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In this paper, based on the element-free Galerkin (EFG) method and the improved complex variable moving least-

square (ICVMLS) approximation, a new meshless method, which is the improved complex variable element-free Galerkin

(ICVEFG) method, for two-dimensional potential problems is presented. In the method, the integral weak form of

control equations is employed, and the Lagrange multiplier is used to apply the essential boundary conditions. Then the

corresponding formulas of the ICVEFG method for two-dimensional potential problems are obtained. Compared with

the complex variable moving least-square (CVMLS) approximation proposed by Cheng, the functional in the ICVMLS

approximation has an explicit physical meaning. Furthermore, the ICVEFG method has greater computational precision

and efficiency. Three numerical examples are given to show the validity of the proposed method.
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1. Introduction

Meshless methods have been used in a variety of
scientific and engineering problems.! =13 The meth-
ods only employ the information at nodes, and do
not need the subdivision of the solution domain into
many smaller regions. Then they have simple pre-
processings and a high computing precision.

The moving least-square (MLS) approximation (4]
is one of the methods used to form the shape func-
tion in the meshless method, and is most widely used.
It has been successfully used for the simulation of a
broad range of systems in the last decades.['>=19) The
shape function formed with the MLS approximation is
able to obtain a quite precise solution. However, the
MLS approximation is the approximation of a scalar
function, thus the meshless method derived requires
a lot of nodes in the domain, in addition, the final
algebra equation system is sometimes ill-conditioned.

In order to enhance the computational efficiency,
a new approximation method, the complex variable
moving least-square (CVMLS) approximation, has
been developed.[?’l The CVMLS approximation is the

DOI: 10.1088/1674-1056/21/9/090203

approximation of a vector function, and with this ap-
proximation, the trial function of a two-dimensional
problem is formed with a one-dimensional basis func-
tion. The number of unknown coefficients in the trial
function of the CVMLS approximation is less than
that in the trial function of the MLS approximation,
and we can thus select fewer nodes in the meshless
method formed from the CVMLS approximation than
that from the MLS approximation without loss of pre-
cision.

However, the physical meaning of the functional
in the CVMLS approximation is not clear. To over-
come this insufficiency, the improved complex vari-
able moving least-square (ICVMLS) approximation
has been discussed,?!] and the functional in this new
method has an explicit physical meaning.

In this paper, based on the element-free Galerkin
(EFG) method and the ICVMLS approximation,
the improved complex variable element-free Galerkin
(ICVEFG) method for two-dimensional (2D) poten-
In the method, the in-
tegral weak form of control equations is employed,

tial problems is presented.

and the Lagrange multiplier is used to apply the
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essential boundary conditions.  Then the corre-
sponding formulas of the ICVEFG method for two-
dimensional potential problems are obtained. Com-
pared with the CVMLS approximation proposed by
Cheng, in the ICVMLS approximation, the functional
has an explicit physical meaning. Furthermore, the
ICVEFG method has greater computational precision
and efficiency than the complex variable element-free
Galerkin (CVEFG) method. Three numerical exam-
ples are given to show the validity of the ICVEFG
method.

2. Improved complex variable

moving least-square approxi-

mation

Compared with the CVMLS approximation pro-

posed by Cheng,?% a new functional J, which has an
explicit mathematical or physical meaning, is intro-
duced in the ICVMLS approximation.

The trial function is defined as

u"(2) = uf(z) +iug(2) = ) pil2)ai(2)
i=1
=p’(2)a(z), z=x,+izg € N2, (1)

where uP(z) is the approximation to function u(z),
p(2) = (p1(2),pa(2), .-
tion vector, which equals the conjugate of the ba-
s Pm(2)),
a®(z) = (a1(2),aa(2), . .., am(z)) is the corresponding

,Pm(2)) is the basis func-
sis function vector pT(z) = (p1(2),p2(2),...

coeflicient vector, and m is the number of terms in the
basis function vector.
In general, the linear and the quadratic basis func-

tion vectors in 2D are given respectively by

ﬁT = (1’ Z)v (2)
IjT = (1327 22)' (3)

The
ai(z) (i = 1,2,...,m) is determined by minimizing

where Z is the node in the local domain of z.

the following functional:

J = w(z — 2r1) \Uh(zvzl) —“(21)’2

n
I=1

m

_ iw@ . >(; ) i)~ uten) )

. (i_ilpm a(2) —ulen)), )

where w(z — z7) is a weight function with compact

support, zr (I =1,2,...,n) is the node in a compact
support domain of point z, and

u(zr) = ui(zr) + ius(zy). (6)
For functions f(z) and g(z), define inner product

(f.9): =Y w(z—z0)f(z)g(z1), Vf,9€CR2),(7)

I=1

n

where g(z7) is the conjugate of g(z1), 2 = 2UAS2, and
C(£2) is the set of all continuous functions in domain
2. Correspondingly, the norm is

||f|‘z: [(faf)z]l/Q (8)

Equation (5) can then be expressed as

J = (Pa(z) - u'(2))"W (=) (Pa(z) — u*(2))

= [p"()- a(z) —ul, ©)
where
pi(z1)  Pa(z1) Pm(21)
b 151(.22) ;52(.272) ﬁm@) W)
p1(zn)  D2(zn) Pm(2n) nxm
w(z — 21) 0 0
0 w(z — 29 0
W(z) = ( . : ,(11)
0 0 w(z — zn)
w* = (u(z1),u(22),...,u(z))" = Qu, (12)
u = (u1(21),u2(21),u1(22),u2(22), ...,
U1(Zn),U2(Zn))T, (13)
(11 0000 00|
001 i 0 0 0 0
Q=000 01 i 0 0 (14)
00 0 O0O0O0 ... 1 i

- - nx2n

Equation (5) can be also written as
J = Halpl+a2ﬁ2+~~+amﬁm_u”§a (15)

where p; = 9;(2),1=1,2,...,m.
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Let u® be the
span(py, P2, - - - , Pm ), obviously,

projection of w in

2

JO = Hu<1> —u (16)

z

is the minimum of functional J.
The function u could be decomposed orthogonally
as

uw=u® + u(2), (17)
where u(® Lspan(py, P2, .. ., pm). Obviously,
(ﬁiau(m)zzo, (121,2,

then, we have

(ﬁ“u)z = (ﬁiau(l))z + (ﬁiau@))z = (ﬁiyu(l))za
. .,m), (19)

and

(ﬁhu)z = (ﬁhu(l))z
= (pi,a1p1 + a2P2 + -+ - + amPm)-- (20)

The matrix form of Eq. (20) is

(ﬁlaﬁl)z (ﬁb]@)z (ﬁlaﬁm)z
(]5 apl)z (727172),2 (i)%ﬁm)z
(i)wupl)z (pmaﬁQ)z (pmapm)z
ai(z) (p1,u)=
y 0,2(2) _ (anu)Z ’ (21)
am(z) (D )

ie.,
(PTW(2)P)a(z) = PTW (2)a*. (22)
The conjugate of Eq. (22) can be written as
(PTW (2)P)a(z) = P"W (2)u*, (23)

then we obtain

a(z) = C7(2)B(2)u’, (24)

where
C(z) = P"W(2)P, (25)
B(z) = PTW(2). (26)

Combining Eq. (24) with Eq. (4), the expres-
sion for the local approximation u"(z, 2) is obtained,

namely,

where @(z) is called the shape function, and

D(z) = (P1(2), Pa(2), ..., Pu(2))
=p (2)C7'(2)B(2). (28)

From Eq. (27), we have

In the ICVMLS approximation, the trial function
of a two-dimensional problem is formed with a one-
dimensional basis function; therefore, its number of
unknown coefficients is less than that in the MLS ap-
proximation. In the MLS approximation, the linear
basis is pT = (1,71, 232), and three unknown coeffi-
cients are included; whereas in the ICVMLS approxi-
mation, p* = (1, 2), and two unknown coefficients are
included. Moreover, in terms of quadratic basis, in
the MLS approximation, p* = (1,21, 22, 22, 1122, 23),
and six unknown coefficients are included; whereas
in the ICVMLS approximation, p* = (1, z,22), and
three unknown coefficients are included. In this man-
ner, for an arbitrary point in the domain, we need
fewer nodes with domains of influence that cover the
point, and thus we can require fewer nodes in the
whole domain.

Compared with the CVMLS approximation pre-
sented by Cheng, the above-mentioned ICVMLS ap-
proximation has not only all the excellent features of
the former but also a more explicit physical meaning.
From the ICVMLS approximation, a distinct expres-
sion for the approximation function is obtained. Be-
cause the polynomial’s conjugated basis is adopted to
make the shape function, the method has higher com-

puting precision and efficiency.
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3. The ICVEFG method for two-

dimensional potential prob-

lems

In this section, we present the ICVEFG method
for the two-dimensional Poisson’s equation

Pu(x)  *u(x)

2 2
Oxs O0xs

=Qx), (we), (31)

with boundary conditions of the Dirichlet type, i.e.,

u(z) = a(x), (xe€ly), (32)
and the Neumann type, i.e.,
ou(z)

q(x) = “on ¢ (xely), (33)

where the potential u(x) is an unknown function,

Q(x) is a known function, n is the unit outward nor-

mal to boundary I', @(x) is the prescribed value of

function u(x) over the essential boundary I3, and ¢

is the prescribed normal derivative of u(x) over the

natural boundary Iy, and I'=1, U I, I',N 1, = ¢.
Let

1/ ou 2 1/ Ou 2
H:/Q[z<ax1) *2((%2) ‘“Q]d”
—/ u-qdrl’. (34)
T

q

The potential u(x) that makes 811 reach zero is ex-
actly the solution satisfying control equation (31) and
boundary condition (33). The Lagrange multiplier is
used to apply the essential boundary conditions. Then
a modified IT* is obtained as

" =1+ / Au —a)dl, (35)
Iy

where A is the Lagrange multiplier. The stationary

condition of IT* is
SIT* = 6H+/ d(u—a)dI’
F‘ll,

+/ AsudI" = 0. (36)
T,

u

Substituting Eq. (34) into Eq. (36), we have the fol-
lowing integral weak form:

/Qé(Lu)T(Lu)d.Q—/QSquQ—/ Sugdl’

Iy

—|—/ 6/\(u—ﬂ)df—|—/ AdudI” =0, (37)
I, Iy

where

L= (38)

From Eq. (29), u(x) can be expressed as
u(x) = Re[P(z)u”]

= Re{é@l(z)u(zl)} = d(2)u*, (39)

B(2) = (D1(2), Pa(2),...,Pn(2)), (40)
431(2) = Re[®;(2)]. (41)
Moreover,

I=1
9
- 6;1 Re[@7(2)]u(zr) = B(2)u”, (42)
I=1 871.2

where
B<Z) = (Bl(z)aB2<Z)7"'7Bn(Z)>7 (43)

Re[@I,l(z)]

Bi(z) =
1(2) Re[d ()]

(44)

In order to obtain the discrete system equations,
A is expressed in the Lagrange interpolation as
nx
Ax) =D Ni(s)\r =NX, (zel,), (45)
=1
where n) is the node number on the boundary, Ny(s)
is a Lagrange interpolation, s is the arc length along
the boundary, and

N = (N1, Na, ..., Npy), (46)
AT = (0, A2, ) (47)
From Eq. (45), we have
SA(x) = > Ni(s)8A; =SATNT. (48)
I=1

Substituting Eqgs. (39), (42), (45), and (48) into
Eq. (37) yields

/ 5[B(2)u]T[B(2)u*]d
2

—/ 5[é(z)u*]QdQ—/ 8[®(2)u*|gdl
2

Iy

+ / GATNT)[(S(2)u* — a]dD
I

u
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+/ (NX)S[P(2)u*]dI = 0. (49)
I,

u

The integral terms in Eq. (49) will be analyzed respec-
tively. The first term of Eq. (49) is

/QS[B(z)u*]T[B(z)u*]d.Q
= éu*T[/QBT(z)B(z)dQ] u* = du*T Ku*, (50)
where
= T(2)B(z
K_/QB (2)B(2)d2, (51)

K is a ny X ng matrix with n; being the total number
of nodes in 2. The second term of Eq. (49) is

/ §[®(2)u*)|Qd
Q

= su*T / T (2)Qd2 = suTFY,  (52)

Q
where F(1) is a load matrix , and
FO = / &1 (2)Qdn. (53)
Q

The third term of Eq. (49) is

/ 8[®(z)u*]Gdl
I

q

= suT /F ST (2)gdlr = suTF®,  (54)

q

where F?) is a load matrix, and

F = / ST (2)gdr. (55)
T

q

The fourth term of Eq. (49) is

/F BATNT)[@(2)u* — a]dD

= SATGTu* — AT, (56)
where
r= [ NTadr, (57)
F’LL
G = / ST (:)Ndr. (58)
Iy

The fifth term of Eq. (49) is
/ (NA)S[(=)u]dT
r,

= 5u*T[ / iST(z)NdF})\ =suTGA. (59)
Iy

Substituting Eq. (50), (52), (54), (56), and (59) into
Eq. (49) yields

Su*T[Ku* + GX — F] + AT |G u* — 7] = 0, (60)

where
F=FY 4+ F®, (61)

Because of the randomicity of du*T or AT, we
have the final linear system

Ku*+ G\ - F =0, (62)
GTu* —r=0. (63)

Equations (62) and (63) can be expressed as

K G u* F
= . (64)
G' o A T
Thus the ICVEFG method for two-dimensional poten-
tial problems is presented.

4. Numerical examples

Three examples are solved with the ICVEFG
method in this section. The node distribution for each
example is regular. And the linear basis function and
the cubic spline weight function are employed. For the
purpose of error estimation and convergence studies,
we define the relative error

=¥

i

: (65)

num exact
Uiy U

u?xact

exact
[

num
K3

where u and u are the numerical and the exact

solutions, respectively.

4.1. Laplace’s equation with mixed

boundary conditions on a rectangle

The first example is a 2D Laplace’s equation with
mixed boundary conditions. For a steady tempera-
ture field on a rectangular domain, the government

equation is

o*T  9*T
T = L 4= =
v oz? * 0z3 0
z1 €10,5], 2 €0,10]. (66)

The boundary conditions are
T(z1,0) = 0, 0<x1 <5, (67)

T(0,25) = 0, 0<as <10, (68)
T(x1,10) = 100sin(7z1/10), 0 <z <5, (69)
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aT 5, x 25 T T T T T T
M:o, 0 < zy < 10. (70)
0x1 e ICVEFG
20r —— analytical b
The analytical solution of this problem is
151 b
e
=~
100 sin(7x1/10)sh(mrzs /10 &
T(x1,22) = (n21/10)sh(mz,/ ) (71) 10f _
sh(m)
5_ -
The node distribution on domain {2 = [0,5] x
[0,10] is shown in Fig. 1, and 9 x 17 nodes are se- oLt - - : - -
0 1 2 3 4 5
lected. x1/m
T2
_ Fig. 3. Analytical and numerical solutions of temperature
e e 00 00 o T at z9 = 5.5.
1] IR P 20} o ICVEFG .
: : : : : : : —— analytical
D 15F 1
e o o o o o o g 10_ <
BRI -
o 5
5 - m
0 L 1 " 1 " 1 " 1 " 1 " 1 " 1 " 1 " 1 " 1 " 1 i
Fig. 1. Node distribution. 0 2 4 10
a:l/rn
In order to show the validity of the proposed Fig. 4. Analytical and numerical solutions of T; at
1 = 2.5.

method, we compare the analytical solution and the
numerical solution obtained by the ICVEFG method

at 21 = 2.5 and 2 = 5.5 in Figs. 2 and 3, respectively. For the purpose of error estimation and conver-

In addition, the comparison of T'; between the analyt- gence studies, we compare the relative errors with dif-
. . . . ferent node distributions at x; = 2.5 and x5 = 5.5,
ical and the numerical solutions at x; = 2.5 is shown i o )
N ) ) . which are shown in Figs. 5 and 6, respectively. The
in Fig. 4. It is evident that the present numerical re-

. . . present results show that the more nodes there are,
sults are in excellent agreement with the analytical . .

) e greater precision we obtain.
It the greater p bt
solution.

T0F " T T T T T T T T T 7]

60 I e ICVEFG 1
[ —— analytical ]
50

0.012 h

40 b 0.008 b

T/C

Error
T
1

30F
20 0.004 .

10

)=

6X9

ZTa/m

Fig. 2. Analytical and numerical solutions of temperature

T at 21 = 2.5. Fig.
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0.012 1

0.008 1

Error

0.004 1

6X9 7X11 8X13 9X15

Node distribution

Fig. 6. Error of T" at x2 = 5.5.

4.2. Poisson’s equation with Dirichlet
condition on a rectangle

The second example is a 2D Poisson’s equation
with the Dirichlet boundary condition on a rectangle.
The Poisson’s equation is

VZT(I17$2) = —2(x1 + 29 — x% - x%),

0<z;1 <1, 0<z,<1. (72)
The boundary condition is
T(z1,22) =0. (73)
The analytical solution of this problem is
T(x1,29) = (21 — 27)(x2 — 25). (74)

The node distribution on plate 2 = [0, 1] x [0, 1]
is shown in Fig. 7, and 9 x 15 nodes are selected.

T2

[y

Fig. 7. Node distribution.

The comparison of the analytical solution and the
numerical solutions obtained by the CVEFG method
and the ICVEFG method at x; = 0.6 is presented
in Fig. 8, the relative errors are 0.0025 and 0.0004,

respectively. Moreover, the corresponding derivative
T, is shown in Fig. 9, and the relative errors are
0.0064 and 0.0024, respectively. In addition, the ana-
lytical solution and the numerical solutions obtained
by the CVEFG method and the ICVEFG method at
xo = 0.65 are presented in Fig. 10, the relative er-
rors are 0.0114 and 0.0009 respectively. Moreover,
the corresponding derivative 1’5 is shown in Fig. 11,
and the relative errors are 0.0090 and 0.0008, respec-
tively. It is evident that the present numerical so-
lution agrees with the analytical solution well. And
the ICVEFG method has greater accuracy than the
CVEFG method.

0.06 i
O
i 0.04r h
analytical
» CVEFG
0.02f x ICVEFG A
0.1 0.2 0.3 0.4 0.5 0.6
To/m
Fig. 8. Values of T at 1 = 0.6.
analytical
» CVEFG
—0.02r x ICVEFG |
=
—0.04f 4
01 02 03 04 05 06
T2/m
Fig. 9. Values of T)1 at 1 = 0.6.
0.06 T T T T T
O
Oi 0.041r b
analytical
s CVEFG
0.02r 4 x ICVEFG T

0.1 0.2 0.3 0.4 0.5 0.6
a:l/rn

Fig. 10. Values of T at z2 = 0.65.
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—0.02 analytical
»  CVMLS
x  ICVMLS
—0.04F b
a
~
—0.06 i
—0.08 . . . . .

0.1 0.2 0.3 0.4 0.5 0.6
z1/m

Fig. 11. Values of T2 at x2 = 0.65.

For the purpose of convergence studies, we com-
pare the relative errors with different node distribu-
tions at x5 = 0.6 for the ICVEFG and the CVEFG
methods, which are shown in Figs. 12 and 13. The
present results show that the more nodes there are,
the greater precision we obtain. With the same node
distribution, the ICVEFG method has smaller rela-
tive errors than the CVEFG method. And to ob-
tain the same precision, the ICVEFG method needs
fewer nodes. The ICVEFG method’s error with 5 x 8
node distribution is approaching that of the CVEFG
method with 8 x 14 node distribution, as shown in
Figs. 12 and 13. As a consequence, the results show
that the ICVEFG method has a better convergence
characteristic. The CPU time spent by the former is
7.9 s, while it is 8.8 s by the latter. We conclude
that the ICVEFG method has not only the better
convergence characteristic but also the greater com-
putational precision and efficiency than the CVEFG
method.

0.8 T T T T T
= —=—ICVEFG A
0.6 —— CVEFG
5 04 1
=
m L i
0.2 b
or .‘.\.\.—. i
6X9 <11 8%13 9x15 10x17

Node distribution

Fig. 12. Errors of T' at 22 = 0.6.

090203
0-3 T T T T T
—a— ICVEFG
—— CVEFG
0.2 h
8
=
€2
0.1f h
ok .\n\.\.‘. |

6X9 7X11 8X13 9X15 10x17

Node distribution

Fig. 13. Errors of T1 at 2 = 0.6.

4.3. Poisson’s equation with Dirichlet
condition on a torus

The third example is a 2D Poisson’s equation on
a torus. The Poisson’s equation is

Pu 0%*u
2
= —_— _— = 4
Vi ox3 0z} ’
a<r<b 0<6<2m. (75)
The boundary condition is
u(a,0) =0, wu(b,0)=0. (76)

The analytical solution of this problem is

logr — loga

u(r,0) = (r* —a®) + (b* — a?) (77)

loga —logh’

Here, we suppose @ = 1 and b = 5. By taking ad-
vantage of the symmetry of the model, only a quarter
of the model needs to be considered in the analysis.
Figure 14 shows the distribution of the nodes in the
domain for this problem, and 11 x 17 nodes are se-
lected.

Fig. 14. Node distribution.
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The comparison between the analytical solution
and the numerical solutions obtained by the ICVEFG
and the EFG methods along the r axis at 6 = %w is
presented in Fig. 15. It is evident that the numerical
solutions both are in agreement with the analytical
solution. However, the CPU time spent in the EFG
method is 21.26 s, while it is 10.02 s in the ICVEFG
method. We compare CPU time spent in the ICVEFG
and the EFG methods at § = 0 under different node
distributions, as shown in Fig. 16. It is shown that the
ICVEFG method has greater computational efficiency

than the EFG method.

analytic:lal ]
» EFG T
ICVEFG -

1 2 3 4 5
r/m

Fig. 15. Values of u at = 2.

20 —=—ICVEFG i
—— EFG

Time/s

1 I 1 I 1 I 1 I 1
X9 8X11 9X13 10X15  11X17

Node distribution

Fig. 16. The CPU time at § = 0.

Because of the fact that the analytical solution
equals to zero at both endpoints, we remove the end-
points when calculating the relative error. The present
results show that the relative error in the ICVEFG
method is similar to that in the EFG method, and
they are both small. Then the ICVEFG and the EFG

methods both have good convergence characteristics.

The results also show that under the same node distri-
bution, the ICVEFG method spends less time; within
the same CPU time, the ICVEFG method needs less
nodes.

Figure 16 shows that the CPU time spent in
ICVEFG method with 10 x 15 node distribution is al-
most equal to that in the EFG method with 7 x 9 node
distribution. Therefore, the EFG and the ICVEFG
methods can give similar results, but need different
computer time. Compared with the EFG method,
the ICVEFG method has a greater computational ef-

ficiency.

5. Conclusion

The ICVMLS approximation has all the advan-
tages of the CVMLS approximation. Compared with
the CVMLS approximations, the ICVMLS approxi-
mation has an explicit physical meaning and greater
computational precision and efficiency.

Based on the EFG method and the ICVMLS ap-
proximation, the ICVEFG method is presented for
two-dimensional potential problems. Three numer-
ical examples are given to show the validity of the
ICVEFG method. With the same node distribution,
the numerical error in the ICVEFG method is much
smaller than that in the CVEFG method, and the
CPU time spent in the ICVEFG method is much less
than that in the EFG method. Thus, the ICVEFG
method has not only better convergence characteris-
tics but also greater computational precision and effi-

ciency.

References

[1] Belytschko T, Krongauz Y, Organ D, Fleming M and
Krysl P 1996 Comput. Methods Appl. Mech. Engrg. 139
3

[2] Qin Y X and Cheng Y M 2006 Acta Phys. Sin. 55 3215
(in Chinese)

[3] Cheng R J and Cheng Y M 2011 Acta Phys. Sin. 60
070206 (in Chinese)

[4] Li S C, Cheng Y M and Li S C 2006 Acta Phys. Sin. 55
4760 (in Chinese)

[5] Cheng Y and Li J 2006 Sci. Chin. Ser. G: Phys. Mech.
Astron. 49 46

6] Li D M, Peng M J and Cheng Y M 2011 Sci. Sin. Phys.
Mech. Astron. 41 1003 (in Chinese)

[7] Dai B D and Cheng Y M 2007 Acta Phys. Sin. 56 597 (in
Chinese)

090203-9



Chin. Phys. B Vol. 21, No. 9 (2012) 090203

Cheng R J and Cheng Y M 2008 Acta Phys. Sin. 57 6037
(in Chinese)

Cheng R J and Cheng Y M 2011 Chin. Phys. B 20 070206
Chen L and Cheng Y M 2010 Chin. Phys. B 19 090204

Chen L and Cheng Y M 2008 Acta Phys. Sin. 57 6047 (in
Chinese)
Chen L and Cheng Y M 2008 Acta Phys. Sin. 57 1 (in
Chinese)

Cheng Y M and Li J H 2005 Acta Phys. Sin. 54 4463 (in
Chinese)

Lancaster P and Salkauskas K 1981 Math. Comput. 37
141

[15]
[16]
(17]

(18]
(19]

20]

(21]

090203-10

Afshar M H, Naisipour M and Amani J 2011 Finite Elem.
Anal. Des. 47 1315

Wang J F, Bai F N and Cheng Y M 2011 Chin. Phys. B
20 030206

Zhang Z, Zhao P and Liew K M 2009 Eng. Anal. Bound.
Elem. 33 547

Li X L and Zhu J L 2011 Adv. Eng. Softw. 42 927

Ren H P, Cheng Y M and Zhang W 2009 Chin. Phys. B
18 4065

Cheng Y M, Peng M J and Li J H 2005 Chin. J. Theor.
Appl. Mech. 37 719 (in Chinese)

Bai F N, Li D M, Wang J F and Cheng Y M 2012 Chin.
Phys. B 21 020204



