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As a new subject, soliton theory is shown to be an effective tool for describing and explaining the nonlinear

phenomena in nonlinear optics, super conductivity, plasma physics, magnetic fluid, etc. Thus, the study of soliton

equations has always been one of the most prominent events in the field of nonlinear science during the past few years.

Moreover, it is important to seek lattice soliton equation and study its properties. In this study, firstly, we derive a

discrete integrable system by use of Tu model. Then, some properties of the obtained equation hierarchies are discussed.
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1. Introduction

Recently years, discrete integrable system has be-
come the focus of common concern and one of the
most important research areas because of its applica-
tions in physics, chemistry, and biology. Therefore,
more attention should be paid to the generating of
discrete integrable systems and its related properties.
The method of discrete zero curvature representation
is an important way to obtain the lattice soliton equa-
tions. According to this method, the lattice soliton
equation can be written as a compatibility condition
of a suitable discrete spatial spectral problem and the
corresponding temporal spectral problem. So far, by
use of Tu model,[!] a lot of nonlinear integrable lattice
equations have been obtained.2—?!

At the same time, some systematic methods used
for obtaining exact solutions of soliton equations are
well established, such as the inverse scattering trans-
form method, the Hirotabilinear transform method,
Darboux transformation, and the algebra-geometric
method.[6~11 Among the various ways, the Darboux
transformation is a powerful tool to obtain explicit
solutions of the lattice soliton equation.

One important characteristic of integrable equa-
tions is conservation laws which play an important
role in mathematics and engineering.!'? Conservation
laws are closely related to symmetries of equations,

so the existence of an infinite number of conservation
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laws is a wide definition of complete integrability of
equations.

2. Discrete integrable system

Consider the discrete eigenvalue problem

E¢n = n’l/’ru At = 0,
A 9n
Un(u,\) = P
APn 14 gn
1
P, = w; y Up = b , (1)
(s qn

where ) is the spectral parameter, and the shift oper-
ator F is determined by

Ef(n)=f(n+1), E~'f(n)=f(n-1),

(E=1)f(n) = fog1— fn, EF"=f".
Let
a, by
I = 2
e, —an, @

Solving the stationary zero curvature equation
(FEDU, -U,I' =0 (3)

gives rise to
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)‘(an+1 — ap + ann+1 - (pn + %)Cn) =0,
(pn + pn )(an+1 + an) (1 + Pn +pnq”) n+1 — Ab, =0,

(4)
)\2Cn+1 - )\qn(anJrl + an) - )‘(1 +pn +ann)Cn = 0;
)\(pn + an )cn+1 Aann - (1 +pn +ann)(an+1 - an) =0.
Let a,, = Z al™AT™ b, = Z bIMIATT e, = Z ™ X~™. From (4) we have the initial data
= = m=0
O =t =0, = a® bl (ot 2 )0 0. ®)
and recursion relation
ayh = ™ + anbth = (pn + 22)el = 0,
1
(b + B (@5 + af1) + (L o+ paan )12, — ) =0, ()
Cgfﬁl) —qn(a 51-&-1 + a(m)) (1+ps +pHQn)C$L " = 0,
(pu+ 22)elli7 Y = b — (Lt pu 4 pugn) (0] — ™) = 0.
\
We choose a%o) = %, b£?) = c%o) = 0 and re- following positive hierarchy:
quire aj |[u]:0 =0, bj ‘[u]:O =0, Cj |[u]:0 =0 (.7 > 1)a b(m+1) » c( m+1)
where [u] = (u, Eu, E"1u, . ..). Thus, the recursion re- Pn nOn _ fnnAl
lation (6) uniquely determines a;,b;,¢;,j > 1 and the Un,, = ” = 1+gn tn(l+an) |. 9)
m+1
first a few quantities are given as follows: " b, ,(H_T )
L 1 Taking m = 0 in (9), the system (9) reduces to
all) = —(1+ )pnqn 15
1 _ Pn (1) _ Pny, = —Pn,
bn = Pn + ) Cn ' =dqn—-1, 0 (10)
qn =0.
"2 Gne,
@ — (142 22
n ( * qn) Prin— Taking m = 1 in (9), the system (9) reduces to
. . _ Pnn—2  Pnt19n—1
Pnn=2 = Pr+1n-1 In Qi1 _ Pt (L4 gng1) (1 + pn)
Pn,, = .
@ Prit 1\2 ) Gn+1(1 4 qn)
B2 = p. i+ 1+ —) pign_1, 2
n DPn+1 it ( qn> Pndn—1 _ Pagn— (14 qn)pnqn_l, (11)
n_ nnl_inlw" Pn
In Gney = Pns1@2 + G2 — got.
An+1
For any integer m > 0, we choose
‘ ‘ 3. Darboux transformation
(m} m ag)/\m—i bgll) )\m—i
= Z D ym—itl _ @) ym—i |’ (7) Taking m = 1 in (7) the spectral problem can be
=0 " " written as
then the following equation holds: Yo = UnY,, Yo, = V.Y, (12)
an
m m by —
m+1 ’
0 b Apn 1+ qn
- (m41) (m41) Pn\ (m+1) |~ (8) 1 Pn—14n qn
)\Cn+1 ann — | Pn+ ? Cnt1 5)\ - —
n v, = it = Pn ) 5’" )
n—14n
Then the discrete zero curvature equation admits the APn—1 - 5)‘

n

090202-2



Chin. Phys. B Vol. 21, No. 9 (2012) 090202

are two basic solu-

(' *)T, ¢ = (¢, 0")"
tions of spectral problem (12) and use (¢, ¢) to define

Let ¢ =

a matrix T), by

o (At e (14)
n Mar(n) A+ taa(n) |
with
_ Aiag(n) — Asen(n)
tii(n) = o (n) - 042(”)
tia(n) = oél(j;:j;(n)’
B ()\1 _ )\2)a1(n)0&2(n)
t21(n) = /\2al(n) — )\1042(n) ’
_ Mg — o)
ta2(n) = /\2a1(721) —2 Aag(n)’ .
= P — (N
= oo —mer g T B O

where parameter \;, and v;(A1 # Aa, 71 # 72) are suit-
ably chosen such that all the denominators in Eqgs. (15)
and (16) are nonzero. From Eq. (14), we have

det T, = (A — A1) (A — Aa). (17)
Now, we assume that there is a gauge transformation
Y, =T,Y, (18)

that can transform the spectral problem (12) into
spectral problems of Y, in A # \; (i = 1,2) as fol-
lows:

Y1 =U,Y,, Vi =V,Y,, (19)
with U, = Tpi1U,T7Y, Vi, = (T + T, V)T !
From Egs. (15) and (16), we have

pi(n)
1 =1,2, 20
(n+1) vy (20)
with
pi(n) = Xign + (1 + gn)ai(n),
vi(n) = i + Z—nai(n). (21)

By using Egs. (15) and (20), we have

_ p2(n)ri(n)A — pa(n)re(n)s
tu(n+1) = p1(n)ve(n) — pa(n)ri(n)

v(n)ra(n)(Ae — A1)
tiz(n + 1) o p1(n)ve(n) — po(n)v (n)7

B pa(n)pa(n)(A — As)
ta(n+1) = prn(n)va(n)As — pa(n )Vl(”p‘l’

— A A
baa(n 4+ 1) = (u2(n)r1(n) — pa(n)ra(n))dds (22)
pa(n)ve(n)da — pa(n)ri(n)iy
From all of these, we can prove the following assertion.
Proposition 1 The matrix Ijn = nJrlUnTn_1
has the same form as U, that is,
) PR
U, = Pn , (23)
APr 1+ qn

where
DPn = Dn +ta1(n+1),

G = (pn + tar(n + 1)) (q ~tia(n )) (24)

n

The transformation (18) and (24): (Yu;pn,q¢n —
f/'n;ﬁn,qn) is usually called a Darboux transforma-
tion(DT) of the eigenvalue problem (12). Equation
(24) is the so-called Bécklund transformation (BT)
between the new and old potentials.
Proof Let
Ty
o = qa,

T, U T = Ji1(A,n) fiz(A,n) . (25)

fai(An) faa(A,n
It is easy to verify that fi11(\, n), fia(A,n), fa1 (A, n),
and fao(A,n) are 3-order polynomials in A. By virtue
of Egs. (12) and (15), it can be verified that
fkl()\i,n) = O(Z,k,l = 1,2).
sults, we can suppose

Based on the above re-

T, U, T = (detT,)S,, (26)
with
_ sy + Asty 89y + sy (27)
591 + sy 89 + Asdy
That is,
T.+1U, = S, T,, (28)
where Sw’ (i,j =1,2;1=0,1) are undetermined func-

tions independent of A\. By comparing the coefficients
of \' (i = 0,1,2) in both sides of Eq. (28), we obtain

3(1]1 =0, 8%2 =0, 8(2)1 =0, 5%2 =0,
1 0 dn ijn
s;1 =1, sjo=— —tia(n) = —,
11 2= (n) pn
$h1 = Pn +ta1(n+1) = pn,
q
89 =1+ (pn +t21(n +1)) <n —t12(n ))
n
=1+ Gn- (29)
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From (29)7 we have p, = p, + t21(n + 1)7 Gn = — _qnﬁnfll

(Pn +t21(n + 1)) (gn/Pn — t12(n)) - Pn
Thus, we complete the proof.

(35)

From the above propositions we come to the following
Proposition 2 Under the gauge transformation

- conclusion.
(18), the matrix V;, has the same form as V;,, that is Proposition 3 The  transformation
1)\ _ Dn—1qn (Ln Yo;Pnyqn — f’n;;ﬁn, Gn) is the Darboux transfor-
V. = 2 Dn i ?n . (30) mation of the spectral problem (12), under the trans-
Afp1 pntl% B 1)\ formation
Pn
Proof Let Pn =pp +t21(n +1),
T Gn = (pn +t21(n + 1)) (qn - tm(“)) . (36)
" detT},’ Dn
gi1(A,n) gi2(\,n) where the solutions p,,, ¢, are mapped into the new

(Tt + T, V)T, = . (31)

921(A,n) g22(A,n) solutions f, Gn.

Substituting the trivial solutions p, =1, g, = 1
It is easy to verify that gi1(A,n), g12(A,n),g21(A,n),  of Eq. (11) into (12) leads to
and gaa(A, n) are cubic polynomials in A. By virtue of

Eqgs.(12) and (15), it can be verified that gg;(Ai,n) =0 A1

(i,k,1 = 1,2). Therefore,we have Yo = \ 2 Yo,
(Tt + T, Vo)T) = (det T,) R, (32) 1/\ _q 1
Yn = 2 an
with ' PR (7
2
4+ Ak 19, + Al
R, = ;1 11 32 12 . (33) from which two basic solutions of Eq. (11) are pre-
rai F ATar Top AT sented as
That iS, n
_ (14 VAZ 4+ )
Tnt + TnV;L = RnTnv (34) on 2
where 71, (i,j = 1,2; 1 = 0,1) are independent of X. Necrrh 1
Comparing the coefficients of A\ (i = 0,1,2) in both e 14 VAZH4 - |
sides of Eq. (34), we have . 2
VAZ 44—\
1 0 1 1 1 ¢p=|1-
rg =0, 19 =0, ryyp =Ty = bR 2
n n
e = Tt =5 . =
n n e .
L - P YA HA+A
T91 = Pn-1 + t21<n) = Pn—1, 9
0 _ .0 _ n
M = = (a1 t+ta1(n) (tu(n) - n) Substituting (38) into (16), we have

|
P} 244 — i 244 i
; eV <1+ W;A) . <1 _ W;“)

wieVAT o,
where w; = (2 + A; + /A2 + 4)?"/4\". Hence, with the help of DT (18) and (36) the new solutions of Eq. (11)

are given as follows:
]5 -1 + (Al + 20[1(77,))(A2 + 20[2(77,))(A1 — )\2)
" Aa( A+ 2a1(n))()\2 +az(n)) — (M + al(n))()\g + 2042(71)),

—— ()\1 + 20[1(’)1))()\2 + 20[2(')1))()\1 — )\2) _ )\2 — )\1
o= (1 RO & 20 (m) g + a2(m) — M (hr 4 o (m) Oa & 2a2<n>>> (1 ar(n) a2<n>> - (40)

ai(n) =

,(i=1,2), (39)
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If we choose \; = 4.01, Ao = 4.05, v; = 0.11, 5 = 0.1,
by use of Matlab the plots of p, (see Fig.1), ¢, (see
Fig.2) are presented.

Fig. 2. (colour online) Plot of gn.

In addition, if the resulting solutions (40) are
taken as a new starting point, we can make the DT
once again by Eq. (36) and engender another set of
soliton solutions. This procedure can be done contin-
uously and will usually yield a series of new solutions
for Eq. (11).

4. Conservation laws

Consider the following Lax pair:

L
Pn+1 = Pn Pn,
Apn 1+ ¢y
An, By 90711
(pnt = Sanv ‘Pn = 2 (41)
Cn Dy Pn

Direct calculation yields

2 2
ool (L4 g)g?,  (42)

2
Pyl = AP
et " Pn—1

and

Cp Ch
= (Zap)i- L w
Pn—1 Pn—1

Let 0(n) = 6, = p2/p2.,, then Egs. (42) and (43)
can be written as

APn
1= pp (On = O 100) + (1 +q,)0n,  (44)
n—1
and
—(n6,); = (E —-1) ( Cn + Dy, — Cn enl) . (45)
Pn-1 n—1
Then, expanding
0 077,])
0, = z; - (46)
j:

Substituting Eq.(46) into Eq.(44) leads to

Mo [0 (09 [ 6

Pact |55 N =N =N
s GT(LJ)

+(1+qn) ZY . (47)
j=1

From (47) we obtain the following recursion relation:
o) = Pn=l gG+1)
J
- Zg(i) QU= P11+ qﬂ)g(j). (48)
i=1

At this moment, we have

Pu—2  Pp_1(1+qn)
2 )

g = Pn=t o g2)

)

Pn Pn Pn
6 — Pn-3 2pn—1pn—22(1 +qn)
Pn Pn
C@n1Pp s | Paa(ltan)?

PrPn—1 3 e (49)

Substituting (46) into (45) and A; = 0, we obtain

0o 1 o] 9g+1)
7’7
Z(_l)i Z \i
i=1 Jj=1
t
C C ie(”l
=(E-1)|—=+D,-—2 n . (50)
anl qn—l j:1 )\]

From (13), we have C,, = Apn—1, Dn = ppn—14n/Pn —

1 .

5)\. Comparing the coefficients of A77 in Eq. (50)
we can obtain an infinite number conservation laws of
Eq. (11). The first two are pointed out as

(qng ~ aa(1+pn +pnqn)>
qn qu t
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=(E-1) <q"—3 _

gn—1 %214

<Qn3 _ 2gn—1qn—2(1 + Pn + Pngn)
n a

1o dn1) | daa (L FP0 FPagn)’

dnqn—1 q%
_ q72172 _ qi71<1 +pn +ann)2
2¢2 2q;
qn72q727,71(1 +pn +pnqn))
+ 3
qn t
o qn—4 2Qn72Qn73(1 +pn71 +pn71qn71)
- (E - 1) - 2
dn—1 dn—1
_ pn—2q721_3(1 + Qn—Q)
qn—19n—2
p—2(1+pu—1 + pu-1gn-1)
N G o(1+p q31 Pn—1Gn-1) > (52)
n—1

Similarly, we can obtain the conservation laws of the
other lattice equations in the hierarchy (11).
5. Conclusions

In this paper, firstly a discrete spectral problem
is constructed, then integrable hierarchies of lattice

2 o(1+pn-1+Pa—1qn—
021+ ppn_1+pPn_1q 1))7(51)

equations are obtained. Furthermore, we discussed
the Darboux transformation, soliton solutions, and
the conservation laws of the obtained hierarchy. How-
ever, how to work out the Hamiltonian structures and
integrable couplings of the obtained system is still a
question. We will discuss these problems in the future.
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