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Based on the complex variable moving least-square (CVMLS) approximation, the complex variable element-free

Galerkin (CVEFG) method for two-dimensional viscoelasticity problems under the creep condition is presented in

this paper. The Galerkin weak form is employed to obtain the equation system, and the penalty method is used to

apply the essential boundary conditions, then the corresponding formulae of the CVEFG method for two-dimensional

viscoelasticity problems under the creep condition are obtained. Compared with the element-free Galerkin (EFG)

method, with the same node distribution, the CVEFG method has a higher precision, and to obtain the similar precision,

the CVEFG method has a greater computational efficiency. Some numerical examples are given to demonstrate the

validity and the efficiency of the method in this paper.
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1. Introduction

The meshless method has shown some advan-
tages over the traditional numerical methods, such
as the finite element method (FEM) and the bound-
ary element method (BEM), and has been success-
fully developed and applied to a variety of engineering
problems. [t —13]

The moving least-square (MLS) approximation is
an important method to form the shape function in

(14] However, the MLS approxi-

the meshless method.
mation is the approximation of a scalar function, thus
the meshless methods derived from it require a lot of
nodes in the domain, and more CPU time is spent
compared with the FEM and the BEM.[15:16]

The

(CVMLS) approximation, which is an approxima-
[15,16]

complex variable moving least-square
tion of a vector function, has been developed.
In the CVMLS approximation, the trial function of
a two-dimensional (2D) problem is formed with a
one-dimensional (1D) basis function. The number
of unknown coefficients in the trial function of the
CVMLS approximation is less than that of the MLS

approximation. Therefore, without loss of precision,
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fewer nodes are required to be selected in the meshless
method formed from the CVMLS approximation com-
pared to that required in the meshless method with
the MLS approximation. Then under the same nu-
merical precision, the meshless method derived from
the CVMLS approximation has greater computational
efficiency than the one based on the MLS approxima-
tion, and the meshless method based on the CVMLS
approximation will has a higher precision for the same
node distribution.

Based on the CVMLS approximation, the mesh-
less method with complex variable for elasticity
problem,”) the complex variable boundary element-
free method for two-dimensional elasticity and elas-
todynamics problems,'819 the complex variable re-
producing kernel partical method for two-dimensional
elastoplasticity and elastodynamics problems,[20:21]
and the complex variable element-free Galerkin
(CVEFG) method for two-dimensional elasticity,
elastoplasticity, and large deformation problems
have been presented.?2=24 Based on an improved
CVMLS approximation, an improved complex vari-
able element-free Galerkin method has been developed

to solve the two-dimensional elasticity problem. 2!
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Viscoelasticity is important in mechanics and en-
gineering. Yang and Liu studied two-dimensional vis-
coelasticity problems by using a combined approach
of element-free Galerkin method and precise algo-
rithm in time domain.!?®! Using the MLPG method,
anisotropic and linear viscoelastic solids were analyzed
by Sladek et al., and quasistatic and transient dynamic
problems in two-dimensional linear viscoelastic media
were discussed.[?728] Guan et al. discussed the mas-
sive metal forming process based on the rigid/visco-
plastic element-free Galerkin method.*”! A bound-
ary knot method for harmonic elastic and viscoelastic
problems was discussed by Canelas and Sensale. 3]

Based on the CVMLS approximation, the
CVEFG method for two-dimensional viscoelasticity
problems under the creep condition are presented in
this paper. The Galerkin weak form is employed to ob-
tain the equation system, and the penalty method is
used to apply the essential boundary conditions, then
the corresponding formulae of the CVEFG method
for two-dimensional viscoelasticity problems under the
creep condition are obtained. Some numerical exam-
ples are given to demonstrate the validity and the ef-
ficiency of the method in this paper.

2. Complex variable moving

least-square approximation

In the CVMLS approximation, the trial function
is

a"(z) = ul(2)

=p'(2) a(2),

Zpl z

(z=z1 +ize € 2), (1)

+ IU2

where @"(z) is the approximation to function wu(z),
pT(2) = (p1(2),p2(2), ..., pm(2)) is the basis function
vector, a’(z) = (a1(2),a2(2),. ..,
sponding coefficient vector, and m is the number of

am(2)) is the corre-

terms in the basis function vector.
In general, the linear and the quadratic basis func-
tion vectors in 2D are given respectively by

pT = (173)7 (2)
pT = (172’22)' (3)

The local approximation at point z is defined by

pr 7

where Z is the point in the local domain of z.
Define

J—Zw (z —z1)]

= (Pa —a)"W(z)(Pa — ), (5)

(z,21) — ﬂ(z;)]2

where w(z—zr) is a weight function with compact sup-
port, zy (I =1,2,...
of influence that cover point z, and

,n) are the nodes with domains

1 )
u = (u(z1), u(z2), ..ﬂ(zn))T = Qu, (7)
u = (u1(21), u2(21), u1(22), ua(22), . . -,
w1 (2n), u2(zn)) ", (8)

1100 0 0
00 1 i 00
0 0 )

(000000 ... 1 i]
[ pi(z1)  pa(21) P (21)
p_ pl(.ZQ) pz(fz) pm@) 7 10)
p1(zn)  p2(zn) Pm(2n)
w(z—2) 0 0
we-| o TR
0 0 w(z — 2,)
From 8.J/da = 0, we have
A(2)a(z) = B(2)a, (12)
where
A(z) = PTW(2)P, (13)
B(z) = PTW(2), (14)
then
a(z) = A~ (2) B(2)a. (15)

The expression for the local approximation @"(z)

is

<l

"z) =Bz} =) Pr(z)u(z), (16)
=1
where @(z) is called the shape function, and

B(2) = (2,(2), Py(2), -, P, (2))
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=p'(z)A7'(2)B(2), (17)

From Eq. (16) we have

As shown in Eq. (1), in the CVMLS approxi-
mation, the trial function of a two-dimensional prob-
lem is formed with a one-dimensional basis function.
Then the number of unknown coefficients in the trial
function of the CVMLS approximation is less than
that in the trial function of the MLS approxima-
tion. In the MLS approximation, the linear basis is
pt = (1,71,232), and three unknown coefficients are
included in the trial function, whereas in the CVMLS
approximation, the linear basis is pT = (1, z), and two
unknown coefficients are included in the trial func-
tion. In the MLS approximation, the quadratic basis
is pT = (1,21, 29,22, 7129, 23), and six unknown co-
efficients are included in the trial function, whereas
in the CVMLS approximation, the quadratic basis is
pt = (1,2,2?%), and three unknown coefficients are in-
cluded in the trial function. For an arbitrary point in
the domain, we need fewer nodes with domains of in-
fluence that cover the point, and thus we also require
fewer nodes in the whole domain. Under the same nu-
merical precision, the meshless method derived from
the CVMLS approximation has a greater computa-
tional efficiency. If we select the same nodes in the
whole domain, then the meshless method derived from
the CVMLS approximation has higher computational
precision than that derived from the MLS approxima-
tion.

In addition, because the number of unknown co-
efficients in the CVMLS approximation is less than
that in the MLS approximation, the order of Eq. (12)
in the CVMLS approximation is less than that in
the MLS approximation. Then equation (12) can be
solved more easily, and less CPU time is required. Be-
cause we require fewer nodes in the whole domain in
the CVMLS approximation, fewer shape functions are
obtained, and the CPU time will be decreased further.

3. The CVEFG method

two-dimensional

for

viscoelastic-
ity problems

3.1. Constitutive relationships of vis-
coelasticity

The Maxwell model and the

are two typical constitutive models of viscoelastic
(31]

Kelvin model
materials. When linear viscoelastic materials are
located by a constant stress o = oogH (t), where H ()
is the Heaviside unit step function, the strain is time
dependent, and

e(t) = oo (t), (20)

where J(t) is the creep function.
The creep function of the Maxwell model is

1 t
Jt)=—=+ - 21
the one of the Kelvin model is
1
J(t) = (1= e CUn), (22)
and the one of the three-parameter model is
1 1
t)= o+ (1 — e Crt/n 2
J( ) G2 + Gl( € )7 ( 3)

where G, G, and G5 are the shear elastic moduli, and
7 is the viscosity constant of each model.

In the case of small deformation, the stress tensor
o can be decomposed into the spherical tensor and
the deviatoric tensor, i.e.,

011 012 013 o, 0 O
O = | 021 022 023 | = 0 oy 0
031 032 033 0 0 oy
011 — Oy 012 013
+ 021 022 — 0y 023 ) (24)
031 032 033 — Oy

where the first term on the right-hand side is the
spherical stress tensor, the second term is the devi-
atoric stress tensor S;;, and

oy = % _lout ";2 o) (25)

The strain tensor € can be similarly decomposed

into the volume deformation tensor and the shape dis-

tortion tensor, i.e.,

€11 €12 €13 e 00
€= | €9 €220 €23 | = |0 e O
€31 €32 £33 0 0 e
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€11 —€ €12 €13
+ €21 E22—€ €23 ; (26)
€31 €32 €33 — €

where the first term on the right-hand side is the
spherical strain tensor, the second term is the devi-
atoric strain tensor e;;, and

€ii (€11 + €22 + €33)
= 2 =21 == o 27
e=- 3 (27)

In the three-dimensional case, there are two creep
compliances, J1(t) and Ja(t), which describe the fea-
tures of deviatoric and spherical parts, respectively.
The rheological property is obtained mainly by the
shear deformation. Then we assume the volume de-
formation is elastic as follows.

Under the location o = ooH(t), the three-
dimensional constitutive relationship of viscoelastic
materials can be written as

eij(t) = J1(t)Siy, (28)
e(t) = Jo(t)oy,

where Jp (¢) is the creep compliance in Eqgs. (22)—(24),

and

1
JQ(t) - 3?7

with K being the volumetric modulus of elasticity.

(29)

3.2.The CVEFG method for two-
dimensional viscoelasticity prob-
lems

The stress—strain relationship in linear viscoelas-
ticity problems appears to be time-dependent, thus
the material parameters depend on time. Suppose
that the stress o is constant throughout the loading
process, while the strain e(¢) and the displacement
u(t) vary with time. If the body force b in the solving
domain, the traction ¢ on the natural boundary I7,
and the displacement u on the essential boundary I,
are given (the boundary conditions are constant), the
basic equations and the boundary conditions can be
written as follows.

The equilibrium equation is

Lo +b=0, (zen), (30)
where L is the differential operator matrix, i.e.,
0
— 0
81‘1
0
L= 0 — | . 1
P (31)
o 9
dxs Ox1

The strain—displacement relationship is
e=Lu, (ze€). (32)

The stress—strain relationship is

e €11
O'(Z) = M1 e + M2 €929 ) (33)
0 €12
where
(3K 0 0
M =|0 3K 0 |, (34)
| 0 0 3K
ro1
0 0
Ji(t)
1
M, = 0 0 . 35
0 0
i Ji(t)

The boundary conditions are

u=mu, (zx€ly), (36)
n-o=t (rely), (37)
where
0
n= """, (38)
0 N9 N

and n, and ns are the units outward normal to bound-
ary Iy, respectively.

From the CVMLS approximation (16), the dis-
placement @(z) at an arbitrary point z in the domain

can be expressed as
(z) = ui(2) +iug(z) = @(2)u
=Y di(2)a(z), (39)
I=1
where @(z) is the vector of the shape function, and
w(zr) = ui(zr) + iua(zy). (40)

Combining Eq. (39) with Eq. (40), we have
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", | Re[® ~Im[® L -
O T i T ol e ctl PP St G o S POWP S 0 S A Ot)
uz(2) 7 | Im[®1(2)] Re[®/(2)] uz(2r) T
) \
where @(z) is the matrix of shape functions, n is the UT = (uT(21),u"(22),...,uT(2,)), (44)
number of nodes in the support domain of point z, (21
and U is the nodal displacement vector u(zr) = 1( ) . (45)
~ ~ ~ - U2{ 21
P(2) = (P1(2), P2(2),...,Pn(2)), (42)
&, (2) = Re[df;(z)} —Im[?;(z)] 7 (43) The strain tensor of two-dimensional vis-
Im[®;(2)] Re[®1(z)] coelastisity problems can be written as
|
611(2)
e(z) = § ea2(2) ¢ = Lu(z) = L(®(2)u) = L(P(2)Qu)
612(2)
_ n o
(Re[ X- @1(z)a(zr)])
=1
= (Im[ 3= &7(2)a(z1)]) 2 = B(z) - u, (46)
I=1
(Re[ 3= D1(2)a(zr)]) 2 + (Im[ 35 Dr(2)a(2r)])
L =1 I=1
where
B(z) = (Bi1(2), Ba2(z), ..., Bn(2)), (47)
Re[®11(2)] —Im[®;1(2)]
Bi(z) = Im[®; 5(z)] Re[®72(2)] ; (48)
Reld(2)] + mfdy1 ()] —Imldya(2)] + Reldy 1 (2)]
u = (u1(21),ua(z1),u1(22), u2(22), . . ., u1(zn), u2(2,)) (49)
\
The stress tensor of two-dimensional vis- e11 — %(511 +e99 + €33)
coelastisity problems can be written as e11 |
ez ¢ =4 €22 — (€11 + €22 + €33)
011 Oy 011 — Oy 3
0(2) = 002 p =4 0y ¢ T4 022—0y 1z %612
012 0 012 _ B(Q)(Z) -, (52)
€ €11
B (2) is the positive strain matrix
=M;qep+Myq e o, (50)
BW —(BW BW BW 53
0 €12 (Z) ( 1 (Z)v 2 (Z)a'-'a n (Z))7 ( )
where and B®)(2) is the deviator strain matrix
e €11 + €22 + €33
1 B@ ()= (B (2),B?(2),...,.BD(2)). (54
SRS g SRyRETR () = (BP(), B2 ). 69
0 0 For the case of plane stress, o33 = 0, and we have
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) R [@1,1(2)] + Im[él,z('z)} —Im[ém('z)} +Re[®; 5(2)]
My — 3 3 5 3
B;'(z) = 3KJL(0) + 2 | Re[®;,(2)] + Im[®; ,(2)] —Im[®;,(2)] + Re[®; ,(2)] | (55)
0 0
BiRe[P; | (2)] — BoIm[D; ,(2)]  —PiIm[P; (2)] — B2Re[P; ,(2)]
B (2) = | ~aReldy, (2)] + Ailmid, ()] Aalmid, (2)] + AiReld ()] |, (56)
1 1 =
5 (Re[@ ,(2)] + Im[&; (Z)]) ST [@1,2(2)] + Re[®, ,(2)])
where 81 and (32 are constants, and
3K Ji(t)+1
1
P2 =55 (t) +2 (58)
For the case of plane strain, €33 = 0, we have
) Re@],l(z)] + Im[@m(z)] —Im[@m(z)] + Re[@IQ(Z)]
a 3 3 3 =
BV (2) = 5 | Reld, ()] + mfd, 5(2)] —Im[@,,(2)] + Reld, ,(2)] |- (59)
0 0
2 - = 2 - 1 -
gRe@m(z)] Im[@LQ(zﬂ glm@m(z)] 3Re[(151_’2( )l
B® 2 — 1 = 2 _ 1 _
PU) = | —SReld, ()] + 5Tnfd, o) STmfdy ()] + gReld o (2)] (60)
1 . - 1 - -
g(Re[dSI,Q(Z)] + Im[@Ll(z)]) 5(—Im[@172(z)} + Re[dﬁLl(z)])
\
Substituting Eqgs. (51) and (52) into Eq. (50) —a/ SUT (ST - S - a)dl, = 0. (63)
yields
Because the variation of the nodal test function
o11 dUT is arbitrary, the final discretized equation is ob-
o(2) =14 099 ¢ = MiBYu+M,B®u. (61) tained as
712 (K+ K -U=F+F°, (64)
Using the penalty method to apply the essential  here
boundary conditions, the Galerkin weak form of the
) . : K= | B - M,-BWdn
viscoelasticity problems can be written as o
_ T, .B®
/zssT.adQ—/ éuT~bdQ—/ sl Ed T, +/QB M;-B*¥dQ, (65)
N N I
_ ET (. =T\ . T
+a/ 5uTS(u — @)dT, = 0. (62) F*/QSZS (2) bd”*/n@ (2) - ¢dL3, (66)
Iy
K* = d’;T : . is dFu
Substituting Egs. (46) and (61) into Eq. (62) yields a/pu (2)- 8- 2(2) ’ (67)
SUT (BT - M, - BMU AN = O‘/Fu (2)- 8- udly, (68)
0
+/ SUT(BT - M, - BPYU A s— | 0 (69)
2 0 So

sUTSTtdrI,

—/ SUTSTbd 2 —
2 I

+a/ sUT (@ .S ) Udr,

When the displacement exists at the boundary along
the 1 (22) direction, the corresponding s; (s2) equals
to 1, otherwise is 0.
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By solving Eq. (64), the nodal displacement vec-
Subse-
quently, the displacement and the stress of an arbi-

tor at any selected time can be obtained.

trary point in the domain can be easily obtained by
using Egs. (41) and (61). And this is the CVEFG
method for two-dimensional viscoelasticity problems.

4. Numerical examples

Four examples are presented to demonstrate
the applicability of the CVEFG method for two-
dimensional viscoelasticity problems. The results ob-
tained using the CVEFG method are compared with
the analytical solutions and the ones of the EFG
method and the FEM.

In the numerical examples presented in this sec-
tion, the linear basis function and the cubic spline
weight function are used in the CVMLS approxima-
tion. The rectangle zone is used as the support do-
main for a node. In each integration cell, 4 x 4 Gauss
points are used for the Gaussian quadrature, and the
distribution of grid points in the background meshes
are the same as the node distribution.

4.1. Cantilever beam subjected to a dis-
tributed loading

Consider a cantilever beam subjected to a dis-
tributed loading, as shown in Fig. 1. The length
of the beam is L = 8 m, the height is H = 2 m,
and a unit thickness beam is considered. The dis-
tributed loading is ¢ = 3.0 x 10* Pa without consid-
ering the gravity. The volume deformation is elas-
tic, and £ = 1.0 x 108 Pa, v = 0.25. The Kelvin
model is adopted to describe the rheological prop-
erty of the shear deformation, and G' = 2.0 x 10° Pa,
n = 6.0 x 108 Pa-s. This example is discussed as a
plane stress problem.

2 q
BN EEENEREENENERNEN
B "
2 T
7 L I

Fig. 1. Cantilever beam subjected to a distributed load-
ing.

As shown in Fig. 2, 13 x 15 nodes are used in this
example. The scaling parameter dp,,x determining the
size of the support domain is 3.7, and the penalty fac-
tor is a = 1.0 x 10°E.

Fig. 2. Node distribution in the cantilever beam.

The numerical results obtained using the CVEFG
method are shown in Figs. 3-6 compared with the
ones obtained using the EFG method and the FEM
with the same node distribution. From Figs. 3-6, we
can see that the results obtained using the CVEFG
method are in good agreement with the ones obtained
using the FEM, and the CVEFG method in this paper
has higher precision than the EFG method.

or A CVEFG |
L o EFG i
— FEM
—0.04} |
g
£ i ]
s
—0.08} ]
- o -
)
—0.12f 2]
.l 1 9

$]/Il’l

Fig. 3. Vertical displacements of nodes on the neutral
axis of the beam when ¢ = 20 s.

0 - -
—0.04 b
3
—0.08 i
—0.12 i
0 5 10 15 20
t/s

Fig. 4. Time variation of vertical displacement of point
(8, 0).
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.02k T T T T T ]

0.01F b
g

= or ]
3

—0.01f A CVEFG A

o EFG
i — FEM ]
—0.02p L L L L L ]
—1.0 —0.5 0 0.5 1.0
To/m

Fig. 5. Horizontal displacements of nodes on the right
edge of the beam when ¢t = 20 s.

1200
s A00F
Ay
o
\H -
S
—400 F
2005 0 0.5 1.0
.132/111
Fig. 6. Horizontal normal stress at 1 = 1 m when

t=20s.

4.2. Beam subjected to a simple bending

A beam subjected to a simple bending is consid-
ered, as shown in Fig. 7. The geometric parameters
are L =5 m and H = 2 m, and a unit thickness beam
is considered. The volume deformation is elastic, and
E = 1.0 x 10° Pa, v = 0.3. The three-parameter
model is adopted to describe the rheological property
of the shear deformation, and G; = 5.0 x 10° Pa,
G = 1.0 x 10° Pa, n = 2.0 x 10° P-s. This example
is discussed as a plane stress problem without consid-
ering the gravity.

X2
10 kPa 10 kPa
o 2H Ty
10 kPa 10 kPa

| 2L |
| |

Fig. 7. Beam subjected to a simple bending.

By taking advantage of the symmetry of the
model, only a quarter of the model is considered in

this analysis. As shown in Fig. 8, 13 x 7 nodes are
used for this example. The scaling parameter dax is
4.0, and the penalty factor is a = 1.0 x 10%E.

Fig. 8. Node distribution in a quarter of the beam.

Under the same node distribution, the numerical
results obtained using the CVEFG method are in good
agreement with those obtained uisng the EFG method
and the FEM, as shown in Figs. 9-11.

_0.04 T T T T T T T
—0.06 o

—0.08 b

uz/m

—0.10 i

—0.12 b

—0.14 b

ofF
—_
e=]

t/s

Fig. 9. Time variation of vertical displacement of the

midpoint at the right edge of the beam.

0.12 T T T T T

A CVEFG
— FEM

1.0
To/m

ok
o
ISy

15

Fig. 10. Horizontal displacements of nodes on the right
edge of the beam when ¢t = 30 s.

As shown in Fig. 12, to obtain the similar nu-
merical precision, the CPU time used in the CVEFG
method is 10.36 s, and that used in the EFG method
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is 14.35 s. The CVEFG method has greater computa-
tional efficiency than the EFG method.

12 T T T T T

10r 1

U]]/kPa
(o]
1

A CVEFG
— FEM

0 0.5 1.0 1.5 2.0
To/m

Fig. 11.
t=230s.

Horizontal normal stress at 1 = L/2 when

—0.12F o FEM i
O EFG nodes = 14X8 CPU time 14.35 s ]
—— CVEFG nodes =13X7 CPU time 10.36 s

[ R R R R

zl/m

Fig. 12. Vertical displacements of nodes on the neutral
axis of the beam when ¢ = 30 s.

4.3. Circular ring under a distributed in-
ner pressure

The third example considered is a circular ring
under a distributed inner pressure, as shown in Fig. 13.
The distributed loading is p = 30 kPa. The radii of
the circular ring are ¢ = 2 m and b = 5 m. The volume
deformation is elastic, and E = 1.0 x 10° Pa, v = 0.25.
The Maxwell model and the Kelvin model are adopted
to describe the rheological property of the shear defor-
mation respectively. The parameters in the Maxwell
model are G = 5.0 x 10° Pa, 7 = 2.0 x 107 Pa-s, and
the ones in the Kelvin model are G = 5.0 x 10° Pa,
n = 2.0 x 10° Pa-s. This example is discussed as a
plane strain problem.

The analytical solution of radial displacements in
the circular ring obtained using the Maxwell model is

given by31
2 2
_ o pa” 0711
’U/'r‘(r,t) = b2 —a2{’[”2 (Gl + 77)
A PR GG vt
TR {1 (6K—|—G1> ¢ ] } (70)
where
6KG,
A= —n 1
6K + G (1)

Equation (70) is only the solution for a short period
of time, and it will be incorrect in the cases of small

deformation.

Fig. 13. Circular ring under a distributed inner pressure.

The analytical solution of radial displacements
obtained using the Kelvin model is given by[3!]

2
pa 3r —Ait
up(r,t) = b2—a2[(6K+G1><1_e )

+ (éf;) (1 - eGlt/")], (72)

where

B 6K + G,
777 .

Al (73)

Equation (72) shows that the displacement of Kelvin
After
a long period of time, the displacement will become

materials equals to 0 at the loading instant.

steady.

By taking advantage of the symmetry of the
model, only a quarter of the model needs to be consid-
ered in the analysis, as shown in Fig. 14. As given in
Fig. 15, 13 x 15 nodes are used in this example. The
scaling parameter dp,.x is 4.0, and the penalty factor
is = 1.0 x 10°E.
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2 Y

Fig. 14. A quarter of the circular ring with boundary

conditions.

Fig. 15. Node distribution.

The numerical results obtained using the CVEFG -
and the EFG methods are shown in Figs. 16-19. Form
Figs. 16-19, we can see that the results obtained by
the CVEFG method are in good agreement with those
obtained by the EFG method and the analytical solu-

0.26 - E
0.22 | .
3
018 - A CVEFG
o EFG

i —— analytical |

0‘14 1 1 1 1 1 1 1
0 10 20 30

t/s

Fig. 17. Time variation of radial displacement at point
(2,0) obtained using the Maxwell model.

0.15 A CVEFG ]

L o EFG R

013k — analytical |

i 0.11} .
S

0.09 - 4

0.07 i 1 1 1 1 1 1 1 ]

Fig. 18. Radial displacements at zo = 0 when ¢t = 30 s
obtained using the Kelvin model.

0- 16 [ T T T T T T T ]
0.12 i
i 0.08 1
3 - -
0.04 A CVEFG b
L o EFG ]
—— analytical

0 - -

0 10 20 30

t/s

tion.
0.26 [ T T T T T T T
A CVEFG
I o EFG
0.221 —— analytical
i 0.18F
3
0.14f+
010 1 1 1 1 1 1 1
2.0 3.0 4.0 5.0

Fig. 19. Time variation of radial displacement at point
(2,0) obtained using the Kelvin model.

4.4. Concrete dam under the hydrostatic
pressure

To show the validity of the application of the
CVEFG method to a complicated engineering prob-
lem, a concrete dam under the hydrostatic pressure is
considered in this example. The geometric parameters
of the dam are shown in Fig. 20. The dam is of 100 m

Fig. 16. Radial displacements at o = 0 when ¢t = 30 s

obtained using the Maxwell model.

in height, while the upstream water level is 90 m, and
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no water exists at the downstream. The bottom of
the dam is completely fixed, only the water pressure
needs to be considered. The dam is built up with
concrete, so the rheological property after completion
should be taken into account. The volume deforma-
tion of the concrete is elastic, and E = 2.0 x 10*° Pa,
v = 0.2. The three-parameter model is adopted to
describe the rheological property of the early-age con-
crete, and G; = 8.33 x 10° Pa, G, = 4.0 x 10'° Pa,
n = 8.0 x 10'6 Pa-s. This example is discussed as a
plane strain problem without considering the gravity.

7.5

10}

—

u
y

50

upstream downstream

7.5

concrete

50

[ 67.5 |

Fig. 20. Schematic diagram of concrete dam under hy-
drostatic pressure.

As shown in Fig. 21, 255 nodes are used in this
example. The scaling parameter dy,ax is 4.0, and the
penalty factor is a = 1.0 x 10%E.

Fig. 21. Node distribution in the dam.

The numerical results obtained by the CVEFG
method are shown in Figs. 22 and 23. It is shown that
the results obtained using the CVEFG method are in
good agreement with those obtained using the EFG
method and the FEM. So the validity of the CVEFG
method applied to a complicated engineering problem

is verified.

0.020 b

0.016 b

E L ]

= 0.012 B
0.008 - A CVEFG -

o EFG
i —— FEM ]
0.004 | i

0 100 200 300 400 500
t/day

Fig. 22. Time variation of horizontal displacement of the
top point (7.5,100).

0.020 b
0.015F b
g
= 0.010F h
S
0.005 | A CVEFG 7
o EFG
— FEM
0_
0 20 40 60 80 100
ZTa/m
Fig. 23. Horizontal displacements at 1 = 15 when

t = 43200000 s (500 days).

5. Conclusion

Based on the CVMLS approximation and
the EFG method, the CVEFG method for two-
dimensional viscoelasticity problems is presented in
this paper. The CVEFG method has higher computa-
tional precision and efficiency than the EFG method.

Based on the complex variable theory, the
CVEFG method in this paper can only solve two-
dimensional problems. For three-dimensional prob-
lems, we can use the meshless methods based on the
IMLS approximation.[32:33] The work in this paper will
be a foundation for obtaining the CVEFG methods
for elasto-viscoplasticity, viscoelastic large deforma-

tion problems and viscoelastic dynamics.
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