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The effect of two-dimensional shear flow on the stability

of a crystal interface in a supercooled melt∗
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A model is developed based on the time-related thermal diffusion equations to investigate the effects of two-

dimensional shear flow on the stability of a crystal interface in the supercooled melt of a pure substance. Similar to

the three-dimensional shear flow as described in our previous paper, the two-dimensional shear flow can also be found

to reduce the growth rate of perturbation amplitude. However, compared with the case of the Laplace equation for

a steady-state thermal diffusion field, due to the existence of time partial derivatives of the temperature fields in the

diffusion equation the absolute value of the gradients of the temperature fields increases, therefore destabilizing the

interface. The circular interface is more unstable than in the case of Laplace equation without time partial derivatives.

The critical stability radius of the crystal interface increases with shearing rate increasing. The stability effect of shear

flow decreases remarkably with the increase of melt undercooling.
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1. Introduction

The solid–liquid interface instability is one of the

eternal themes in materials science research. Mullins

and Sekerka[1,2] first studied the stability of a solid

particle interface. The growth of the interface is con-

trolled by either thermal or solute diffusion. They

found that the critical stability radius is seven times

the critical radius for nucleation. In reality, the heat

and the solute transport processes both should be con-

sidered. Trivedi[3] solved this coupled transport prob-

lem and obtained a general marginal condition for the

absolute shape stability of a spherical particle as

−GL +mLGCξ(l) = (TMΓ/R2
0)L, (1)

where mL is the slope of the liquidus, GL the temper-

ature gradient, GC the solute gradient, Γ the Gibbs–

Thompson parameter, TM the melting point, R0 the

radius of the sphere, l the order of spherical har-

monic, ξ(l) and L are each a function of l. In ex-

periment, natural convection or forced stirring can

cause liquid flow, which will affect the solute transport

significantly. Many researchers studied the relation

among liquid flow, solute, and heat transport. Vogel

and Cantor[4] investigated the effect of shear flows on

the stability of the solid/liquid interface. They found

that the shear flows destabilized the solid/liquid in-

terface and favoured the dendritic growth. However

the experimental observation showed that shear flows

could increase the stability of the solid particles dur-

ing their free growth.[5,6] To date, the interface sta-

bility of a planar interface is still the main focus of

most of research. Coriell et al.[7] investigated the lin-

ear stability of the interface under a plane Couette

flow numerically. It was shown that the flow does not

affect the wavevectors perpendicular to it, but stabi-

lizes the wavevectors parallel to the flow. Brattkus

and Davis[8] analysed the stability of the planar in-

terface under the Stagnation-point flow. They found

that the long wavelength perturbations destabilize the

interface. Davis and Schulze[9] investigated the effects

of steady and oscillatory shear flows on the stability

of the interface during directional solidification. They

found that the interface is stabilized by the purely os-

cillatory motion of the crystal in the direction parallel
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to the interface. They further concluded that the ap-

propriate selections of the frequency and amplitude

of the modulation can eliminate the morphological

instability.[10] Davis and Schulze[11] also found that

selecting the flow parameters properly can stabilize

the planar interface under the nonparallel shear flows.

Lin et al.[12] performed a linear stability analysis on

a planar interface under the influence of fluid flow.

They found that the fluid flow shortens the incuba-

tion time for breakdown of the planar interface. Zhao

and Li[13] employed the phase-field model to simulate

the free dendritic growth process governed by capillary

anisotropy or kinetic anisotropy. They discovered that

as the interface velocity increases, the cystal radius

decreases. Sun et al.[14] developed a two-dimensional

lattice Boltzmann method-based model for the mod-

elling of dendritic growth during alloy solidification

in the presence of forced and natural convections. It

is found that convection transports heat and solute

from the upstream region to the downstream region,

producing asymmetrical dendrite that grows faster in

the upstream direction, whereas slower in the down-

stream direction. Xing et al.[15] indicated that there

exists a linear relationship between crystal growth ve-

locity and undercooling. As for the spherical interface,

Chen et al.[16,17] investigated the effect of far-field flow

on the crystal growth in the melt. It is shown that the

moving velocity of the interface at the upwind side is

larger than that on the downwind side. They[18] also

found that as the interface kinetic coefficient increases,

the growth velocity of the spherical crystal increases.

In our previous work,[19] we used perturbation se-

ries to obtain the solutions of temperature field and so-

lute field under far-field flow. In our another paper,[20]

the influence of a three-dimensional (3D) shear flow on

morphological stability of a globular crystal interface

was investigated. We used the Laplace equation mod-

ified by material derivatives to solve the temperature

and solute fields. However, the influence of the time-

dependent diffusion process was neglected in the pre-

vious work. In reality, different from the case in planar

interface, the surface area of the globular crystal in-

creases with the solidification process, which leads the

release of the latent heat and solute (assuming k0 <1,

k0 is the equilibrium solute distribution coefficient)

ahead of the solid/liquid interface to increase with the

crystal growth. This means that the thermal and so-

lute diffusion should be time-dependent. In this paper,

we focus mainly on the effect of time partial deriva-

tives of the thermal diffusion control equation on the

analysis of the morphological stability of the globular

crystal of a pure substance in the supercooled melt.

We use Ivantsov solution modified by surface energy

to represent the temperature field. Since 3D Ivantsov

solution is complicated, for simplification, we use a

two-dimensional (2D) Ivantsov solution to analyse the

solution of temperature field, and investigate the ef-

fect of time partial derivative in the diffusion equation

on the morphological stability of a 2D circular crystal

interface under the shear flow. The growth rate of the

interface perturbation amplitude is analysed.

The rest of the present paper is organized as fol-

lows. In Section 2, a solution of temperature field

for an unperturbed interface growing from a super-

cooled melt under the shear flows is obtained. We

use the time-dependent thermal diffusion equation to

solve the temperature field. In Section 3 we present

a first order linear stability analysis for the crystal

interface. Then we calculate the growth rate of the

perturbation amplitude and the critical radius below

which the crystal interface is stable. In Section 4 we

draw the conclusion from the present study.

2. Theoretical model

The stability analysis of the present paper orig-

inates from a phenomenon observed in our previous

semisolid solidification experiments.[5,17] We found

that the globular crystal radius under stirring is much

greater than the radius predicted by classical mor-

phological stability theory based on a pure diffusion

condition. The effect of the strong stirring should be

a main cause of this remarkable phenomenon. This

means that the suitable shear flow of the melt can

stabilize the globular crystal significantly. Consider-

ing that there is the rotation of globular crystal in sus-

pension in the stirring melt in experiment, we reckon

that there should be a shearing flow of certain period

around the globular crystal. Since the velocity vec-

tor field is hard to solve for a moving globular crystal

under stirring, for the purpose of simplifying the anal-

ysis, in the present paper, we set the globular crystal

to be static and investigate the effect of shear flows

on the stability of the spherical interface in an un-

dercooled melt. This flow can be generated by the
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rotation of the crystal in the undercooled melt. We

assume that the angular velocity of the crystal is ω.

To simplify the analysis, we use a rotating frame with

an angular velocity ω, thus the crystal becomes static

in this rotating frame and the far-field angular velocity

of the melt becomes ω. But in the laboratory frame,

the angular velocity of the crystal is still ω.

We establish a polar coordinate system in the su-

percooled melt. The zero point of r axis is the centre

of the crystal as shown in Fig. 1. r = R(φ, t) can

describe the postion and shape of the circular crystal

interface. r = R0(t) represents the interface without

the interface perturbation.

r

γ

θ

Fig. 1. Shear flow around a crystal. γ represents the

shearing rate.

We can use thermal diffusion equations modified

by material derivatives to solve the temperature fields:

CpL
∂TL

∂t
+ CpLU ×∇TL = kL∆TL, (2)

CpS
∂TS

∂t
+ CpSUS ×∇TS = kS∆TS, (3)

where TL and TS are the temperatures in liquid and

solid, respectively, kL and kS the thermal conductivi-

ties in liquid and solid, respectively, CpL and CpS the

specific heats of liquid and solid per unit volume, re-

spectively, US is the solid-velocity vector, and U the

liquid-velocity vector.

The temperature at the interface is determined

by the Gibbs–Thomson equation

TLI = TSI = TM − ΓTMK, (4)

where the subscript I denotes the value at the inter-

face. TM is the equilibrium melting temperature of

the pure substance, Γ the capillary constant, K the

curvature of the interface.

The temperature at the interface should satisfy

the thermal flux conservation condition as follows:

−h∆
∂R

∂t
= kL

(∂TL

∂r

)
I
− kS

(∂TS

∂r

)
I
, (5)

where ∂R/∂t is the moving velocity of the interface,

h∆ the latent heat of fusion per unit volume.

Since the crystal is relatively static in the rotat-

ing frame of reference, then the velocity of the solid

particle US is

USφ = 0, (6)

USr = 0. (7)

Now we use Navier–Stokes equations to obtain the so-

lutions of U , expressed as

∂Ur

∂t
+ Ur

∂Ur

∂r
+

Uφ

r

∂Ur

∂φ
−

U2
φ

r

= −1

ρ

∂p

∂r
+ ν

( ∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂φ2
− 1

r2

)
Ur

− ν
2

r2
∂Uφ

∂φ
, (8)

∂Uφ

∂t
+ Ur

∂Uφ

∂r
+

Uφ

r

∂Uφ

∂φ
+

UrUφ

r

= − 1

ρr

∂p

∂φ
+ ν

( ∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂φ2
− 1

r2

)
Uφ

+ ν
2

r2
∂Ur

∂φ
, (9)

where ρ is the density of liquid, p the fluid pressure,

and ν the kinematic viscosity.

Consider the complexity of solving time-

dependent flow field, we assume that Ur = 0 and

U is related to neither t nor φ. And then the solution

of Eq. (9) is

Uφ = −γR2
0/2r + γr/2, (10)

where

γ =
∂Uφ

∂r

∣∣∣∣
r=R0

is the shearing rate at the interface.

When r → +∞, Uφ becomes

Uφ|r→+∞ = γr/2. (11)

The far-field velocity of the undercooled melt is ω =

γ/2. But since we use a rotating frame, the far-field

velocity of the melt is zero in the laboratory frame.

Since Ur = 0 and USr = 0, the shear flow will not

affect the temperature fields if they are only related
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to r. Equations (2) and (3) become

CpL

kL

∂TL

∂t
=

( ∂2

∂r2
+

1

r

∂

∂r

)
TL, (12)

CpS

kS

∂TS

∂t
=

( ∂2

∂r2
+

1

r

∂

∂r

)
TS. (13)

Using the boundary conditions given by Eqs. (4) and

(5), we can solve Eqs. (12) and (13) as follows:

TS =TM − TMΓR−1
0 , (14)

TL =
+∞∑
j=0

(r −R0)
j

j!
Tj ,

T0 =TM − TMΓr−1, (15)

T1 = − h∆

kL
R0 − TMΓr−2, (16)

T2 =
h∆

kL

CpL

kL
R2

0 +
h∆

kL
r−1R0

+ TMΓ
(CpL

kL
R0r

−2 − 2r−3
)
, · · · , (17)

where R0(t) =
√
a1t represents the interface and

Ei(x) =

∫ x

−∞

es

s
ds.

In Eqs. (15)–(17), we can see that the terms asso-

ciated with TMΓ are also associated with r−j (j ≥ 1).

When r → +∞, these terms tend to be zero. There-

fore the far-field undercooling ∆T∞ = TM − T∞ can

be expressed as

∆T∞ = −a1h∆

4kL
exp

(a1CpL

4kL

)
× Ei

(
−a1CpL

4kL

)
. (18)

We can obtain a1 from far-field undercooling ∆T∞ us-

ing Eq. (18).

3. Stability analysis

Under the interface perturbation, the interface

R(φ, t) becomes

r = R(φ, t) = R0(t) + δ(t) eimφ, (19)

where δ(t) represents the infinitesimal amplitude of

the perturbation, m is an integer which represents the

perturbation frequency.

The temperature fields influenced by the interface

perturbation become

TL =

+∞∑
j=0

(r −R0)
j

j!
Tj + δ eimφg1(r), (20)

TS = TM − ΓTM/R0 + δ eimφg2(r). (21)

To obtain the solutions of g1(r) and g2(r), we insert

Eqs. (20), (21) into Eqs. (2), (3), then we will obtain

U ×∇(δ eimφg1) = (kL/CpL)∆(δ eimφg1), (22)

US ×∇(δ eimφg2) = (kS/CpS)∆(δ eimφg2). (23)

Equating the coefficients of δ eimφ on both sides of the

equations, we can obtain

imγCpL(1−R2
0r

−2)g1/(2kL)

=
∂2

∂r2
g1 +

1

r

∂

∂r
g1 −m2 1

r2
g1, (24)

∂2

∂r2
g2 +

1

r

∂

∂r
g2 −m2 1

r2
g2 = 0. (25)

Equations (24) and (25) can be solved as

g1(r) = c0r
b + c1r

b+2 + c2r
b+4 + · · · , (26)

g2(r) = f0r
m, (27)

b =
[
m2 + imR2

0CpL(−γ)/(2kL)
]1/2

, Re(b) < 0, (28)

cj = imCpLγcj−1/
[
2kL(4j

2 + 4jb)
]
, (j > 0). (29)

Using Eq. (4), we can obtain the relationship between

g1 and g2 as

δ eimφ
(∂TL

∂r

∣∣∣
r=R0

+g1

∣∣∣
r=R0

)
= δ eimφ

(∂TS

∂r

∣∣∣
r=R0

+g2

∣∣∣
r=R0

)
= δ eimφ

[
−ΓTM

(
K|r=R0+δ eimφ − 1

R0

)]
, (30)

where g1|r=R0 = c0R
b
0 + · · · , g2|r=R0 = f0R

m
0 .

Inserting Eqs. (20) and (21) into Eq. (5), we can

obtain

− h∆δ̇ e
imφ

= δ eimφ
[(

kL
∂g1
∂r

∣∣∣
r=R0

−kS
∂g2
∂r

∣∣∣
r=R0

)
+
(
kL

∂2TL

∂r2

∣∣∣
r=R0

−kS
∂2TS

∂r2

∣∣∣
r=R0

)]
. (31)

Insert Eqs. (26) and (27) into Eq. (31), then we will

have

− h∆δ̇ e
imφ

= δ eimφ
[
(kLA∇TLg1|r=R0 − kSA∇TSg2|r=R0)

+
(
kL

∂2TL

∂r2

∣∣∣
r=R0

−kS
∂2TS

∂r2

∣∣∣
r=R0

)]
, (32)

where

A∇TL =
(∂g1
∂r

∣∣∣
r=R0

) /
(g1|r=R0), (33)

A∇TS =
(∂g2
∂r

∣∣∣
r=R0

) /
(g2|r=R0). (34)
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Equation (30) contains two separate equations, i.e.,(∂TL

∂r

∣∣∣
r=R0

+g1

∣∣∣
r=R0

)
δ eimφ

=
(∂TS

∂r

∣∣∣
r=R0

+g2

∣∣∣
r=R0

)
δ eimφ, (35)(∂TL

∂r

∣∣∣
r=R0

+g1

∣∣∣
r=R0

)
δ eimφ

= −ΓTM
m2 − 1

R2
0

δ eimφ, (36)

where
∂TL

∂r

∣∣∣
r=R0

and
∂TS

∂r

∣∣∣
r=R0

are caused by the po-

sition change of the distorted interface, g1|r=R0 and

g2|r=R0 are caused by the perturbation of the tem-

perature and solute fields resulting from the distorted

interface, and (m2 − 1)/R2
0 is the curvature change of

the distorted interface.

Inserting Eqs. (35) and (36) into Eq. (32) and

equating the coefficients of δ eimφ on both sides of the

equations, the growth rate of the interface perturba-

tion amplitude δ̇/δ can be obtained as

δ̇

δ
= − v

[
+(kSA∇TS − kLA∇TL)ΓTM

m2 − 1

vh∆R2
0

+A∇TL +
1

R0
+

CpL

kL
v +

TMΓCpL

h∆R2
0

]
. (37)

The imaginary part of δ̇/δ affects the phase change of

the interface perturbation. The real part of δ̇/δ rep-

resents whether the interface perturbation amplitude

becomes larger with time. If S = Re(δ̇/δ) > 0, the

interface is unstable; if S < 0, the interface is stable.

When γ = 0, then

A∇TL = −m/R0, (38)

A∇TS = m/R0. (39)

Equation (37) becomes

δ̇

δ
=

GLkL
h∆R0

(m− 1)
[
−1− (kS + kL)ΓTM

m(m+ 1)

GLkLR2
0

+
CpL(TMΓ/R0 −R0GL)

h∆(m− 1)

]
. (40)

where GL = −h∆v/kL.

If we set the real part of right-hand side of Eq. (40) to be S0, then S0 will determine the stability of the

circular crystal interface without flow.

The growth rate of interface perturbation amplitude obtained by Trivedi[3] is

δ̇

δ
=

kLGL

R0h∆
(l − 1)

{
−1− 1

R2
0

TMΓ (l + 2)
GL

l + 1 + lkS/kL
+

mLGC

−(l + 1) + (vR0/D)(1− k0)

}
. (41)

It can be seen that equations (40) and (41) are

similar. The difference results from the fact that

Trivedi used a single spherical harmonic Ylm(θ, φ) =

hlm(θ) eimφ to represent the distorted sphere in the

3D case, while we use eimφ to represent the distorted

circular interface in the 2D case. Our analysis focuses

on the pure substance and the Trivedi criterion is used

for binary melt. Using the time-dependent diffusion

equation instead of Laplace equation also induces the

difference between our criterion and Trivedi’s.

A∇TL represents the normal gradient of the liquid

temperature field perturbation. Assuming b ≈ −m,

A∇TL becomes

A∇TL ≈ −m/R0 + i2h/[R0(4− 4m)]

+ 2h2/[R0(4− 4m)2] + · · · , (42)

where

h =
γmCpLR

2
0

2kL(4− 4m)
.

The real part of δ̇/δ is affected only by Re(A∇TL
)

as shown in Eq. (31). The |Re(A∇TL)| in Eq. (42) is

obviously smaller than m/R0. Now we can see that

the normal gradient of the liquid temperature field

perturbation is reduced compared with the case with-

out flow. When the shearing rate γ increases, the h

increases accordingly. We can see from Eq. (42) that

the higher order h becomes more significant when h is

larger than 1, therefore the effect of shear flow is en-

hanced. If the shearing rate γ tends to be zero, then

the higher order h in Eq. (42) becomes less signifi-

cant, A∇TL will turn into −m/R0 which is the value

without flow. The normal gradient of the tempera-

ture field perturbation determines the growth rate of

the interface perturbation amplitude. Since the shear

flow reduces the value of normal gradient of the tem-

perature field perturbation, it also reduces the growth

rate of the interface perturbation amplitude, thereby
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stabilizing the circular crystal interface.

The effect of time partial derivative of thermal

diffusion equations can be represented by the value

of CpL on the right-hand side of Eq. (2). The ther-

mal flux conservation at the interface represented by

Eq. (5) remains the same.

If the interface perturbation grows faster than the

circular crystal interface, then the interface will be-

come unstable. Therefore we use S′ = S − v/R0 as

the criterion of the stability of the interface. Figure 2

shows the variation of S′ with m at an undercooling

temperature of 0.5 K and the crystal radius of 100 µm

for succinonitrile (SCN). The thermal-physical param-

eters of SCN are listed in Table 1.[5] It is shown that

S′ decreases when γ increases. The existence of shear

flow reduces the growth rate of the interface perturba-

tion amplitude. We use mmax to represent the value

of m when S′ reaches its maximum value. It is shown

that when γ increases, mmax becomes larger too.

Table 1. Thermal-physical parameters of SCN.

Parameter Value

ρ/(kg/m3) 1016

kL/(J/m·s·K) 0.222

kS/(J/m·s·K) 0.224

h∆/(J/m3) 4.57× 107

Γ/m 1.959× 10−10

TM/K 331.24

CpL(J/K/m3) 1.9375× 106

2 4 6 8 10

-0.20

-0.10

0.00

0.10

0.20

0.30

γ=0
γ=40 s
γ=60 s

S
'
/
s-

1

m

Fig. 2. Curves of S′ versus m for R0 = 100 µm and

∆T∞ = 0.5 K with the different shearing rates.

Calculating the growth rate of the interface per-

turbation amplitude in Eq. (31), the obtained result

contains two parts: (i) the normal gradient of the

perturbations of the temperature fields; (ii) the sec-

ond order partial derivatives of r of the temperature

fields which are caused by the position change of the

interface. The existence of the time partial deriva-

tives in thermal diffusion equations obviously changes

the solution of temperature fields after the occurrence

of interface perturbation compared with the case of

Laplace equation. That is to say, the time partial

derivative in thermal diffusion equation affects the

morphological stability of the interface through the

second part of the growth rate of the interface pertur-

bation amplitude in Eq. (31), which is caused by the

position change of the interface during the interface

perturbation.

Figure 3 shows the variations of S′ with m for

∆T∞ = 1.0 K and R0 = 100 µm at different values of

CpL and γ. We can see that the growth rate of the

interface perturbation amplitude increases with CpL.

Since CpL is associated with the time partial derivative

in thermal diffusion equations, the existence of time

partial derivative makes the circular interface more

unstable. When we use Lapace equation to study the

stability, the interface can tend to be more stable com-

pared with the case with the full form of thermal dif-

fusion equation. CpL represents the heat absorbing

ability of the undercooled melt. If CpL is large, the

time variation of temperature is slower. The temper-

ature gradient in the melt needs to be larger to change

the temperature field with time. Therefore the inter-

face becomes more unstable. We can also see in Fig. 3

that the value of CpL needs to be ten times the normal

value CpL = 1.9375×106 J/K/m3 to have a significant

effect.

S
'
/
s-

1

5 10 15 20
-8

-6

-4

-2

0

2

4

m

curve 1
curve 2
curve 3
curve 4
curve 5
curve 6

Fig. 3. Curves of S′ versus m for ∆T∞ = 1.0 K

and R0 = 100 µm at the different values of CpL and

γ: curve 1 γ = 10 s and CpL = 2.0 × 107 J/K/m3,

curve 2 γ = 0 and CpL = 2.0 × 107 J/K/m3, curve

3 γ = 10 s and CpL = 1.9375 × 106 J/K/m3, curve 4

γ = 0 and CpL = 1.9375× 106 J/K/m3, curve 5 γ = 10 s

and CpL = 2.0 × 105 /K/m3, and curve 6 γ = 0 and

CpL = 1.0× 104 J/K/m3.
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Figure 4 shows the variations of S′ with crystal

radius R0. When ∆T∞ = 0.3 K, the critical stability

radii without and with flows are R∗
C = 30.0 µm and

R0 = 32.0 µm, respectively. Obviously the critical

stability radius is larger under the influence of shear

flows.
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Fig. 4. Curves of S′ versus m for ∆T∞ = 0.3 K at

different crystal radii: (a) R0 = R∗
C = 30.0 µm, (b)

R0 = 1.06 µm and R∗
C = 32.0 µm, (c) R0 = 1.1 µm

and R∗
C = 33.0 µm.

Figure 5 shows the variations of the critical stabil-

ity radius with the melt undercooling for the different

shearing rates. Since the existence of shear flow can

reduce the growth rate of the interface perturbation

amplitude, the circular crystal can remain stable with

the large radius compared with the case without flow.

The critical stability radius increases with shear rate.

With or without flow, the critical stability radius be-

comes smaller when the melt undercooling increases.

We can also see from Fig. 5 that the stabilizing ef-

fect of the shear flow is insignificant with larger melt

undercooling.
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Fig. 5. Curves of critical stability radius R versus ∆T∞
with the different shearing rates.

4. Conclusion

We develop a model to investigate the effects of

2D shear flow on the stability of a crystal interface in

the supercooled melt. In the present model, the time-

related diffusion equations instead of Laplace equation

are used. The growth rate of the interface perturba-

tion amplitude under shear flow is presented. Simi-

lar to the 3D shear flow as described in our previous

paper, the 2D shear flow is found to reduce the nor-

mal gradient of the perturbations of the temperature

fields, which, therefore, can reduce the growth rate of

perturbation amplitude. The existence of time par-

tial derivatives of the temperature fields in diffusion

equation increases the absolute values of the gradi-

ents of the temperature fields, thereby destabilizing

the interface, the circular interface is more unstable

than the case of Laplace equation without time partial

derivatives. The critical stability radius of the crystal

interface increases with shearing rate increasing. The

stability effect of shear flow decreases remarkably with

the increase of melt undercooling.
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