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The influence of long-range links on spiral waves

and their application for control∗
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The influence of long-range links on spiral waves in an excitable medium has been investigated. Spatiotempo-

ral dynamics in an excitable small-world network transform remarkably when we increase the long-range connection

probability P . Spiral waves with few perturbations, broken spiral waves, pseudo spiral turbulence, synchronous oscilla-

tions, and homogeneous rest state are discovered under different network structures. Tip number is selected to detect

non-equilibrium phase transition between different spatiotemporal patterns. The Kuramoto order parameter is used

to identify these patterns and explain the emergence of the rest state. Finally, we use long-range links to successfully

control spiral waves and spiral turbulence.
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1. Introduction

Spatiotemporal pattern formation in regular ex-

citable media has attracted great attention during the

last thirty years. The spiral wave is one of the most

important and typical spatiotemporal patterns in ex-

citable media due to its popular existence and po-

tential application in various real systems,[1,2] such

as the Belousov–Zhabotinsky (BZ) reactions,[3−5] the

catalytic surface processes, and the cardiac tissue.[6−8]

A spiral wave can self-sustain in an autonomous regu-

lar system with the spiral tip serving as the oscillation

source. The dynamics of a spiral wave are not always

stable and can change dramatically with the varia-

tion of the environment. A spiral wave is beautiful,

but sometimes it is undesirable because of its harm-

fulness in the cardiac system. Lots of theoretic and

experimental studies show that a spiral wave in car-

diac muscle can be a cause of tachycardia. Repetitious

breakup of a spiral wave due to Doppler instability can

lead to spatiotemporal turbulence, which is believed

to be a mechanism of ventricular fibrillation. Ven-

tricular fibrillation and sudden cardiac death are the

leading cause of cardiovascular mortality in industri-

alized countries.[9−11] Therefore, lots of methods have

been proposed to control the spiral wave and spiral

turbulence in excitable media.[12−21]

For many real systems, such as biologi-

cal tissues,[22,23] neural networks,[24−27] and brain

systems,[28−30] the topological structures are not reg-

ular but “small-world”.[31] Long-range links cannot be

neglected in these systems and do play a very im-

portant role in determining the dynamic behaviors

of the given systems.[32−37] Spiral waves which are

widespread in regular excitable media can also be ob-

served in the mammalian neocortex which has a small-

world network structure[29] and spiral waves in this

kind of system will certainly be influenced by long-

range links. Therefore, spiral dynamics in excitable

small-world networks has become a hot issue in physi-

cal and biological fields and some research has been

done in recent years. He et al. found that spiral

patterns can be maintained in an inhomogeneous ex-

citable medium with suitable long-range links.[32] The

problem of non-equilibrium phase transition of spiral

waves induced by system parameters has been studied

in regular excitable media,[38] however, the transitions

in an excitable small-world network due to the long-

range connection probability are still unclear. This is

what we will discuss in the present paper.

In this article we focus on the non-equilibrium

phase transition of spiral waves induced by small-

world connections and try to control the spiral wave

and spiral turbulence by long-range links. By in-

creasing the long-range connection probability P , spa-

tiotemporal dynamics in an excitable small-world net-
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work transform remarkably. Five distinct spatiotem-

poral patterns, i.e., spiral waves with few perturba-

tions, broken spiral waves, pseudo spiral turbulence,

synchronous oscillations, and homogeneous rest state,

have been found under different network structures.

Spiral tip number is selected to detect non-equilibrium

phase transition between different spatiotemporal pat-

terns. The Kuramoto order parameter is used to iden-

tify these patterns and explain the emergence of the

rest state. The critical points can be clearly revealed

by these two parameters. Finally, we can use long-

range links to control spiral waves and spiral turbu-

lence effectively. The system parameter-dependent

control critical probability is also given.

2. Model and results

We take the two-dimensional Bär–Eiswirth[39]

model as our example throughout this paper, and the

activator u and inhibitor v satisfy the following equa-

tion

u̇i,j = −1

ε
ui,j(ui,j − 1)

(
ui,j −

vi,j + b

a

)
+Di,j , (1)

v̇i,j = f(ui,j)− vi,j , (2)

Di,j = Du(ui−1,j + ui+1,j + ui,j−1

+ ui,j+1 − 4ui,j), (3)

where i, j = 1, . . . , 100. The function f(u) takes the

form f(u) = 0 for u < 1/3; f(u) = 1 − 6.75u(u − 1)2

for 1/3 ≤ u ≤ 1; and f(u) = 1 for u > 1. The small

relaxation parameter ε represents the time ratio be-

tween activator u and inhibitor v, and a and b are two

other parameters of the system. Du is the diffusion

coefficient of activator u. The system parameters are

kept as a = 0.84, b = 0.07, ε = 0.04, and Du = 1.0

unless noted elsewhere.
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Fig. 1. (a) A perfect spiral wave is used as initial condition. Panels 1(b), 1(c), 1(d), 1(e), and 1(f) are five

asymptotic spatiotemporal patterns realized at different long-range link probabilities P : (b) spiral wave with

few perturbations at P = 0.05, (c) broken spiral wave at P = 0.07, (d) pseudo-spiral turbulence at P = 0.40,

(e) synchronous oscillation at P = 0.70, and (f) homogeneous rest state at P = 0.90.

To study the influence of long-range links on a

spiral wave, we use a perfect spiral shown in Fig. 1(a)

as our initial condition. The long-range links are in-

troduced such that each excitable node receives a uni-

directional connection from a randomly chosen node

in the two-dimensional (2D) space with connection

probability P . These long-range links are chosen ini-

tially and kept during the evolvement of the system.

Therefore, an additional coupling term D′
i,j is added

to Eq. (1) to represent the long-range link as

u̇i,j = −1

ϵ
ui,j(ui,j − 1)

(
ui,j −

vi,j + b

a

)
+Di,j +D′

i,j , (4)

D′
i,j = Du(ui′,j′ − ui,j). (5)

Here node (i′, j′) is randomly chosen in the two-

dimensional (2D) space. These equations are inte-

grated by the second-order Runge–Kutta scheme with

the time step ∆t = 0.031 and no-flux boundary con-

dition is used.
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By increasing the long-range connection proba-

bility, the spatiotemporal dynamics of the spiral wave

transform remarkably. For further investigation, we

randomly take fifty samples with different small-world

network structures under each connection probabil-

ity P . The spiral dynamics can be reflected by the

number of spiral tips. We count the number of spi-

ral tips in the spatiotemporal pattern at every time

step and calculate the time average in each sample

which is represented by ⟨Ntip⟩. In this paper we use

symbol ⟨ ⟩ representing time average and use ⟨Ntip⟩
as an order parameter to detect the non-equilibrium

phase transition of spiral waves induced by long-range

links. When the spiral pattern is perfect, there must

be only one tip in the medium and ⟨Ntip⟩ equals one.
While when spiral waves break up, the number of spi-

ral tips will increase and ⟨Ntip⟩ must be great than

one. The distributions of ⟨Ntip⟩ versus the long-range

connection probability P are plotted by black dots

in Fig. 2(a). For small connection probability (i.e.,

P ≤ 0.06) ⟨Ntip⟩s in the fifty samples are all equal to

one, that is to say, spiral waves under these network

structures are stable. A snapshot of spatiotemporal

pattern at P = 0.05 is shown in Fig. 1(b). Long-range

links under small connection probability P do not in-

fluence the stability of the spiral wave and just provide

some perturbations.

The first non-equilibrium phase transition critical

point (CP1) revealed by Fig. 2(a) occurs at P = 0.07,

where some ⟨Ntip⟩s in fifty samples are larger than one

and multi-tips of spiral waves can be detected. It in-

dicates that spiral waves in these network structures

begin to break, multi-tip spirals form and control the

whole system. A typical spatiotemporal pattern of

broken spiral waves with multi-tips at P = 0.07 is

shown in Fig. 1(c). Here we should mention that not

all the network structures in 50 samples at P = 0.07

can cause the spiral wave to be broken. A perfect spi-

ral wave stays stable in most of samples (48 samples in

the simulation) and only 2 samples with special net-

work structure can induce spiral wave fragmentized.

Spiral wave breakup induced by long-range links is

due to two reasons. One is that the spiral arms in-

vade the refractory regions, so that the propagation is

inhibited and the wave fronts break to form extra tips.

The other is that some of the wave arms collide with

other excitable waves induced by long-range links and

cause spirals breakup.
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Fig. 2. (colour online) The distributions of the time aver-

age of spiral tip number ⟨Ntip⟩ (a) and the Kuramoto order

parameter ⟨R⟩ (b) versus the long-range connection proba-

bility P are plotted by black dots. Symbol ⟨ ⟩ represents

time average. The red lines show the average of ⟨Ntip⟩s (a)

and ⟨R⟩s (b) for fifty samples. Here CPi (i = 1, 2, 3) and

BRj ( j = 1, 2) mean non-equilibrium phase transition crit-

ical points (denoted by black arrowed line) and bistable re-

gions (indicated by blue dashed rectangle), respectively. Pc

implies the critical connection probability for control.

With the increase of long-range connection prob-

ability P , spatiotemporal patterns formed in the ex-

citable small-world network become chaotic. Spi-

ral turbulence patterns with a large number of tips

emerge and exist in a wide range of connection prob-

ability. One typical spatiotemporal pattern of spi-

ral turbulence at P = 0.40 is shown in Fig. 1(d).

Note that the spiral turbulence formed in the ex-

citable small-world network is a kind of pseudo tur-

bulence. The differences between pseudo turbulence

and real turbulence can be distinguished in two ways.

One is the time series of the arbitrary single node

in the medium. In the case of pseudo turbulence of

Fig. 1(d), the time series of an arbitrary excitable node

are nearly periodic as shown in Fig. 3(a). While the

chaotic time series displayed in Fig. 3(b) come from

the real turbulence with ε = 0.08 in a regular ex-

citable medium without any long-range links. The

second difference is the position of the spiral tips. In

pseudo turbulence, spiral tips are almost located at

the fixed position. But in real turbulence, spiral tips
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will move randomly in the 2D space, which is caused

by stochastic generation and annihilation of the tips.
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Fig. 3. (colour online) (a) The periodic time series of an ar-

bitrary excitable node of pseudo spiral turbulence of Fig. 1(d)

at P = 0.40. (b) The chaotic time series of a single node

for real turbulence with ε = 0.08 in the regular excitable me-

dia without any long-range links. (c) The evolvement of the

Kuramoto order parameter R(t) for pseudo spiral turbulence

ε = 0.04 of Fig. 3(a) and real turbulence ε = 0.08 of Fig. 3(b).

When long-range connection probability P

reaches 0.58, the second non-equilibrium phase transi-

tion critical point (CP2) has been revealed in Fig. 2(a).

This critical point can be indicated by the average of

⟨Ntip⟩s for fifty samples (denoted by red line), which

starts to fall from the maximum value at P = 0.57. A

new kind of spatiotemporal pattern with fewer spiral

tips is detected. To further investigate this kind of

new pattern, the Kuramoto order parameter R(t) is

introduced as[40]

R(t) =
1

N

∣∣∣∣∣∣
N∑
j=1

e iθj(t)

∣∣∣∣∣∣ , (6)

where N = 104 is the total number of excitable nodes

in the whole medium and θj(t) is the phase of the

j-th cell at moment t. The Kuramoto order parame-

ter R(t) is used to measure the degree of phase syn-

chronization given by the normalized vector sum of

the phases. The value of R(t) close to zero indi-

cates that the phases of the individual excitable cells

are evenly distributed and the whole system oscillates

asynchronously at them all. While a value of R(t)

close to unity indicates all nodes in the 2D space are

in phase synchronization, and the whole medium os-

cillates as a single cell. Figure 2(b) shows the dis-

tributions of the time average of the Kuramoto or-

der parameter ⟨R⟩ versus the long-range connection

probability P by black dots for fifty samples. For a

small connection probability, the spiral waves are al-

most stable and the Kuramoto order parameters are

all around 0.23. It indicates that a spiral wave under

few long-range links is a kind of asynchronous spa-

tiotemporal pattern. Chaotic pseudo spiral turbulence

has formed when long-range connection probability

is increased. The whole system exhibits more asyn-

chronous oscillation and ⟨R⟩ decreases gradually. The
second critical point at P = 0.58 can also be indicated

by the Kuramoto order parameter in Fig. 2(b), where

some of ⟨R⟩s in fifty samples jump to a high level and

their ⟨Ntip⟩s are relatively fewer in Fig. 2(a). Thus at

this critical point a new kind of highly synchronous

oscillation state with fewer spiral tips emerges. One

synchronous oscillation state has been displayed in

Fig. 1(e) at P = 0.70. Lots of nodes in the whole

medium oscillate synchronously (shown by white re-

gions), and only a few cells oscillate asynchronously

(shown by black regions). The whole system exhibits

synchronous oscillation.

From Figs. 2(a) and 2(b), we can find that in

the small region of 0.58 ≤ P ≤ 0.65 pseudo spiral

turbulence and synchronous oscillations coexist at the

same long-range connection probability. In fifty sam-

ples we can obtain pseudo spiral turbulence for some

samples while we get synchronous oscillations for oth-

ers due to different network structures and this kind of

bistable region (BR) is indicated by blue dashed rect-

angle. So pseudo spiral turbulence and synchronous

oscillations coexist in BR1. As connection probability

P increases, ⟨Ntip⟩ shown in Fig. 2(a) decreases while

⟨R⟩ displayed in Fig. 2(b) increases and the whole sys-

tem oscillates more synchronously. When long-range
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connection probability P reaches 0.75, the third non-

equilibrium phase transition critical point (CP3) can

be found in Figs. 2(a) and 2(b). Some of the Kuramoto

order parameters shown in Fig. 2(b) reach unity and

all excitable nodes in the 2D space achieve phase syn-

chronization. The whole system oscillates as a sin-

gle node. Because of the non-sustained oscillation of

the excitable node, the whole medium starts to damp

as phase synchronization is achieved. Therefore, the

homogeneous rest state emerges and ⟨Ntip⟩ falls to

zero. In simulation we find that the rest state and

the synchronous oscillations can coexist in BR2 for

0.75 ≤ P ≤ 0.82. In this bistable region, with the

same initial condition and same connection probabil-

ity P , in some cases, all nodes will excite almost at

the same time, and damp quickly to their rest state

together at last. Thus there is not any node which

could excite again after that to sustain the oscillation

of the system (i.e., the homogenous rest state is ob-

tained). While in other cases not all of the nodes can

be excited at the same time because the topological

structure can be different even in the same connection

probability P , and thus the remanent nodes could ex-

cite after the synchronous oscillation and sustain the

system oscillating forever (i.e., the synchronous oscil-

lation can be achieved). That is to say, the bistability

results from the difference in the topological struc-

ture. When P ≥ 0.83, the whole system can evolve

into the rest state in fifty samples for arbitrary net-

work structures. It means that for a certain type of

excitable medium it is not possible to obtain spiral

waves due to the presence of long-range links. There-

fore, the critical connection probability Pc = 0.83 can

be used to control spiral waves and spiral waves can be

controlled by long-range links if the connection prob-

ability P ≥ Pc. A final control result at P = 0.90 is

shown in Fig. 1(f).

Now we look at insight into the evolvement of the

Kuramoto order parameter for different spatiotempo-

ral patterns formed in excitable small-world networks.

Figure 4 shows the evolvement of R(t) at different

long-range connection probability P . For a small con-

nection probability (P = 0.05 of Fig. 1(b), denoted

by black line), spiral waves are almost stable and

R(t) oscillates around 0.23 periodically. A kind of

nearly periodic asynchronous spatiotemporal pattern

exists in the small-world network with few long-range

links. When pseudo spiral turbulence emerges with

more long-range links, R(t) oscillates irregularly at a

lower level (P = 0.40 of Fig. 1(d), denoted by the red

line). The chaos of the spatiotemporal pattern can

also be reflected by the irregularity of R(t). When

synchronous oscillation emerges, R(t) oscillates at a

high level after several transient periods (P = 0.70

of Fig. 1(e), denoted by the pink line) and the char-

acteristic of quasi-periodic 2 of synchronous oscilla-

tion can be revealed by R(t). As connection proba-

bility P ≥ 0.83, R(t) reaches unity quickly (P = 0.90

of Fig. 1(f), denoted by the blue line). The system

damps to homogeneous rest state after phase syn-

chronization has been achieved in the whole medium.

The Kuramoto order parameter not only can reflect

the distinct characteristic of spatiotemporal patterns

formed in an excitable small-world network with dif-

ferent connection probabilities, but also can identify

pseudo spiral turbulence and real turbulence. Fig-

ure 3(c) shows the evolvement of R(t) for pseudo spiral

turbulence formed in an excitable small-world network

(ε = 0.04 of Fig. 3(a), indicated by the red line) and

the real turbulence (ε = 0.08 of Fig. 3(b), indicated by

the black line). The Kuramoto order parameter oscil-

lates around 0.15 for pseudo spiral turbulence. While

for real turbulence, R oscillates irregularly and the

minimal value of R closes to zero. Besides the two

aspects mentioned above, we can also identify pseudo

spiral turbulence and real turbulence by the Kuramoto

order parameter.
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Fig. 4. (colour online) The evolvement of the Kuramoto

order parameter R(t) at different long-range connection

probability P .

In Fig. 1(f) we can control spiral waves by adding

long-range links. Here we would like to kindly point

out that there may exist long-range links in cardiac tis-

sue, especially in the atrium, which may trigger atrial

fibrillation, e.g., as investigated by Gray and Jalife.[41]

Our work provides a different method to suppress spi-

ral waves, which may have practical significance for

treatment of arrhythmias. Now we try to control real

turbulence by long-range links. A turbulence state

shown in Fig. 5(a) is used as our initial condition and

parameters are taken the same as above except for

ε = 0.08 which is in the real turbulence region.[39] The
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distributions of ⟨R⟩ versus the long-range connection

probability P are plotted in Fig. 5(b) by black dots for

fifty samples. By increasing connection probability,

⟨R⟩ undergoes non-equilibrium phase transition from

low to high. When connection probability P reaches

critical probability Pc = 0.66, the real turbulence can

be controlled into the homogeneous rest state in fifty

samples. The evolvement of R at P = 0.70 is shown

in Fig. 5(c). The Kuramoto order parameter reaches

unity quickly after a few transient periods and homo-

geneous rest state shown in Fig. 5(d) can be obtained

after phase synchronization is achieved. In simulation,

we find that the critical connection probability Pc is

dependent on parameter ε. The relationship between

Pc and ε is plotted by black squares in Fig. 6. With

the increase of ε, it is easier for the whole medium to

achieve phase synchronization and the critical proba-

bility decreases.
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Fig. 5. (colour online) (a) A turbulence state is used as initial condition. (b) The distributions of the time average of the

Kuramoto order parameter ⟨R⟩ versus the long-range connection probability P are plotted by black dots. The red line shows

the average of ⟨R⟩s for fifty samples. BR (indicated by the blue dashed rectangle) is the bistable region where synchronous

oscillations and homogeneous rest state coexist. And Pc implies the critical connection probability for control. (c) The

evolvement of the Kuramoto order parameter R(t) at P = 0.70. (d) Homogeneous rest state obtained at P = 0.70.
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3. Conclusion

In conclusion, we have investigated the influence

of long-range links on spiral waves in an excitable

medium. As the long-range connection probability

P increases, spatiotemporal dynamics in an excitable

small-world network transform remarkably. Five dis-

tinct spatiotemporal patterns, i.e., spiral waves with

few perturbations, broken spiral waves, pseudo spi-

ral turbulence, synchronous oscillations, and homoge-

neous rest state, have been found under different net-

work structures. We use spiral tip number to reveal

the non-equilibrium phase transition between differ-

ent spatiotemporal patterns and the Kuramoto order
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parameter is used to identify these patterns and ex-

plain the emergence of the rest state. Finally, we can

successfully control spiral waves and spiral turbulence

by long-range links.

Since spiral wave dynamics in excitable small-

world network is a very important topic in wide prac-

tical fields, especially in biological systems, a system-

atic investigation of the influence of long-range links

on spiral waves is expected to be useful both for theo-

retical understandings and practical applications. The

distinct spatiotemporal dynamics under different net-

work structures may help us understand complicated

oscillation rhythms in biological systems. Moreover,

the spiral control method proposed in this paper may

have practical significance for treatment of arrhyth-

mias. We do hope that our results may have a useful

impact in these fields.
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