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In this paper, an improved interpolating moving least-square (IIMLS) method is presented. The shape function

of the IIMLS method satisfies the property of Kronecker & function. The weight function used in the IIMLS method is

nonsingular. Then the IIMLS method can overcome the difficulties caused by the singularity of the weight function in
the IMLS method. And the number of unknown coefficients in the trial function of the IIMLS method is less than that of
the moving least-square (MLS) approximation. Then by combining the IIMLS method with the Galerkin weak form of

the potential problem, the improved interpolating element-free Galerkin (IIEFG) method for two-dimensional potential
problems is presented. Compared with the conventional element-free Galerkin (EFG) method, the IIEFG method can

directly use the essential boundary conditions. Then the IIEFG method has a higher accuracy. For demonstration,

three numerical examples are solved using the IIEFG method.
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1. Introduction

Some traditional numerical methods, such as the
finite element method (FEM) and the boundary el-
ement method (BEM), are very successful in solv-
ing science and engineering problems. However, they
cannot be effectively applied to some complicated
problems, such as extremely large deformation and
crack growth problems. To overcome these limita-
tions, meshless methods have been developed in re-
cent years. The most important common feature of
the meshless methods is that the trial function is con-
structed from a set of nodes with a minimum of or
no meshing at all. They show many advantages over
the FEM in a class of problems that are not well
suited to be studied with the traditional computa-
tional methods.[' %! Based on different approximation
functions, many kinds of meshless methods have been
proposed. 5]

The moving least-square (MLS) approximation
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is one of the most important methods to form the
shape function in the meshless method. The MLS ap-
proximation is developed from the conventional least-
square method. In practical numerical process, the
MLS approximation is the conventional least-square
method for each selected point in the local influence
domain. The MLS approximation was first introduced
by Shepard!® for constructing smooth approximations
to fit a specified cloud of points. It was then extended
by Lancaster and Salkauskas(” to surface generation
problems. The shape function in the MLS approxi-
mation is simple, and the meshless method based on
the MLS approximation can offer a solution with high
accuracy.8~17]

A disadvantage of the MLS approximation is that
the shape function does not satisfy the property of
Then the meshless methods
based on the MLS approximation cannot be applied

Kronecker 6 function.

with the essential boundary conditions as directly and
easily as the FEM.

*Project supported by the National Natural Science Foundation of China (Grant No. 11171208) and the Shanghai Leading Academic

Discipline Project, China (Grant No. S30106).
TCorresponding author. E-mail: ymcheng@shu.edu.cn

(© 2012 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb  http://cpb.iphy.ac.cn

090204-1



Chin. Phys. B Vol

. 21, No. 9 (2012) 090204

Lancaster and Salkauskas!”) presented an inter-
polating moving least-square (IMLS) method based
on the MLS approximation with a singular weight
The shape function of the IMLS method
satisfies the property of Kronecker 6 function, then
the meshless methods based on the IMLS method can
be applied with the essential boundary condition di-

function.

rectly without any additional numerical effort. Kalje-
vic and Saigall'f! presented an improved formulation
of the element-free Galerkin (EFG) method based on
the IMLS method. Ren et al.''® revised the formu-
lae of the IMLS method, and presented an interpolat-
ing element-free Galerkin method and an interpolating
boundary element-free method for two-dimensional
potential and elasticity problems, respectively.

A disadvantage of the IMLS method is that the
weight function is singular at the nodes. It compli-
cates the computation of the inverse of the singular
matrix, and it causes many difficulties in obtaining
the derivatives of the approximation function in the
IMLS method. The computing speed and efficiency
are reduced due to the singularity. To overcome the

(191 presented a perturbation

singularity, Netuzhylov
technique in the IMLS method by using a small pos-
itive number € within the regularized weight function
matrix. However, the appropriate value of £ cannot
be determined theoretically, and the errors of the ap-
proximation function and its derivatives are often in-
fluenced by e.

In this paper, an improved interpolating mov-
ing least-square (IIMLS) method with a nonsingular
weight function is presented. The shape function of
the IIMLS method satisfies the property of Kronecker
d function. Thus the essential boundary condition can
be applied directly and easily in the meshless method
based on the IIMLS method. The weight function
used in the IIMLS method is not singular at any
point. Any weight function used in the MLS approx-
imation can be chosen as the weight function in the
IIMLS method. Then the IIMLS method can over-
come the difficulties caused by the singularity of the
weight function in the IMLS method. And the num-
ber of the unknown coefficients in the trial function of
the IIMLS method is less than that of the MLS ap-
proximation. Then we can select fewer nodes in the
local influence domain in the IIMLS method, and a
higher computational accuracy can be obtained.

Then combining the IIMLS method in this paper
with the Galerkin weak form of the potential prob-
lem, we present an improved interpolating element-

free Galerkin (ITEFG) method for two-dimensional
potential problems, and the corresponding formulae
are obtained. The essential boundary conditions are
applied naturally and directly in the IIEFG method.
The ITEFG method gives a greater computational ac-
curacy. Some numerical examples are presented to
demonstrate the method.

2. Improved interpolating mov-

ing least-square method

Let pi(x),p2(x),...,pm(x) be the given basis
functions, and pi(x) = 1. In order to let the shape
function of the IIMLS method, in which the nonsin-
gular weight function is used, satisfy the property of
Kronecker & function, we first generate a new set of
basis functions.

For a given point x € (2, let

n

Pi(®)e = pi(@) = > _v(x, xr)pi(r),
i=1,2,...,m, . (1)

where & is the point in the local approximation of «,
x; (I =1,2,...,n) are the nodes with the domains
of influence covering point «, and

C(iB,IB[)

vz, xr) = — ; (2)
Z C(.’E,:BJ)
J=1
with
11;[1 |l — z?
C("Bawl): H HwI_wJHQ' (3)
JAI

We also need to perform the same transformation
of u(x). Then let

n

W), =u(@) — Y v(@,z)u(zr). (4)

I=1

The function v(x,x;) obviously satisfies

v(zr,y) =817, (5)

and
n
Zv(w,asl) =1, Vxen. (6)
=1
Next we will obtain the approximation function
of the new function @(Z), by using the MLS approxi-
mation with the new basis functions.
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Define a local approximation function

where a;(x) are the unknown coefficients of the new
basis. From Egs. (1) and (6), we have

n
P(®)e =1-) v(@,z) =0. (8)
=1
Then
r(x, ®) = Zﬁi(i)xdi(m)- (9)
i=2
The m — 1 coefficients a;(x), ¢ = 2,3,...,m, can be

obtained by using the weighted least-square method.
Then define a functional

j= :

\E

w(z — x|y (x, xr) — U(T1).]

~
Il

1
n

w(x —xy) {Zv(w,w[)u(wj)

I=1

I
M=

~
Il

1

NE

2
S pilan) (@) u(wn} )

7

I|
)

Equation (10) can be written as

J = (V(z)u+ P(x)a(z) — u)"W(z)(V(x)u

+ P(x)a(x) —u), (11)
where
&‘T(w) = (a2($)7d3(m)7 7am(w))a (12)
ut = (u(x), u(zs), . .., u(z,)), (13)
w(x —x1) 0 0
W () = 0 w(x — T2) 0 ,
0 0 w(x — x,)
(14)
P2(x1)z P3(T1)e Pm(T1)z
Pla) = P2(T2)e P3(T2)s ~m(f'Ez)I ’ (1)

and V() is an n x n matrix, in which the row is given
by

v(x) = (v(x, x1),v(x, 22),...,0(x,2,)). (16)

To obtain a;(x), we let

g% = A(z)a(x) — B(z)u = 0, (17)
where
A(z) = PT(2)W (2)P(), (18)

a(x) = A Y (x)B(z)u. (20)

Then the local approximation function can be ob-
tained as

where

Pm(Z)a). (22)

From Egs. (4) and (21), the global interpolating
approximation function of u(x) is obtained as

P()z = (P2()z, P3(T)a, - - -

i (z) = P(x)u = Zé;(az)u(:ﬂ[}, (23)

where &(z) is a matrix of the shape function

é(w) = (@1(:1:), 2(33)5 e ’én(w))
=v(@)+p (®)A" (2)B(z), (24)

l

and

ﬁT(a") = (92(w)a 93(15)’ s 79171(33))’ (25)

gi(x) = pi(x) = Y v(z.zr)pi(er).  (26)

Equation (24) is the shape function of the IIMLS
method, and then the IIMLS method is presented.

Obviously, the approximation function in Eq. (23)
satisfies the interpolating property, i.e.,

a"(xg) = u(xy). (27)

And the linear combination of the basis functions can
be exactly reproduced by the IIMLS method, i.e., for

u(x) = Bip1(x) + Bap2(x) + ... + Bpm(x), (28)

where 81, o, ...
ists

, Bm are arbitrary constants, there ex-

a"(x) = u(zx). (29)
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The shape function of the IIMLS method can sat-
isfy the property of Kronecker & function. Compared
with the IMLS method presented by Lancaster and
Salkauskas,[”) the IIMLS method possesses a nonsin-
gular weight function. Then any weight function used
in the MLS approximation can also be used in the
IIMLS method.

From Eq. (9), it can be seen that the number of
the unknown coefficients in the trial function of the
IIMLS method is less than that in the trial function
of the MLS approximation. Therefore, we can se-
lect fewer nodes in the meshless method based on the
IIMLS method compared to that based on the MLS

approximation.

3. Improved interpolating element-
free Galerkin method for po-

tential problems

In this section, the ITEFG method based on the
IIMLS method will be presented for two-dimensional
potential problems. The advantage of the IIEFG
method is that the essential boundary conditions can
be applied directly and easily.

Consider the following two-dimensional Poisson’s
equation:

Vu(z)+b(x) =0, x=(z,y) <€ 2, (30)

with boundary conditions of the Dirichlet type

w(@) = alx), el (31)

or of the Neumann type

q(z) = 82(:) —g(x), mel, (32)

where u(x) is an unknown function, b(x) is a known
function, n is the unit outward vector normal to the
boundary I', and @ and ¢ are the prescribed values
of function u(x) and its normal derivative over the
boundary I', respectively. Notice that I' = I, U I}.
The Galerkin weak form of Eqs. (30)—(32) is

/Féu-(j(a:)df—/né(Vu)T-VudQ

+ / du - b(x)ds2 =0, (33)

where

ou ou\" T
Vu= <8m 8y> = (g, Uy) . (34)

We employ ny nodes in domain {2, and the union
of its compact support domains 27, I = 1,2,...,n4,
must cover the whole domain (2. According to the
IIMLS method, the unknown potential u(x) at any
field point @ in domain {2 can be expressed as

u(z) = BT (x)u = Zél(w)u(:w), (35)

I=1
where n is the number of nodes whose compact sup-
port domains cover point . Then we have

Vu=VeT(x)u = BTu, (36)
where
BT _ | 21e(®@) Pan(@) oo Pny(@) (37)
Pry(@) Poy() -+ Pry()
Substituting Eq. (35) into Eq. (33) yields
/ sutd(x) - G(z)dl — / Sul (BB")udsf?
+ / Sutd(x) - b(x)d2 = 0. (38)
Q

Then we have

du” [ / &(x x)dl" — / BBTudf?

+ /st( z)b(z )drz] = 0. (39)

Because the nodal test function du is arbitrary, the
final discretized equation is obtained as

/ &(x) - g(x)dl — / BB"udf?
/ B(2)b()d2 = 0, (40)

ie.,
Ku=F, (41)
where

K= / Vot - VoA, (42)
(9]

= |
I

q

Since the shape function of the IIMLS method
satisfies the property of Kronecker & function, the es-

rg(z)dl + / rb(x)dR.  (43)
2

sential boundary conditions can be applied directly.
And then by substituting the boundary conditions of
Eq. (31) into Eq. (41), we can obtain the unknowns
at nodes by solving the linear equation (41). Thus
the ITEFG method is presented for two-dimensional
potential problems.
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4. Numerical examples

In this section, we will present some numerical
examples to show the accuracy of the IIEFG method
proposed in this paper. The discrete absolute error ey

is defined as
_ h
er = |ur — ug, (44)

where u; and ul! are the analytical and the numerical
solutions at x, respectively.

The weight function plays an important role in the
IIMLS method. Compared with the IMLS method,
the nonsingular weight function is used in the IIMLS
method. Then the cubic spline weight function, i.e.,

w(x —xr) = w(r)
2/3 — 4r? + 4r3, r<1/2,
= 4/3—dr+4? —43/3, 1/2<r <1, (45)
0, r>1,

is used in the present analysis. Here

r=— d1:||iL'—£L'[||, (46)
and py is the radius of the influence domain of node
Iy.

Example 1 Consider an internal potential prob-
lem, in which the warping function u(z,y) is regarded
as a part of the torsion problem for an elliptical cross-
section i—z + Z—z =1 with @ = 2 and b = 1.9 The
warping function satisfies the Laplace’s equation

V2u = 0. (47)

The analytical solution of this problem is

(b? — a®)ay

a? + b2 (48)

u(ma y) =

The boundary condition is of the Dirichlet type
extracted from the above analytical solution.

Due to the symmetry of the model, only a quarter
of the problem domain is analysed. The quadratic ba-
sis function is used. The cubic spline function (45) is
selected as the weight function. We use p; = 0.8 and
a total of 33 nodes in the problem domain, as shown
in Fig. 1. The numerical and the analytical solutions
of the warping function along the line AB are shown
in Fig. 2. It is evident that the numerical results are
in excellent agreement with the analytical solutions.

Fig. 1. Node distribution.

0.1 T T T T T T

analytical
m numerical

701 -

u(z,y)

—0.2F

703 -

—0.4

Fig. 2. Analytical and numerical solutions of u(x, y) along
line AB.

When the node distribution in Fig. 1 is used, the
absolute errors between the analytical solutions and
the numerical ones obtained with the ITEFG and the
EFG methods at the inner nodes are shown in Fig. 3.
When the node distribution in Fig. 4 is used, the cor-
responding absolute errors are shown in Fig. 5. Evi-
dently, compared with the conventional EFG method,

the ITEFG method improves the computational accu-

racy.
103 4
-
2
5 107k E
2
=1
2 10s
Z 1075 3
< —~EFG
X ——[IEFG
10-6F 3

0 2 4 6 8 10 12 14
Node number

Fig. 3. Absolute errors of the IIEFG and the EFG meth-
ods at the inner nodes.
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The linear basis function is used in this exam-
ple. A total of 81 nodes are employed on the problem
domain (see Fig. 6), and p;y = 0.1375. Then the nu-
merical and the analytical solutions at z = 0.5, 0.375,
and 0.25 are shown in Fig. 7. It is also evident that
the numerical results are in excellent agreement with
the analytical solutions. The absolute errors at the
inner nodes with the IIEFG and the EFG methods
are shown in Fig. 8. It can be seen that the IIEFG
method still has a higher computational accuracy.

Node number

Fig. 5. Absolute errors of the IIEFG and the EFG meth-
ods at the inner nodes.

Example 2 Consider a temperature field in a
rectangular plate with boundary I', which is governed
by the Poisson’s equation

VQT(x7y) = _2(:E + Yy — xQ - y2)7

0<zr<l0<y<l (49)
And the boundary condition is
T(x,y) =0, (x,y)el. (50)
The analytical solution of this problem is
T(w,y) = (x —2*)(y — ). (51)

Fig. 6. Node distribution.

0.06 -
0.04 i
&~ .

r analytical b

numerical:
0.02 o0 £—=05 -
L A 1 =0.375 b

A x=0.25
ok i
0 0.2 0.4 0.6 0.8 1.0
)

Fig. 7. Analytical and numerical solutions at * = 0.5,
0.375, and 0.25.

104} J

10-°

Absolute error

Node number

Fig. 8. Absolute errors of the IIEFG and the EFG meth-
ods at the inner nodes.

Example 3 Consider a two-dimensional Lapla-
ce’s equation

VT (zy) =0, (zy)€ 2, (52)
where the domain 2 is shown in Fig. 9.
The analytical solution of this problem is
T(z,y) = e®siny. (53)

The boundary condition is of the Dirichlet type ex-
tracted from the above analytical solution.

The linear basis function is also used in this ex-
ample. As shown in Fig. 9, 44 nodes are used for this
example, and p; = 0.3767. The numerical and the an-
alytical results along the line O A are shown in Fig. 10.
It is evident that the present numerical results are in
excellent agreement with the analytical solutions with
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high accuracy. For comparison between the EFG and
the ITEFG methods, the absolute errors at the inner
nodes are shown in Fig. 11. It still can be seen that the
ITEFG method has a higher computational accuracy.

2 A
[ ] [ ]
° °
. e .
1
L] L ] L ] L]
. ° ° °
O 1 2 T

7- T T T T T T ]
5F analytical b
| ® numerical i
&~ 3b |
1+ i
—1 L L L L 1 Il
0 0.4 0.8 1.2 1.6 2.0
T
Fig. 10. Analytical and numerical solutions of 7' along
line OA.
10— 1E E
et
9]
5
P 102 E
=
o
2 1073 1
< —-EFG
Lo -+ TIEFG ]
0 4 8 12 16 20

Node number

Fig. 11. Absolute errors of the IIEFG and the EFG meth-
ods at the inner nodes.

5. Conclusion

In this paper, based on the MLS approximation,
the IIMLS method is presented. The shape function of
the IIMLS method satisfies the property of Kronecker
d function. And the number of unknown coefficients
in the trial function of the IIMLS method is less than
that in the trial function of the MLS approximation.
The essential boundary condition can be applied di-
rectly and easily in the meshless method based on the

IIMLS method, and fewer nodes are needed in the lo-
cal influence domain.

The weight function used in the IIMLS method is
nonsingular compared with that in the IMLS method
presented by Lancaster and Salkauskas. Then IIMLS
method can overcome the difficulty caused by the sin-
gularity of the weight function in the IMLS method.
Therefore, the IIMLS method has a high computa-
tional accuracy.

By combining the IIMLS method in this paper
with the Galerkin weak form of the potential problem,
the ITEFG method is presented for two-dimensional
potential problems, and the corresponding formulae
are obtained. Compared with the conventional EFG
method, the ITEFG method can naturally and directly
The IIEFG
method gives a higher computational accuracy.

use the essential boundary conditions.
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