopic mapping method,[4,5] the tanh method,[6]

and the other methods,[7,8] been proposed to obtain

exact or approximate analytic solutions for the non-

linear equations.

In this paper, we consider the generalized

Burgers–Fisher equation

∂u

∂t
+ αuδ ∂u

∂x
− µ

∂2u

∂x2
= βu(1− uδ),

a ≤ x ≤ b, t ≥ 0. (1)

where µ is the diffusion coefficient, and α, β, and δ

are the parameters. The exact solution is

u(x, t) =

(
1

2
+

1

2
tanh(θ1(x− θ2t))

)1/δ

,

a ≤ x ≤ b, t ≥ 0, (2)

where

θ1 =
−αδ

2µ(1 + δ)
,

θ2 =
α

1 + δ
+

µβ(1 + δ)

α
.

The initial and the boundary conditions are deter-

mined by Eq. (2). The generalized Burgers–Fisher

equation has many applications in fields including gas

dynamics, number theory, heat conduction, elasticity,

etc.[9]

In order to solve Eq. (1) numerically, many

researchers have proposed various numerical meth-

ods. Zhu et al.[9] investigated the Burgers–

Fisher equation by employing the B-spline quasi-

interpolation method. Ismail et al.[10] studied the

Adomian decomposition methods. Golbabai and

Javidi proposed a spectral domain decomposition

method.[11] Khattak[12] presented a computational

meshless method for the Burgers–Huxley and the

Burgers–Fisher equations. Zhang and Yan[13] devel-

oped a lattice Boltzmann model for the one- and the

two-dimensional Burgers–Fisher equations. Sari et

al.[14] proposed a compact finite difference method for

the generalized Burgers–Fisher equation.

The discontinuous Galerkin (DG) method has

emerged as an attractive tool for simulating the

convection-diffusion problem.[15] The main advantage
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of the DG method lies in their accuracy and flexibil-

ity thanks to their high degree of locality. The accu-

racy of the numerical scheme depends on the degree

of the piecewise polynomials used, which can be eas-

ily increased. Liu and Yan extended the traditional

DG method and proposed the direct discontinuous

Galerkin (DDG) method.[16,17] Unlike the local dis-

continuous Galerkin method (LDG),[18,19] the DDG

method is directly based on the direct weak formu-

lation of Eq. (1) and the construction of the suitable

numerical flux on the cell edges without introducing

any auxiliary variables.

In this paper, equation (1) is discretized spatially

by using the DDG technique to obtain an ordinary

differential equation (ODE) system. We then use the

third-order strong stability-preserving (SSP) Runge–

Kutta method[20] to solve the ODEs. The paper is

organized as follows. In Section 2, we construct the

DDG scheme for Eq. (1). In Section 3, we show some

numerical results to demonstrate the high accuracy of

the DDG scheme. Section 4 gives the conclusion.

2. The DDG method

In this section, we illustrate the formulation of

the DDG method for the generalized Burgers–Fisher

equation (1) in detail. The computational domain

[a, b] is divided into N cells as follows:

a = x1/2 < x3/2 < · · · < xN+(1/2) = b. (3)

We denote the j-th cell by Ij =
[
xj−(1/2), xj+(1/2)

]
and the center of the cell by xj =(
xj−(1/2) + xj+(1/2)

)
/2. The size of each cell is de-

noted by ∆x = (b− a)/N . The approximation solu-

tion and the test function space are defined as

V k
h = {vh : v|Ij ∈ P k(Ij), j = 1, . . . , N}, (4)

where P k(Ij) denotes the set composed of all poly-

nomials of degree at most k on Ij . The basis func-

tions in P k(Ij) are defined by scaled Legendre poly-

nomials, v0(x) = 1, v1(x) = (x− xj)/∆x/2 = ξj ,

v2(x) = (3ξ2j − 1)/2, v3(x) = (5ξ3j − 3ξj)/2, . . .

Then the numerical solution for x ∈ Ij in space

V k
h can be written as

u(x, t) =

k∑
l=0

ul
j(t)v

j
l (x) = V T(x)Uj(t), (5)

where V (x) = (vj0(x), v
j
1(x), . . .)

T and Uj(t) =

(u0
j (t), u

1
j (t), . . .)

T. We use u+
j+(1/2) and u−

j+(1/2) to

denote the values of u at xj+(1/2) from the right cell

Ij+1 and from the left cell Ij , respectively,

u+
j+(1/2) = lim

ϵ→0+
u(xj+(1/2) + ϵ),

u−
j+(1/2) = lim

ϵ→0+
u(xj+(1/2) − ϵ).

We use the usual notations {u} = (u+ + u−)/2 and

[u] = u+ − u− to denote the mean and the jump of

function u at each element boundary point, respec-

tively.

The semi-discrete DDG method is applied to

Eq. (1). We then find uh ∈ V k
h such that for all test

functions v ∈ V k
h , we have∫

Ij

∂uh

∂t
vdx−

∫
Ij

(
f(uh)− µ

∂uh

∂x

)
∂v

∂x
dx

+ (f̂ − ĥ)j+(1/2)v
−
j+(1/2) − (f̂ − ĥ)j−(1/2)v

+
j−(1/2)

=

∫
Ij

βuh(1− uδ
h)vdx, (6)

for all cells 1 ≤ j ≤ N , where f(uh) =

[α/(δ + 1)]uδ+1
h . The hat terms in Eq. (6) are numeri-

cal fluxes, which are single-valued functions defined at

the cell interfaces and in general depend on the values

of numerical solution uh from both sides of the inter-

face. There are two types of numerical fluxes, one is

the diffusion numerical flux ĥ, the other is the convec-

tion numerical flux f̂ . The convection flux f̂ is chosen

to be the local Lax–Friedrichs flux[21]

f̂ =
1

2
(f(u−) + f(u+)− α(u+ − u−)),

α = max
u

|f ′(u)|, (7)

where the maximum is taken over a relevant range of

u. The diffusion flux ĥ is defined as[16]

ĥj+ 1
2
=

β0µ

∆x
[uh] + µ

{
∂uh

∂x

}
+ β1µ∆x

[
∂2uh

∂x2

]
. (8)

The integrations in Eq. (6) can be approximated by

using suitable quadrature rules, such as the five-point

Gaussian quadrature.

Now we obtain the ordinary differential equation

(ODE) system from the direct discontinuous Galerkin

space discretization

d

dt
Uh = L(Uh, t). (9)

In the current work, the ODE system (9) is integrated

in time by using the following SSP-RK3 scheme[20]

U
(1)
h = Un

h +∆tL(Un
h , t

n), (10)
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U
(2)
h =

3

4
Un

h +
1

4
U

(1)
h

+
1

4
∆tL

(
U

(1)
h , tn +∆t

)
, (11)

U
(3)
h =

1

3
Un

h +
2

3
U

(2)
h

+
2

3
∆tL

(
U

(2)
h , tn +

1

2
∆t

)
. (12)

3. Results and discussion

In this section, we obtain DDG solutions of

Eq. (1). To show the accuracy of the DDG method

for the test problems, we define the maximum error

L∞ = max
1≤j≤N

{|u(xj , t)− uh(xj , t)|},

where u(xj , t) is the exact solution, and uh(xj , t) is

the solution obtained by the DDG method at the cen-

ter of cell Ij . Here, uh(xj , t) = u0
j (t)− u2

j (t)/2 for P 2

(which means k = 2 in Eq. (4)) and P 3 elements, and

uh(xj , t) = u0
j (t)− u2

j (t)/2 + 3u4
j (t)/8 for P 4 element.

In Examples 1–3, we choose the computation domain

[0, 1], which is divided into 5 cells, and the diffusion

coefficient is µ = 1.

Example 1 Equation (1) is reduced to the

Burgers–Fisher equation when δ = 1. In Table 1, we

show the maximum errors of the DDG method and

the spectral domain decomposition (SDD) method in

Ref. [11] at t = 0.5 and t = 1.0 for various values of

α and β. We choose the P 4 element and set β0 = 12,

β1 = 0 in Eq. (8). The comparison between the results

of the current study and that of Ref. [11] shows that

the obtained results are very reliable and accurate.

Example 2 In Table 2, we present the numeri-

cal results for Eq. (1) obtained in the DDG scheme at

t = 0.3 and t = 0.9 with α = 0.1, β = −0.25 and differ-

ent δ. In this table, we show the maximum errors for

the P 4 element compared with those for the SDD[11]

and the B-spline quasi-interpolation (BSQI)[9] meth-

ods. The comparison of the current results with the

previous ones shows that the present results are very

accurate.

Table 1. Maximum errors in Example 1 with δ = 1 and ∆t = 10−4.

t β
α = 10−2 α = 10−3 α = 10−4

SDD/10−12 DDG/10−14 SDD/10−12 DDG/10−14 SDD/10−12 DDG/10−14

0.5 1 4.6763 34.313 4.5374 34.438 4.7526 34.468

10 6.2529 33.536 6.0540 33.480 6.1933 33.471

100 8.0269 1.9085 0.81424 1.8439 8.1912 1.9085

1.0 1 10.996 53.323 10.740 53.394 11.011 53.353

10 10.952 3.6016 10.683 3.5975 10.762 3.5616

100 1.9129 1.9085 1.9245 1.8439 1.9293 1.9085

Table 2. Maximum errors in Example 2 with α = 0.1,

β = −0.25, and ∆t = 10−5.

t δ SDD/10−12 BSQI/10−8 DDG/10−14

0.3 1 2.1143 0.036959 2.4155

4 3.8276 1.5630 20.487

8 3.9059 4.8731 45.458

0.9 1 7.3929 0.091896 2.5543

4 12.857 1.0155 9.3530

8 12.907 1.2017 8.6455

Example 3 This example demonstrates the

DDG approximate solution of the Burgers–Fisher

equation (3) with α = β = 0.01 and δ = 1. We

compute the problem by using the P 4 element at

t = 1, 10, 50 respectively. In Table 3, we present the

absolute errors in the DDG method compared with

the variational iteration (VIM) method, the Adomian

decomposition (ADM) method, and the lattice Boltz-

mann (LBM) method results from Ref. [13]. The table

shows that our method can provide smaller errors at

long time.

Example 4 We compute the Burgers–Fisher

equation (3) in x ∈ [−0.5, 0.5] by using the P 2 ele-

ment. In the numerical simulation, the region of time

evolution is set in [0, 1]. The parameters in Eq. (1)

used are α = δ = 1, β = 0.01, and µ = 0.01. The

numerical and the analytical solutions are plotted in

Figs. 1(a) and 1(b), respectively. As shown in Fig. 1,

the numerical solution from the DDG method is in

good agreement with the exact one.
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Table 3. Maximum errors in Example 3 with α = 0.01, β = 0.01, δ = 1, and ∆t = 2× 10−4.

t x VIM ADM LBM/10−4 DDG/10−14

1 0.1 1.78× 10−8 1.78× 10−8 1.08 1.14

0.5 5.29× 10−9 5.29× 10−9 0.325 3.31

0.9 7.28× 10−9 7.28× 10−9 1.73 1.08

10 0.1 2.07× 10−5 2.07× 10−5 1.08 1.28

0.5 1.94× 10−5 1.94× 10−5 0.319 3.28

0.9 1.81× 10−5 1.81× 10−5 1.72 1.32

50 0.1 0.002552 0.002552 1.01 1.64

0.5 0.002552 0.002552 0.306 4.39

0.9 0.002492 0.002492 1.62 1.44
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Fig. 1. (colour online) Space–time patterns for Example

4 with α = 1, β = 0.01, δ = 1, and µ = 0.01. Panels

(a) and (b) show the exact and the numerical solutions,

respectively.

4. Conclusion

In this paper, the DDG method is proposed to

solve the Burgers–Fisher equation and the general-

ized Burgers–Fisher equation. We compute Eq. (1)

for various parameters by using the DDG method.

The test examples show that the DDG scheme can

give more accurate results than the other numerical

schemes. Moreover, the DDG scheme is proved to be

very accurate for some large values of time.
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