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Effective response in nonlinear spherical coated
composites under external AC and DC electric fields*
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By using the perturbation method, effective nonlinear direct current (DC) and alternating current (AC) responses
of nonlinear composites with spherical coated inclusions randomly embedded in a host medium are studied under the
action of an external electric field E, = Eg + E1 sinwt + E3sin 3wt with different amplitudes and frequencies. The
local potentials of composites at all harmonics are given in the inclusion particles and the host regions. All effective
nonlinear responses to composites and the relationship between the effective nonlinear responses at all harmonics are
also deduced for the spherical coated inclusions in a dilute limit.
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1. Introduction

The nonlinear response of composite media has
been of much interest because of its important prop-
erties and potential application in engineering and in
theoretical studies. Recently, many researchers have
focused their attention on studying the effective re-
sponses of nonlinear composites under different ex-
ternal electric fields.[!'=6 In general, the effective re-
sponses of composites are related not only to the in-
trinsic constitutive relations, physical properties of
materials, particle shapes, and volume fractions of in-
clusions, but also to the applied external field.["—23]
In particular, if an external current (AC) electric field
is applied to the nonlinear composites, there appear
to be many components of a local field in harmon-
ics when the constitutive relations of composites are

7101 T addition, the local fields can also

nonlinear.!
affect the nonlinear susceptibilities and the nonlinear
optical response.['?) For example, Levy et al.l’! con-
sidered the second harmonic generation and the in-
duced third harmonic generation in a spherical non-
linear composite; Hui et al.l') have derived the ef-
fective dielectric response to nonlinear media; Gu et
al.l12) and Wei et al.'5~17 presented the nonlin-

ear effective response of weakly cubic nonlinear com-
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posites to an external DC or simple AC electric field.
Later, using the perturbation method, Wei et al.['3:19]
dealt with the effective AC response and the effec-
tive AC and DC responses of nonlinear composites,
respectively, under an external AC electric field E, =
Esinwt + E3sin 3wt with different amplitudes and
frequencies and an external AC and a DC electric field
E,,, = E,(1+sinwt) for the first time; Chen et al. [20]
obtained the effective nonlinear AC response of com-
posite with spherical particles under the action of an
external sinusoidal field, E, = FE1 sinwt + F3 sin 3wt;
Shen et al.l?1:22] dealt with the effective response of the
nonlinear composite under the actions of an external
AC and a DC electric field, E, = E,(1 + sinwt); Hao
et al.[?3] studied the effective response of the nonlin-
ear spherical coated composites under an external AC
field E, = E; sinwt + E3sin 3wt, and so on.

In this paper, we will devote our efforts to the in-
vestigation of effective nonlinear AC and DC responses
of spherical coated composites under an external elec-
tric field E, = Ey + E;sin(wt) + Fs5sin(3wt) with
different amplitudes and frequencies, where Eq = €92,
E,=¢12, B3 =¢32.

Then we consider homogeneous and isotropic
composites, where coated spherical particles are ran-
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domly embedded in a host medium. The constitutive
relationship between electric displacement D and an
electric field E are assumed to be in the form of

D, =0.E + z,|E*E, in ,, a=1i,¢c,h, (1)

where the subscripts a = i, ¢, h denote the quantities
of the inclusion core particle (i), coated shell layer ma-
terial (c), and host regions (h), respectively; quantity
{2, is the region occupied by the a-type of material.
We assume that the linear dielectric constants o, and
nonlinear conductive coefficients x, are independent
of the frequency of the applied field, which is valid for
the low-frequency processes. The corresponding gov-
erning equations are V- D =0 and V x E = 0. The
boundary conditions of the coated composites are the
continuities of the potentials and the normal compo-
nents of the electric displacement on each interface of
the core, coated layer and host. At infinity the poten-
tial must match that of the external applied field.

2. Perturbation method for non-

linear AC and DC processes

We take into account weakly nonlinear composites
with coated spherical inclusion randomly embedded in
a host, in which the nonlinear terms in the constitutive
equations are smaller than the linear terms. We as-
sume that the concentric spherical particle has a core
with a radius a and a coated shell radius b. The exter-
nal field E, = Ey+ E; sinwt + FE5 sin 3wt is applied to
the composites along the z-direction, where Ey = €2,
E,| = ¢z, E3 = ¢3Z2. The electric potential at a point
x can be expressed in the following form:

(T, w,t) =05 (x) + ¢ (x) sinwt + @5 (x) cos 2wt
+ ¢5 () sin 3wt + ¢f () cosdwt + - - -
in 2, a=1i,ch (2)

For weakly nonlinear composites, we can use the
perturbation method to deal with the potentials.["]
The nonlinear susceptibility x;, in the host medium is
chosen as the perturbation parameter, so the poten-
tials @%(x) can be expanded with parameter X, into
the following forms:

o (@) = 3% (@) + xn o (@) + X o (@) + -,
in 24, a=1i,ch. (3)
Using the electric field equation E,(x,w,t) =
—V¢qo(x,w,t) and substituting the potentials (2) and
(3) into Eq. (1), we obtain the perturbation expan-
sions for the electric displacement D in the inclusion

core particle, coated shell layer material, and host re-

gions:

D, (xz,w,t) = D§(x) + DY (x) sinwt + DS () cos 2wt

+ DS (x)sin3wt + -+, a=1i,¢,h. (4)
The local electric displacement Dg () is written
as
Dj(x) = D (x) + xy Dy (x) + xia D (@) + -+,

in 2., a=1i,¢c,h; k=0,1,2,..., (5)

where D;%(x) is a function of the potentials ¢§* (). If
each term of Eq. (5) satisfies its corresponding govern-
ing equation, the governing equation V-D(x,w,t) =0
is satisfied. Therefore we obtain a set of equations
V . D;j%(z) =0,
$=0,1,2,3,...,

a=1i,c,h,
k=0,1,2,3,.... (6)
The corresponding boundary conditions of each
term in the perturbation potential and electric dis-
placement are as follows.
At the interface between the inclusion core and
inside layer of the coated shell 9f2;,
¢ (@) = ¢i°(®), 7Dy’ (x) =7 Dif(w),
on 02,s=0,1,2,3,...,
k=0,1,2,3,.... (7)
where 7 is the surface normal direction of the core.

At the interface between the outside layer of the
coated shell and host medium, 952,

(@) = o (@), 7 Dif(@) =i DY (=),
on 0., k=0,1,2,3,...;
s=0,1,2,3,.... (8)
At infinity the potential satisfies
—gg, if s=0,k=0,
. —e1, if s=0,k=1,
6 S
7(%;5@) lesoo =1 —€3, if s=0,k=3,
0, if s#0 orif s=0
and k#0,1,3.

(9)

3. Potentials in coated nonliear
spherical composites
From Egs. (5) and (6), we can obtain the govern-

ing equations of the zero-order potentials at the zero

frequency, the first frequency, the second, the third,
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and the higher harmonics as follows: (b?i(a:) = —Ape1rPy(cosh), (r <a), (14)
oo V2 () =0, k=0,1,3,..., ¢Y°(x) = —(Bor + cr~?)e1P1(cos6),

in 2, a=ich. (10) (a<r<b), (15)

With the boundary conditions (7)—(9), the zero-order $1"(2) = —(r + Dr~?)e1Pi(cosh), (r >0), (16)

potentials of the core, coated layer, and host regions (bgi(m) = —AgesrPy(cosb), (r < a), (17)

can be derived from governing Egs. (10), and they are 02 () = —(Bor + er~2)esPy (cos ),

gbgi(:v) = —ApeorPi(cosb), (r <a), (11) (a <r<b), (18)
0°(z) = —(Bor + Cr~?)egP1(cos b), @3 (x) = —(r + Dr~?)esP1(cos ), (r >b), (19)
(a <7 <b), (12) " where Pi(cosf) = cosf is the first-order Legendre

O(x) = —(r + Dr=?)egPi(cos ), (r>b), (13)  function. The coefficients are
|

9o.0n
Ay = _ 20
07 (01 + 200) (0 + 20m) + 2(05 — 0) (e — on)(£)3 (20)
3o (0 + 20,
By — on(oy + 20¢) (21)

(03 + 20¢)(0c + 20m) + 2(0; — 0¢)(0c — on)(§)?’

C _ 30h(0i - UC)as — a3C (22)
(o5 +20¢)(0c + 201) + 2(0; *Uc)(gc*(’h)(%)g -
B (o; + 20.)(0c — on) + (07 — o) (20 + Uh)(%)?’ 3 .3
D= (07 +20¢)(0¢ + 20n) + 2(0; — 0c) (0 — O'h)(%)gb =0"Do. (23)

The zero-order potentials with 2w frequency equal zero because of their boundary conditions and governing

equations.
For the advance derivation, we obtain the governing equations of the first-order potential at a different
frequency as follows:

0 V264 + 5V - [ (V6P 4+ LIVO3 P + 3 [Vo3?) Vol + Vb - Ve vt
+ VR - Ve vl | =0, (24)
7 V21" + Ba¥ - [21765 VORIV + (1Vehe 2 + SITOI = JIVat - Vol + S Vole ) vt
(= IV + Ve - Vel )veg] =0, (25)
0 V26K 4+ 5V [ (= 5IVO 4 [V Ve ) Vo + (— Vel - Vo] + Vel - Vo] vt
+3IV6y Vel vel] =0, (26)
7V + a¥ - [21V65 - VORIV + (= IV + [V Vo) Vel
+ (1Ve2 + 5Ivat? + 21vageP)vege] =o, (21)

where 8o = xo/X;, @ =1,¢,h.
The solutions of the first order potential at zero frequency in the three regions respectively are as follows:

¢(1)i(w) = [A(l)irPl(cos 0) + Agirng(cos 0)] (53 + gaosf + gaosg), (r <a), (28)
o“(m) = [(A5°r + Cor™2 + C3°a®r™° + C3¢a’r™®)Py(cos ) + (A5°r® + Dyr 2
+ Dgr=* + D§r=® + Dyr®)Ps(cos 0)] (68 + gsosf + geoeg), (a <r<b), (29)
0 () = [(Co"r~2 + CF"r ™ + CPr®)Py(cos 0) + (DY"r 2 + D3"r~* + D r—?
+ Db =8)P3(cos 0)] (63 + 2505? + gsosg), (r >b). (30)
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As the above procedure is for dealing with the first potentials at zero frequency, the first potentials at the
basic frequency, the second, and the third harmonics respectively are as follows.
At the basic frequency:
i i i 3 3
oil(z) = [Ai Py (cos 0) + A2 r3Ps(cos 0)] (35(2)51 +1 1
(x) = [(A%CT + CIr™2 + C%abr5 + C’f’cagrfg)Pl(cos 0) + (A‘i’crg’ + Diep=2 4 pIep—4

: 3
- LS+ Sad), (<), (31)

. 3 3 3
+ Df’cr*" + D%Cr’S)Pg(cos 9)] (35(2)51 + *6? — *5%63 + 551%), (a <r<b), (32)

4 4
M) =[(C1" 2 + CPr =2 + C3"r~®)Py(cos0) + (D1"r~2 + Di"r~* + D{"r ™

+ D{"r~#)P5(cos 0)] (36%61 + §5§’ -

3 3
1 75%53 + 5&5%), (r > b); (33)

4
At the second harmonics:

¢§i(x) = (AlirP (cosB) + A3i7"3P3(cos 0))ed, (r<a), (34)
1o(2) = [(ALer + CLor2 4+ C2aSr + C3¢a%r )Py (cos ) + (Ar? + Dier=2 4 D¥r—
+ D3°r~5 + D3r~%)Ps(cos 0)] (*%606% + 3505153), (a <r<b), (35)
() = [(C3r 2 + CF = + C3"r~®) Py (cos 0)
+ (D3"r™2 + D3 ~* + D3"r™5 + D3~ 8)P3(cos )] (—gsosf + 3606163), (r>0b); (36)
At the third harmonics:

(bé (x) = [Aé rP1(cos ) + Ag r3P3(cos 9)} (35(2)53 — ZE:;’ + 55%53 + ng), (r <a), (37)

il’)c(w) :[(A T—i—ClC —2+02c 6 _5+C3C S)Pl(COSH) (A?)CTS_’_DIC _2—|—D2C —4

1 3 3
+ D3°r™° + D5r®)P3(cos 0)] (36(2)53 - ZEi’ + ?5%53 + 15§>7 (a <r<b), (38)
1 () = [(CIhr=2 4 C2hp=5 4 O30 ~8)P (cosB) + (DYr—2 + D2p—1 4 D3y
1 3 3
+ D3"r®)P3(cos 0)] (35353 - 15’ + 55%53 + 183), (r =), (39)

where P3(cosf) = (5cos 360 + 3cos ) /8 is the third-order Legendre polynomial.

In this paper we study the effective response of nonlinear spherical coated composites under external AC
and DC electric fields, so we give only the coefficients of the potentials, which are useful for estimating the
effective response:

ﬁiAg(Fl(TC + 2F20h) + ﬁCFQ(FgBS’ + F4B(2)CO + F5B()Cg + F@CS’) + 307

4! = o : (40)
(o1 +20¢)(0¢ + 20m) + 2(0; — 0¢)(0c — on) (E)
Ale _ BiAJG1 + Be(G2Bf — GsB3Cy + G4 BoCi — G5C3) + 30(:(0; + QUc)Ge" (41)
0c| (05 + 200) (00 +200) + 205 — o) (0 — ) (3 ) |
Co° = —iﬂcBOCO, Cie = 2ﬂcco, CF =C3, Ci* =0, A=Ay, A =AfF, (42)
where
F1:1+2<b) . = (b) Fy = 2(0e — on), F4:15—8(oc+20h),

oS8 ot i)
o= (2 <) o [() - 2(2) i}

18 6 17
F:(l Dy — -D2 — —D)
7 Tt Po 5o o
18

Gy = 20.(0. — ah)(%)g, Gy = o.(0; + 20.) + 20.(0n — 0¢) (%)37 Gs = gO’C(Ui + 201])(%)3,
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4 a\3 2 a\6
Gy = g(ac —on)(4o; + 5oc) (g) + g(ai + 20.)(80y, — 506)(6) ,
2 a3 1 a\?
Gs = (ac - o—h)(loai + 7100)(5) + 25 (01 +200)(Tlo — 2007) (5) :
1
Go = (—5 + Do —Ipi- )

4. Effective response

In the dilute limit, we derive the effective nonlinear response of spherical coasted nonlinear composites
under external AC and DC electric fields using the effective response method previously proposed for a DC
response, 1]

—/ (z,w,t) — (ohE(z,w,t) + xu | E(z,w, t) P E(z,w,t))] dv

= D(w,t) — [ahE(w,t) + Xh|E(w,t)|2E(w,t)], (43)

where V' denotes the whole region, V = 2; 4+ 2.+ (2,. D and FE are the spatial averages of electric displacement
and electric field, respectively. Because the integration on the left-hand side of Eq. (43) is zero in the host region,
equation (43) is simplified as the following form:

1
= [D(z,w,t) — (onE(z,w,t) + x| E(z,w,t)|*E(z,w,t))] dv
V Ja+a.
= D(w,t) = [ohE(w,t) + xu|E(w, t)|?E(w, t)]. (44)

At low concentrations, we evaluate the effective response of the composites with a single particle potential under
the external field.''] For external AC and DC electric fields, because of cubic nonlinearity of the constitutive
relation, the electric displacement includes many harmonics components. Thus we can define the effective
response of the composites by regarding the nonlinear composites as an effective homogeneous medium.

D(w,t) = Dy + Dy sinwt + D4 cos 2wt + D3 sin 3wt + - - -, (45)
where D,, = O':;WE + X;‘M|E|2E +---,n=0,1,2,3,...; 0y, and x;,,, are, respectively, the linear and nonlinear
effective dielectric responses at the n-th harmonic frequency nw. The electric fields at position  are generally
given by using Eq. (2),

E,(xz,w,t) = E§(x) + E{(x) sinwt + ES(x) cos 2wt + ES (x) sin 3wt + - - -
= [Vu (@) + xu Vo (@) + -] = [V (@) + x, Vo1 (@) + - sinwt
= [V (®) + X, Vb () + -] cos 2wt — [V () + x, V3™ () + - | sin 3wt + -+ . (46)
Substituting Eqs. (45) and (46) into Eq. (44), we can derive the effective responses of nonlinear composites at
the n-th harmonics, respectively:

Th0=0n+ (73— ow)Aofi + (7 — 1) Bofe (47)
Yoo =X+ [0 = ) A3 + (e = ) (BO + BOCO b; - %Z; (1+ 5 )Co>f |
i =ty - ><Alcfz+§ TG )] a
Xm0 = g + 3 [ (% = X435 + (e — ) (B + 3;‘2 20 (14 5) )]
- Dl - WAl + o - o (Ac-b O+ 3) )4 (a9
Xo(3wy2,0 = th + ; (06 = xa) A3+ (e xh)<Bo + BOCSZ—g S~ (1 ) 8)s]
= Do = oAl + o) (Al - - T (14 5 oi) 1], (50
0l =00+ (01 = 00) Ao fi + (0 — 1) Bo . (51)
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3
X02(w)w = 3Xn + 3[(?(1 —xw) Ao fi + (xe )(Bo + BoCo i

1i 3 2 a3
_3Xh[((7i_(7h)A0 fi-l-(ac—oh)(AO _173 c bfg(
" 3 3 3 a3
X(wd)w = 7Xn t 7 [(Xi —xn) A0 fi + (Xe )(BO + BOCQ -
3 L a3 ) a3
_EXh[( _Uh)A it (¢ _Uh)(AOC_bTe, oc—bj(l-l-

1+ ) ).
gb*s(H%z)

5)98)]

a
. a3 £
) g,

X3 = — th - %{(Xi —Xw) A fi + (Xe — Xn) (BS’ + ?3003%2 - %g (1 + g)CS’)fc]
+ 2[00 - A £+ (o - o) (Al - bi 3 ‘b‘—j(l +)eb) ]
Koty = g+ 5 |06 = X A8 + (e ) (B + 5 BoCR o — 2 52 ( 2)ci)s]
=Sl oAl i+ o - o (Al - i - % (14 ) ci) ],
032 =00+ (01— W) Aoy + (00— 1) Bof.
Kotz = = o [0 =AY+ (e — ) (B3 + By — 2 (14 %) 68 1]
SN L
X0 (w020 = 3Xn +3 [(Xi — XA fi + (Xe — Xn) (BS‘ ® Boc B %%j (1 + %j)CS) fc]
— 3 (0s = )] i+ o — o) (Al - 03— % (14 ) i) 1],
O3w.3w =00 + (03 —on) Ao fi + (0c — o) Bofe,
it =31+ [0 XA + (e — ) (B + S BoC3 o — 20 (14 9) ) £
=3 [(01 = WA + (o0 — o) (Al - ; (s )]
X(w®) 30 = — iXh - ﬂ(xi — X Asfi + (e — xn) (Bo + 38 + BoCa b: - %%: (1 + 273,)03)104
o - o ad s+ (o - o (ke - b— 3 Z—j(l - “—3)036)f; 7
Xyt = 9% + 3| (6 = X A3 + (xe — x0) (BS + 1 Boco v 20 (14 9)c8) ]
Sl oAl it oo o (Ac 1+ "‘)oﬁ)fc,
Xl = 90+ [ 06— Xu) A3 + (e — x0) (B + 3‘;3 20 (14 5) )]
- Sl oA + (o - o (A o (1 a3)03c)fc :

(53)

(61)

(63)

where f; and f. are the volume fractions of the in-
The
quantity a3/b% can be expressed by the volume frac-
tion as a3/b3 fi/(fi + fC) The coefficients Ag, By,
Co, AO , Aye, cge, a3, A , Ale, €3¢, and C3° are
given in Egs. (20)—(23) and ( 0)—(42), respectively.

1)-(23), (28)—(42), (47)—(63), it is
noticed that the effective nonlinear response contains

clusion core and the coated shell, respectively.

From Egs. (1

the nonlinear interactions between the direct current
component, the fundamental wave, and the third har-
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clusion core particle and the coated shell layer.

5. Conclusion and discussion

monlc components of the external AC and DC electric
fields, and between the two inclusion layers, i.e. the in-

In this paper, effective nonlinear AC and DC re-
sponses of weakly nonlinear spherical coated compos-
ites, which are randomly embedded in a host medium,
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are analyzed under an external field E, = Ey +
FE;sinwt + E3sin3wt with different amplitudes and
frequencies using the perturbation method, and the
formulas of the effective nonlinear responses at har-
monics are obtained in the dilute limit. Compared
with the structures studied in Refs. [11]-[23], here the
structure of the nonlinear composite is complicated,
and the direct current component and the third har-
monic component are contained in the external field,
so the effective responses contain the nonlinear inter-
actions between the direct current component, the
fundamental wave, and the third harmonic compo-
nents of the external AC and DC electric fields, and
between the two inclusion layers, i.e. the inclusion
core particle and the coated shell layer. Furthermore,
our case is closer to the circumstances of the practical
application and will have a bearing on the nonlinear
dielectric response problem of nonlinear composites.
Considering the coefficients appearing in the ef-
fective response, we obtain some simple relationships
between the effective nonlinear responses at the funda-
mental frequency and the third harmonics as follows:

* ok %
Uw,w - UBw,Sw - 00,07

* * * * 3 *
X0(w)2,0 = X0(3w)2,0 = Xw(3w)2,w = Xw?(3w),3w — §X0,0’

XSQ(w),w = X32(3w),3w = 3X3,o7
3
X?W)S’WJ = X?Sw)g',?)w = sz,oy
1 *

szw)23w,w = *ZXS,Oa X?W)S,gw = 71X0’0'

Clearly, with these relationships we can obtain a
comprehensive understanding of the effective nonlin-
ear response of the nonlinear composites.

In addition, if assuming €9 = 0, our results are

exactly the same as those derived by Hao et al.*%!
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