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Mechanical properties of silicon nanobeams are of prime importance in nanoelectromechanical system applications.

A numerical experimental method of determining resonant frequencies and Young’s modulus of nanobeams by combining

finite element analysis and frequency response tests based on an electrostatic excitation and visual detection by using

a laser Doppler vibrometer is presented in this paper. Silicon nanobeam test structures are fabricated from silicon-on-

insulator wafers by using a standard lithography and anisotropic wet etching release process, which inevitably generates

the undercut of the nanobeam clamping. In conjunction with three-dimensional finite element numerical simulations

incorporating the geometric undercut, dynamic resonance tests reveal that the undercut significantly reduces resonant

frequencies of nanobeams due to the fact that it effectively increases the nanobeam length by a correct value ∆L, which

is a key parameter that is correlated with deviations in the resonant frequencies predicted from the ideal Euler–Bernoulli

beam theory and experimentally measured data. By using a least-square fit expression including ∆L, we finally extract

Young’s modulus from the measured resonance frequency versus effective length dependency and find that Young’s

modulus of a silicon nanobeam with 200-nm thickness is close to that of bulk silicon. This result supports that the

finite size effect due to the surface effect does not play a role in the mechanical elastic behaviour of silicon nanobeams

with thickness larger than 200 nm.
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1. Introduction

Single crystal silicon (Si) is a most important

and common material for very large scale integrated

circuits, memory devices, and microelectromechani-

cal systems (MEMSs) due to its unique electronic,

thermal, mechanical, and electromechanical proper-

ties. With the rapid advances in nanoscience and

nanotechnology, the dimensions of these Si-based de-

vices and systems have been pushed to the nanometer

scale. For example, the size of MEMS approaches to

the size of nanoelectromechanical system (NEMS).[1]

In this case, Si nanostructures such as Si nanobeams

(SiNBs) and Si nanowires (SiNWs) naturally become

the key building blocks for NEMS applications such

as high frequency mechanical resonators[2] and ul-

trasensitive force or mass sensors.[3,4] Obviously, in

order to make these applications reliable, the exact

evaluation of the size effect on the physics proper-

ties of SiNBs and SiNWs is essential and critical.

It is noted that nanoscale materials and structures
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serving as electrical components of NEMS are at-

tributed mainly to their potential remarkable mechan-

ical properties. Thus, the exploration of the changes

of mechanical properties, especially Young’s modu-

lus of silicon on the nanometer scale is of prime im-

portance in application to the NEMS. Considerable

efforts have been made to evaluate the mechanical

properties of Si nanostructures experimentally.[5] At

present, several approaches and techniques have been

developed to measure the mechanical behaviours of Si

nanostructures, such as measuring uniaxial tensions

of suspended SiNWs in transmission or scanning elec-

tron microscopes (TEM/SEM),[6,7] measuring the lat-

eral bendings of suspended SiNBs and SiNWs with

an atomic force microscope (AFM),[8−13] observing

the resonances of the SiNBs and SiNWs by using a

laser vibrometer,[14−16] nanoindentation of SiNBs on

a substrate,[17,18] and measuring the pull-in voltage by

using the electrostatic pull-in instability method.[19,20]

And then, in conjunction with some empirical formu-

las, Young’s modulus of Si nanostructure can be indi-

rectly extracted.

However, on the one hand, available experimen-

tal results on SiNBs and SiNWs exhibit significant

scatter. Some investigations showed that Young’s

modulus decreases with size narrowing,[6,7,14,18−20]

while the other studies reported an opposite

trend,[10−12,15] and another conclusion that Young’s

modulus of Si nanostructure is close to that of bulk

silicon.[8,9,13,16,17] In particular, even if the Young’s

modulus of the Si nanostructure has the same trend

with the size decreasing, the magnitudes of change in

different experiments are significantly different from

each other. The above results occur mainly because of

the following fact that the experimental results include

considerable uncertainties and errors, especially in

high surface-to-volume ratio Si nanostructures, such

as uncertainties and errors from difficulties in mea-

suring real deflection, determining contact area and

position and preventing tip slippage in static bending

tests with AFM,[12,21] uncertainties and errors from

the uncertainty of boundary conditions and the ef-

fects of extra surface mass due to native oxide, surface

contaminations and other adsorbed layers in dynamic

resonance test,[22,23] uncertainties and errors from de-

termining the geometry sizes of nanostructures and

the pull-in voltage in electrostatic pull-in instability

method,[19,20] and uncertainties and errors from the

effects of fabrication-induced defects and undercut.[20]

On the other hand, we note that although the

mechanical properties of SiNBs and SiNWs have

been extensively studied as mentioned above, al-

most all Si nanostructures were fabricated by us-

ing non-standard manufacturing processes, such as

the vapour–liquid–solid growth process,[7,10−13,15−18]

field-enhanced anodization using AFM,[8,14] and elec-

tron beam lithography,[9] and only limited infor-

mation is available about the mechanical proper-

ties of SiNBs fabricated by standard complementary

metal–oxide–semiconductor (CMOS) manufacturing

technology,[19,20] and understanding of the effects of

fabrication-induced defects and undercut involved in

post-CMOS process on the mechanical properties of Si

nanostructures is lacking at present. Therefore, from

the perspective of large-scale production, it is neces-

sary and meaningful to study the influences of defects

and undercuts involved in the post-CMOS process on

the mechanical properties of Si nanostructures. In

other words, in order to exactly detect the mechan-

ical properties of Si nanostructures with defects and

undercut, more reliable experimental research should

be carried out.

It is worth noting that the combined methods

which rely on the modeling of the beam geometry

by a finite element (FE) analysis together with ex-

perimentally frequency response test have received

more and more attention,[24−28] and there has been

a tendency to determine the resonant frequency and

Young’s modulus of the nanostructure and the under-

cut effect by using this combined method. Specifi-

cally, Gavan et al.[24] have recently adopted this com-

bined method to study the effect of undercut induced

by an isotropic dry etch process on the resonant be-

haviour of silicon nitride cantilever. Guillon et al.[25]

explored the effects of non-ideal clamping shape on

the resonance frequency of a silicon nanocantilever.

More recently, Nazeer et al.[26] investigated the in-

fluences of silicon orientation and cantilever under-

cut on the determination of the Young’s modulus of

PZT thin film. Ilic et al.[27] have presented an ac-

curate combined method of simultaneously measuring

Young’s modulus and density of thin alumina, hafnia,

and aluminum nitride nanofilms by using in-plane and

out-of-plane vibration modes of nanomechanical can-

tilevers. In a recent report, a numerical–experimental

combined approach to the measurement of the effec-

tive Young’s modulus and its size effect in homoge-

neous Cu nanofilm has also been demonstrated.[28]

In the present paper, we present a versatile nu-

merical experimental combined method of determin-

ing resonant frequency and Young’s modulus of SiNB

by combining FE analysis and frequency response
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tests based on an electrostatic excitation and visual

detection by using a laser Doppler vibrometer. The

SiNBs are fabricated from (100) silicon-on-insulator

wafers by using the SMIC 0.18-µm CMOS process,

and we focus on investigating the influence of undercut

caused by overetching during final wet release process

on mechanical properties of the SiNBs. In order to ob-

tain accurate and reliable measurements in this kind of

method, detection of Young’s modulus involves three

steps: the first step is to detect the fundamental reso-

nant frequency by an experimental resonance method

and to extract Young’s modulus from the measured

data by performing a least-square fit through a cor-

rected Euler–Bernoulli beam formula. The second

step is to model the frequency response and to ex-

tract Young’s modulus from the simulated fundamen-

tal resonant frequency by performing a least-square fit

through the corrected Euler–Bernoulli beam formula.

The last step is to compare experimental results in the

first step and FE numerical simulation results in the

second step to determine the practical Young’s mod-

ulus.

2. Experimental details

2.1. Fabrication of single-crystal SiNBs

with undercut

Based on the SMIC 0.18-µm CMOS process, the

single and double clamped SiNBs (nanocantilevers

and nanobridges) with same thickness (t) were fab-

ricated from (100) silicon-on-insulator wafers with a

200-nm buried oxide (BOX) and a 200-nm single-

crystal silicon surface device layer, respectively. The

first step of fabrication process was to determine the

patterns of ⟨110⟩ oriented SiNBs of different lengths

(L) and widths (w) onto silicon surface device layer

by standard photolithography. After this, reactive ion

etchings were used to etch the silicon device layer and

the exposed BOX until the silicon substrate. Then

heavily doped p-type layer was formed in the anchor

region, followed by sputtering 600-nm Al metal as top

electrode (pad). A photoresist was then spinned in

the metal pad region in order to prevent corrosion of

Al metal in the release process of SiNBs. Finally, the

BOX underneath SiNBs was etched using a buffered

oxide etcher (BOE) solution and SiNBs were then re-

leased using critical point drying in liquid carbon diox-

ide (post-CMOS process).[29] In general, the SiNB test

structures released in this way do not collapse, and the

above method for the suspended SiNBs is a CMOS–

MEMS process.
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Fig. 1. (colour online) SEM micrograph (a), AFM scan-

ning image (b), optical microscope image (c) of the SiNB

fabricated by using a CMOS–MEMS process. The optical

micrograph clearly shows that the base of the SiNB is over-

etched. The white strip near the base of the nanobeam

indicates the undesired undercut, and the scale bar corre-

sponds to 15 µm. Inset in panel 1(c) shows a schematic

profile view of the clamp region of a nanobeam with un-

dercut, and the black block represents the BOX.

Figure 1(a) shows an SEM micrograph of SiNBs

after the final release process, and Fig. 1(b) illus-

trates an AFM micrograph of an SiNB. From SEM

and AFM micrographs, we can accurately determine

the sizes of SiNBs. Note that the excessive etching of

the BOX below the anchor area is difficult to avoid in

post-CMOS process, which inevitably generates the

undercut of the nanobeam clamping (the overhang-

ing at nanobeam clamping). This undercut can affect
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the mechanical characteristics. For example, the res-

onance frequency may be shifted towards lower val-

ues because of the increase in effective length of the

nanobeam, which reduces the spring constant.[24,25]

Fortunately, this undercut can be measured by optical

microscopy as can be seen from Fig. 1(c), and the ob-

vious 2-µm or 3-µm long undercut caused by overetch-

ing may be introduced at the base of the SiNBs in our

final wet release process, and the length of the un-

dercut depends on nanobeam width, etch time, etch

rate, etc.[27,28] In order to visually reflect the actual

situation of the underetched nanobeam, a schematic

profile view of the clamp region of a nanobeam with

undercut is also shown in the inset of Fig. 1(c). As we

can see, the BOX below the anchor area is excessively

etched.

2.2.Dynamic resonance test with an

LDV measurement setup

The schematic plot of the polytec laser Doppler

vibrometer (LDV) measurement setup is sketched in

Fig. 2. The out-of-plane resonance of the SiNB is ex-

cited by an AC signal (Vac) riding on the DC bias

voltage (Vdc). The AC bias voltage is a periodic chirp

signal whose amplitude ranges from 0 to 10 volt, and

the strength of excitation signal is selectively cho-

sen to avoid being submerged by noise and generat-

ing nonlinear resonant effect. As can be seen from

Fig. 2, under the electrostatic excitation in the drive

mode, the out-of-plane resonant behaviours of SiNBs

were measured in air by using LDV optical detec-

tion method,[30] which can work at high-precision non-

contact mode, and can receive real-time images of

the vibration mode through CCD camera as shown in

Figs. 3(a) and 3(b), which can be used to easily and

accurately determine the fundamental resonant mode

of the SiNB. As can also be seen from Figs. 3(a) and

3(b), the overhanging at nanobeam clamping partici-

pates in the resonance, which will inevitably affect the

resonant characteristics of SiNBs.

Al

Vac

Vdc

LDV

BOX

silicon substrate

silicon nanobeam

Fig. 2. Schematic plot of LDV measurement setup for

dynamic resonance test.

In the LDV measurement setup, in order to accu-

rately observe the amplitude-frequency of the SiNB,

optimally adjusting the laser spot position to select

the maximum amplitude (the free end of the nanocan-

tilever or the mid-point of the nanobridge) as mea-

surement point is also a critical issue. Figures 3(c)

and 3(d) show the amplitude-frequency relations of

a nanocantilever and nanobridge measured by using

LDV. For a nanocantilever with dimensions L×w×t =

5 µm × 1.5 µm × 0.2 µm, the measured fundamen-

tal frequency is about 8.1 MHz, and for a nanobridge

L×w× t = 12 µm× 3 µm× 0.2 µm, its fundamental

frequency is about 6.7 MHz. However, based on the

Euler–Bernoulli beam model, their fundamental fre-

quencies are about 11.1 MHz and 12.2 MHz, respec-

tively, which shows that the undercut significantly re-

duces the resonant frequencies of SiNBs. In addition,

as shown in Figs. 3(c) and 3(d), the maximum ampli-

tude is just a few tenths of nanometers, which makes

it sure that the deformation of the SiNB is elastic and

it vibrates within the linear elastic range.
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Fig. 3. (a) Vibration pattern of the silicon nanocan-

tilever when scanning the phase, (b) vibration pat-

tern of the silicon nanobridge when scanning the phase,

(c) amplitude–frequency relation of the silicon nanocan-

tilever, (d) amplitude–frequency relation of the silicon

nanobridge.

3. Theoretical analysis for the fit

formula with the correction

length

This analysis intends to investigate the relation

between the extracted Young’s modulus and the mea-

sured fundamental frequencies of the SiNBs with un-

dercut using an LDV optical detection method, which

will serve as the fit formula for the extraction of ma-

terial parameters, such as the Young’s modulus. On

the one hand, according to the vibration analysis of

an Euler–Bernoulli beam model based on the ideal
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boundary conditions,[31,32] the Young’s modulus E

and the fundamental resonant frequency of the bend-

ing vibration f0 of the beam without undercut has the

following relationship:

f0 =
λ2t

4πL2

√
E

3ρ
(cantilever), (1)

f0 =
η2πt

4L2

√
E

3ρ
(bridge), (2)

where λ = 1.875, η = 1.5, ρ is the density of silicon,

L and t are the length and thickness of the beam, re-

spectively. Equations (1) and (2) clearly show that

the relation between resonant frequency and inverse

length squared is linear.

On the other hand, according to Ref. [24], the

undercut (Lu) will lead to a deviation from the linear

relation between f0 and L−2 predicted by Eqs. (1) and

(2). This result occurs because the base region near

the anchoring point participates in the overall reso-

nance behaviour of the beam. Apparently, in order to

accurately extract the Young’s modulus of the SiNB,

Eqs. (1) and (2) must be corrected, and the effect

of undercut should be included into the beam effec-

tive length by adding a correction length ∆L.[24−28] In

the case, the effective lengths of the silicon nanocan-

tilever and nanobridge with undercut are given by

Leff = L + ∆L and Leff = L + 2∆L, respectively,

where L is the original beam length and ∆L is the

correction length of the undercut. Thus we have

f0 =
λ2t

4πL2
eff

√
E

3ρ

=
λ2t

4π(∆L+ L)2

√
E

3ρ
(cantilever), (3)

f0 =
η2πt

4L2
eff

√
E

3ρ

=
η2πt

4(2∆L+ L)2

√
E

3ρ
(bridge), (4)

Note that the added length ∆L in Eqs. (3) and (4)

is dependent on the length of the undercut but inde-

pendent of the length of the beam, so the SiNBs with

similar widths, which were processed in a similar way,

will have the same undercuts and correction lengths.

In short, based on the corrected Euler–Bernoulli

theory, i.e., Eqs. (3) and (4), once the dimensions L, t,

and the fundamental resonance frequencies of bending

mode of the SiNBs with undercut are experimentally

determined, by performing a least-square fit through

the measured resonance frequency data with ∆L and

E used as free parameters in the fitting routine, one

can simultaneously extract the correction length ∆L

and the Young’s modulus E of the SiNBs.

4. Experimental results and dis-

cussion

In our numerical experimental–combined method,

the first step is to detect the fundamental resonant

frequency by a dynamic resonance test and to simul-

taneously extract Young’s modulus and the correction

length from the measured resonant frequency data for

fabricated SiNBs with a range of length dimensions

by performing a least-square fit based on Eqs. (3)

and (4). However, in order to test the applicability

and adequacy of the ideal Euler–Bernoulli theory, i.e.,

Eqs. (1) and (2) for the determination of E, we first

investigate the dependence of the fundamental reso-

nance frequency f0 on L−2 for SiNB without adding a

correction length ∆L. As shown in Figs. 4(a) and 5(a),

the observed nonlinear dependence indicates that the

undercut leads to a deviation from the linear relation

predicted by Eqs. (1) and (2). As analysed above,

this result occurs because the base region near the

anchoring point participates in the overall resonance

behaviour of the SiNB with undercut.
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E=174 GPa

DL=1 mm

Fig. 4. (a) Fundamental resonance frequency of the bend-

ing mode versus 1/L2, showing a marked deviation from

the expected linear behaviour (dotted linear line is a guide

to the eye), (b) fundamental resonance frequency of the

bending mode versus 1/L2
eff . The dashed line shows a fit-

ting straight line. The width and thickness of the silicon

nanocantilever is 1.5 µm and 200 nm, respectively, and its

length varies from 3.5 µm to 12 µm.

As mentioned previously, the effect of undercut

can be included by adding a correction length ∆L

(2∆L) to the nominal length L of the nanocantilever

(nanobridge). Thus the effective length of the under-

etched nanobeam is give by Leff = L+∆L (2∆L). Fig-

ure 4(b) shows the fundamental resonance frequency

of the bending mode of the silicon nanocantilever ver-

sus 1/L2
eff . The experimental data are linearly fitted

by performing a least-square fit (fit function Eq. (3)
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passes through zero point) with ∆L and E used as fit

parameters, so ∆L and E can be determined simul-

taneously. Specifically, in order to restore the linear

relation between f0 and 1/(L + ∆L)2, ∆L is deter-

mined to be 1 µm for these samples due to the 2-

µm undercut. Obviously, linear relationship can be

clearly found from the distribution of the measured

data points in Fig. 4(b). At this time, the slope of

the fitted straight line is 2.8005 × 108 MHz/nm−2

and the correlation coefficient R is 0.99916. In this

case, based on Eq. (3), the Young’s modulus of the

silicon nanocantilever, inferred from the slope of the

fitting straight line, is 174 GPa. A similar analysis

has also been performed on the silicon nanobridges

each with undercut of 3 µm as shown in Fig. 5(b),

the linear relation between f0 and 1/L2
eff is restored

for ∆L equal to 2 µm, and the Young’s modulus of

the silicon nanobridge, inferred from the slope of the

fitting curve, is 177 GPa. In short, the above experi-

mental results show that Young’s modulus of the 200-

nm thick SiNBs in the ⟨110⟩ direction with different

boundary conditions is found to be within 4.2% of the

bulk silicon value (170 GPa), which experimentally in-

dicates that finite size effect due to surface effect does

not play a role in mechanical behaviours of SiNBs with

the thickness larger than 200 nm.
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Fig. 5. (a) Fundamental resonance frequency of the bend-

ing mode versus 1/L2, showing a marked deviation from

the expected linear behaviour (dotted linear line denotes

a guide to the eye), (b) fundamental resonance frequency

of bending mode versus 1/L2
eff . The dashed line shows the

fitting straight line. The width and thickness of the sili-

con nanobridge are 3 µm and 200 nm, respectively. The

length varies from 8 µm to 20 µm.

To further illustrate the importance of introduc-

ing the correction length ∆L to include the effect of

undercut, Fig. 6 shows Young’s moduli of SiNBs with

undercut calculated by the ideal Euler–Bernoulli the-

ory (Eqs. (1) and (2)) without considering undercut

and the corrected Euler–Bernoulli theory (Eqs. (3)

and (4)) with considering undercut as well as the fit-

ting result. As can be seen from Fig. 6, Eqs. (1) and

(2) give the very low Young’s moduli in a range from

35 GPa to 105 GPa. Obviously, Young’s moduli calcu-

lated by Eqs. (1) and (2) are underestimated because

of the fact that in the specific calculation, theoretical

design length (the original beam length L) is kept the

same, but the actual resonant frequency significantly

decreases due to stiffness variation at the clamped end,

caused by the undercut. On the other hand, after

we introduce the correction length ∆L, the Young’s

moduli calculated by using Eqs. (3) and (4) vary in a

range from 142 GPa to 188 GPa, which is close to that

of bulk silicon. Based on previous studies,[8,9] these

values are rational, which shows that the correction

length ∆L must be introduced when we analyse the

mechanical properties of SiNBs with undercut.
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Fig. 6. (a) Young’s moduli of silicon nanocantilevers with

undercut versus their original length calculated by the dif-

ferent calculation formulas, (b) Young’s moduli of silicon

nanobridges with undercut versus their original length cal-

culated by the different calculation formulas.

5. Numerical simulations and

comparison with measure-

ments

In our combined numerical and experimental

method, the second step is to model the frequency

response of the nanobeam with undercut and to ex-

tract Young’s moduli from the simulated fundamental

resonant frequency by performing a least-square fit

through Eqs. (3) and (4). A three-dimensional FE

simulation is carried out for the fundamental reso-

nant frequency using ANSYS. As in the ANSYS in-

put parameters are assumed, the experimental value
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for the mass density (2330 kg/m3) is used whereas

the Young’s modulus (170 GPa) and Poisson’s ratio

(0.064) are taken from Ref. [26]. In order to investigate

the influence of undercut arising from the wet chem-

ical release process of the nanomechanical structure,

the underetched nanobeam is modeled as a stepped

beam as illustrated in Figs. 7(a) and 7(b). Note that

the FE simulations show that if the width of the plate

is greater than 15 µm, then the influence of the width

on simulation result is very small. Because the width

of anchor plate in our experiment is generally greater

than 20 µm, the influence of the width can be ne-

glected. In the specific simulation, the nanocantilever

is attached to the 2-µm long and 15-µm wide plate,

and the nanobridge is attached to the 3-µm long and

20-µm wide plates. Three lateral edges of the plate

are clamped, while the nanobeam is attached to the

free edge. Moreover, released areas of nanobeam and

underetched base regions (plate with three clamped

lateral edges) are allowed to move freely in the FE

simulation. In this case, FE results are uniquely de-

termined. Figures 7(c) and 7(d) illustrate the vibra-

tion mode dependence on the stress distribution in

close proximity to the clamped end of the nanobeam.

The simulations show that the stress propagation into

the overhang region is significant, which numerically

reveals that the undercut inevitably affects the me-

chanical resonant characteristics of SiNBs.

plate to model undercut

plate to model 
undercut

plate to model 
undercut

nanocantilever

(a) (b)

(c) (d)

nanobridge

Fig. 7. (a) Three-dimensional FE mesh of the silicon

nanocantilever. The 9-µm long, 1.5-µm wide, and 200-nm

thick cantilever is attached to a 2-µm long, 15-µm wide

plate emulating the undercut. Highlighted edges repre-

sent three clamped lateral edges of the plate, (b) three-

dimensional FE mesh of the silicon nanobridge. The 12-

µm long, 2-µm wide, and 200-nm thick bridge is attached

to the 3-µm long, 20-µm wide plates emulating the under-

cuts. (c) FE simulation of the vibration mode dependence

on the stress distribution near the single clamped end of

the silicon nanocantilever, (d) FE simulation of the vibra-

tion mode dependence on the stress distribution near the

double clamped end of the silicon nanobridge.

Figures 8(a) and 8(c) show the comparisons be-

tween the measured and simulated resonance frequen-

cies of the SiNBs. The triangles, squares, and circles

represent the measured and simulated data with and

without undercut, respectively. As expected, on the

one hand, resonance frequencies obtained from the FE

simulations without undercut are much larger than

those from the measurements and the FE simulations

with undercut, which reveals that the undercut sig-

nificantly reduces resonant frequencies due to the fact

that it effectively increases the nanobeam length by a

correct value ∆L. Thus, ∆L is a key parameter that is

correlated with deviations in the resonant frequencies

predicted from the ideal Euler–Bernoulli beam the-

ory and experimental measured data. On the other

hand, the FE simulations with undercut correspond

rather well to the experimentally measured resonance

frequencies for the range of nanobeam length, i.e., the

FE simulations with undercut can basically reproduce

the relation between experimental frequency and L−2.

By using the least square method, we extract the sim-

ulated correction to the nominal length and Young’s

moduli for the two different boundary conditions as

shown in Figs. 8(b) and 8(d). The determined Young’s

moduli from the fitting routine are 171 GPa for the

nanocantilever and 175 GPa for the nanobridge, re-

spectively. Obviously, a good agreement between the

FE calculated and assumed values of Young’s modu-

lus is observed. Compared with the assumed value

(170 GPa), the relative error of the FE calculated

Young’s modulus is less than a few percent.

The last step is to compare experimental results

in the first step and numerical simulation results in

the second step to determine the practical Young’s

modulus. Experimental results and simulation re-

sults are presented in Table 1. It is found that ex-

perimental results for SiNBs are in excellent agree-

ment with the three-dimensional FE analysis. For the

silicon nanocantilever, a 1.7% variation between the

Young’s modulus from the FE simulation results and

that from experimental results is observed. For the sil-

icon nanobridge, the relative error is only 1.1%. Thus,

the practical Young’s modulus of the SiNBs is deter-

mined to be indeed about 170 GPa, which shows that

Young’s modulus of the SiNB with 200-nm thickness

remains that of bulk silicon. This result supports that

finite size effect due to surface effect does not play a

role in mechanical elastic behaviour of the SiNBs with

the thickness larger than 200 nm.
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Table 1. Comparison between Young’s modulus ex-

tracted from measured resonant frequencies (EM) and

that from FE simulated resonant frequencies (EFE)

for the silicon nanocantilever and silicon nanobridge,

respectively. Young’s modulus is in GPa.

SiNB EM EFE (EFE − EM)/EM

Nanocantilever 174 171 1.7%

Nanobridge 177 175 1.1%

It is also important to note that numerical and ex-

perimental results are well consistent with each other

in this paper. However, if the two are inconsistent

then one needs further analysis and simulation to de-

termine which one will prevail. In general, the AN-

SYS FE simulation results are relatively reliable be-

cause the FE method has been regarded as design

and verification method in a lot of literature. How-

ever, in some cases, we cannot say that the FE result

is completely correct and effective. For example, if

experimental test structures contain surface stress or

residual stress, but FE method does not contain these

factors and then the two results are inconsistent. In

this case, the FE method needs to contain the effect

of the stress and re-simulate, and then the simulation

and experimental results are likely to coincide with

each other.
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Fig. 8. (a) Comparisons between the measured and FE simulated resonant frequencies of silicon nanocantilevers

with and without undercut, (b) Young’s modulus and the correction length of silicon nanocantilevers are obtained

by fitting the resonance frequency data points from FE numerical simulations, (c) comparison between the measured

and the FE simulated resonant frequencies of silicon nanobridges with and without undercut, (d) Young’s modulus

and the correction length of silicon nanobridges are obtained by fitting the resonance frequency data points from

FE numerical simulations.

6. Conclusion

In this paper, we demonstrated a combined nu-

merical and experimental method to analyse the vi-

bration of SiNBs with undercut fabricated by using a

CMOS–MEMS process and to determine the Young’s

moduli of SiNBs with a wide range of lengths. In this

combined method, we can simultaneously determine

the Young’s modulus and the correction length of the

SiNBs with undercut by performing and comparing

a least-square fit through the measured frequency re-

sponse data combined with the FE numerical simu-

lation data. This combined method is generally ap-

plicable for arbitrary beam dimensions. Our research

shows that the undercut significantly reduces the res-
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onance frequency of the SiNBs because of the increase

in their effective length. In this case, based on the

ideal Euler–Bernoulli beam theory, we will obtain an

erroneous and significantly reduced Young’s modulus.

However, by introducing a correction length, we can

obtain reasonable results for the resonant frequency

and Young’s modulus of the SiNBs. Finally, our fit-

ting results clearly indicate that the Young’s modulus

of the SiNB with 200-nm thickness is expected to re-

main that of bulk silicon. This result supports that the

finite size effect due to the surface effect does not play

a role in the mechanical elastic behaviour of SiNBs

with thicknesses larger than 200 nm. Since the under-

cut cannot be avoided in the CMOS–MEMS fabrica-

tion process, this research might be useful for evalu-

ating the influence of manufacturing process-induced

undercut on mechanical properties of the SiNB-based

NEMS.
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