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Effect of a two-phase wedge-sliding model on

the ingredient drift of a stable mixed fluid

and its computing method∗
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A two-phase wedge-sliding model is developed based on the micro-cellular structure and minimum entropy theory

of a stable system, and it is used to describe the ingredient distribution of a mixed fluid in a non-uniform stress field

and to analyse its phase drift phenomenon. In the model, the drift–inhibition angle and the expansion–inhibition angle

are also deduced and used as evaluating indexes to describe the drifting trend of different ingredients among the mixed

fluids. For solving above two indexes of the model, a new calculation method is developed and used to compute the

phase distributions of multiphase fluid at peak stress and gradient area stress, respectively. As an example, the flow

process of grease in a pipe is analysed by simulation method and used to verify the validity of the model.

Keywords: mixed fluid, ingredient drift, wedge-sliding model, computing method

PACS: 47.20.–k, 47.61.Jd, 64.75.Cd, 83.60.Wc DOI: 10.1088/1674-1056/21/8/084701

1. Introduction

Mixed fluid is widely used in industry to solve

some engineering problems, such as loading bearing,

lubrication, vibration attenuation, and so on. How-

ever, the separation and sediment process of ingredi-

ents of a mixed fluid is a multi-scale and multi-factor

coupling, and its rheological properties is very com-

plicated. Especially when mixed fluid in a micro-

particle-added lubricant is used in porous material,

it is difficult to analyse the inner ingredient distribu-

tion of mixed fluid and to describe the contribution of

the physical characteristics of each phase in the fluid

to lubricating film thickness and resistant pressure ca-

pacity.

Up to now, many studies[1−5] have supported that

the shear thinning and the drift of heavier phase in a

mixed fluid in a non-uniform stress field is a universal

phenomenon. Due to the fact that different mixed flu-

ids usually have different ingredients and loading con-

ditions, some appropriate improvements always need

to be made when a model is used to describe its rhe-

ological characteristics.[6−9] However, because of the

coupling of different resulting physical phenomena of

the multi-phase flow, the present models seem to be

still lacking in describing the deformation of the inter-

nal structure, the mass transport, and the ingredient

distribution in the mixed fluid. Furthermore, there

are few reports on the flow models which are devoted

to the problems of the ingredient separation and in-

ner distribution of different phases in mixed fluid. In

addition, in most of the models[10−13] the viscosity of

mixed fluid was taken as an important parameter, but

there is no evidence showing that the ingredient dis-

tribution in mixed fluid at a long-term steady-state is

related to the viscosity of fluid.

So it is not suitable to accurately describe the

inner ingredient distribution of mixed fluid by us-

ing some existing two-phase flow models, and a new

method needs to be developed.

Furthermore, a model involving more complex

coupling factors, and a fast and reasonable comput-

ing method is more important for its practical ap-

plication. Many successful attempts[14−16] have been

suggested to model the rheology of multi-phase fluid:

these are the results of the applications of current com-

puter technology and advanced research method in the

research field of multi-phase fluids.

The purposes of this work are to put forward a

feasible multi-phase flow model to describe the ingre-

dient separation in non-uniform stress field and inner

distribution of different phases in a mixed fluid in a
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long-term steady state; to study its relevant influence

factors of the model and analyse the changing regular-

ities of those factors; to present a fast and reasonable

solving method for the model and its computing steps

in detail; and finally to take the flow of grease in pipe

as an example to test the validity of the model by

calculation and simulation correspondingly.

2. Design of the drift model

2.1.Two-phase wedge-sliding cell

Extracting a micro cell anywhere in the mixed

fluid and assuming the faying surface of two phases to

occur at a wedge, as shown in Fig. 1.

δ12

δ21δ22

δ11

B

θ

A

Fig. 1. (colour online) A two-phase wedge-sliding cell.

In Fig. 1, A and B respectively denote the lighter

and the heavier phases of the cell; δ12 and δ11 are the

longitudinal stress pair (N/mm2) and δ22 and δ21 the

transverse stress pair (N/mm2); θ is the wedge angle

(◦) and θ ∈ (−π/2,+π/2).
Defining both the densities of two ingredients

and their volume ratios in the mixed fluid as ρA,

ρB (g/mm3), and ΦA, ΦB and defining the volume

ratios of phases A and B in cell as ϕA and ϕB , then

there are apparently the following equations:

ΦA + ΦB = 1 and ϕA + ϕB = 1.

According to the theory of material mechanics, a

pressurant has a tendency to reduce the force on an

unit area by increasing its actual bearing surface, and

the softer the material, the bigger the actual bearing

area after deformation is. Assume that the two phases

in a cell are both elastic-plastic bodies, and the actual

bearing stress of each phase is proportional to its mass

in cell, then the inner anti-forces of both phases under

pressure can be defined as follows:

FkA = λkζcAmcAψp

= λk
ρAVcϕA

ρAVcϕA + ρBVcϕB

× ρAϕAVc
eλδδy − e−λδδy

eλδδy + e−λδδy

= λk
ρ2Aϕ

2
A

ρAϕA + ρBϕB

eλδδy − e−λδδy

eλδδy + e−λδδy
, (1)

FkB = λkζcBmcBψp

= λk
ρBVcϕB

ρAVcϕA + ρBVcϕB

× ρBϕBVc
eλδδy − e−λδδy

eλδδy + e−λδδy

= λk
ρ2Bϕ

2
B

ρAϕA + ρBϕB

eλδδy − e−λδδy

eλδδy + e−λδδy
. (2)

The action line of the forces is perpendicular to

the wedge surface. In Eqs. (1) and (2), FkA and FkB

are, respectively, the inner anti-forces of each phase

N·mm−2); λk is the elastic-plastic anti-force coeffi-

cient of cell (N · g ·mm−2); Vc is the volume of cell

and Vc = 1 (mm3) here; mcA, mcB , and ζcA, ζcB
are, respectively, the mass (g) and the mass fraction

of each phase, and these can be simply calculated as

follows:

mcA = ρAϕAVc = ρAϕA,

ζcA =
ρAVcϕA

ρAVcϕA + ρBVcϕB
=

ρAϕA
ρAϕA + ρBcϕB

=
mcA

mcA +mcB
,

mcB = ρBϕBVc = ρBϕB ,

ζcB =
ρBVcϕB

ρAVcϕA + ρBVcϕB
=

ρBϕB
ρAϕA + ρBcϕB

=
mcB

mcA +mcB
;

ψp is the plastic deformation coefficient of cell,

and considering the weak bonding action of fluid

molecules, it is simply defined as

ψp =
eλδδy − e−λδδy

eλδδy + e−λδδy
,

with δy being the loading force on cell (N/mm
2
), λδ

being the prior coefficient of power exponential and

also indexing the transverse expansion of unit cube of

fluid under pressure. According to the contact defor-

mation theory and the mass distritution principle of

the above forces, the function of λδ is constructed here

as

λδ =
eρAϕA+ρBϕB

eρAϕA+ρBϕB − 1
. (3)

Clearly, 0 < λδ < 1 and λδ has no unit.
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By adding Eqs. (1) and (2) and taking FkA +

FkB = δy, λk can be obtained as

λk = δy
ρAφA + ρBφB

ρ2Aφ
2
A + ρ2Bφ

2
B

eλδδy + e−λδδy

eλδδy − e−λδδy
. (4)

From the minimum entropy theory, the acting

force on the wedge surface beween two phases is the

maximum static friction force when the flow reaches

its steady state, and it can be defined as

Ff = λf(FkA + FkB), (5)

where the acting direction of Ff (N/mm
2
) is paral-

lel to the wedge surface but opposite to the trend of

movement; λf is the maximum static friction coeffi-

cient between two phases, which is related to the en-

vironmental temperature and pressure and assumed

to be a constant here.

Substituting Eqs. (1) and (2) into Eq. (5), the

following equation is obtained

Ff = λfλk
ρ2Bϕ

2
B + ρ2Bϕ

2
B

ρAϕA + ρBϕB

eλδδy + e−λδδy

eλδδy − e−λδδy
.

For the convenience of writing, the volume ratio

of phase B in cell ϕB is renamed λ, then ϕA = 1− λ.

Substituting ϕA and ϕB by λ, the above equation can

be rewritten as

Ff = λfλk
ρ2A(1− λ)2 + ρ2Bλ

2

ρA(1− λ) + ρBλ)

eλδδy + e−λδδy

eλδδy − e−λδδy
. (6)

Defining

Cρ =
ρ2A(1− λ)2 + ρ2Bλ

2

ρA(1− λ) + ρBλ
, (7)

Cρ can also be named the joint stress modulus of cell

(g ·mm−3) since it indicates the effect of volume ratio

of ingredients of the cell on the stability of mixed fluid

under pressure. Assuming ρB > ρA, Eq. (7) can be

expanded into

Cρ =
ρ2B + ρ2A

(ρB − ρA)2
[ρA + (ρB − ρA)λ]

− 2ρAρB(ρB + ρA)

(ρB − ρA)2
+

2ρ2Bρ
2
A

(ρB − ρA)2

× 1

[ρA + (ρB − ρA)λ]
. (8)

By deriving once Cρ with respect to λ, the follow-

ing equation is obtained:

d(Cρ)

dλ
=
ρ2A + ρ2B
ρB − ρA

− 2ρ2Aρ
2
B

ρB − ρA

× 1

[(ρB − ρA)λ+ ρA]2
. (9)

Substituting Eq. (7) into Eq. (6), the resulting

equation can then be rewritten as

Ff = λfλkCρ
eλδδ12 − e−λδδ12

eλδδ12 + e−λδδ12
. (10)

2.2. Stresses equilibrium analysis of two-

phase flow in a slot

The mixed fluid is assumed to steadily flow in

a slot, which is caused by the uniform pressure differ-

ence ∆P = P1−P2, where P1 and P2 are the pressures

respectively at two ends (Pa) as shown in Fig. 2(a).

Some assumptions were made as follows in order

to simplify analysis: (i) two phases distribute uni-

formly in the mixed fluid initially; (ii) no gravity is

taken into consideration; (iii) the slot is completely

rigid; (iv) no deformation of fluid in the direction

perpendicular to the flow is taken into account; (v)

ambient temperature and pressure are both kept un-

changed.

Taking the heavier phase for example, and build-

ing the coordinate in the wedge surface as shown in

Fig. 3, the equilibrium equations are obtained as fol-

lows: in the direction parallel to the wedge surface,

(δ12 − δ11) sin θ + (δ22 − δ21) cos θ − Ff = 0, (11)

in the direction perpendicular to the wedge surface,

(δ12 − δ11) cos θ + (δ22 − δ21) sin θ

− (FkA + FkB) = 0. (12)

The longitudinal pressure difference and the

transverse expansion–inhibition force, respectively,

are

δ =
∆p

Ap
= δ12 − δ11, (13)

Ch = δ21 − δ22, (14)

where Ap is the transverse surface area of the fluid in

slot (mm2).

Substituting Eqs. (10), (13), and (14) into

Eq. (11), the following equation is obtained

δ sin θ − Ch cos θ = λfλkCρ
eλδδy − e−λδδy

eλδδy + e−λδδy
. (15)

Defining θc = arctan(Ch/δ), the above equation

can be rewritten as√
δ2 + C2

h sin(θ − θc) = λfλkCρ
eλδδy − e−λδδy

eλδδy + e−λδδy
. (16)
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Fig. 2. (colour online) Stress distribution within mixed fluid flowing in a slot.
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Fig. 3. Stress equilibrium analysis of the B phase.

Then the wedge angle can be obtained by solving

Eq. (16) as follows:

θ = arcsin

[
λfλkCρ√
δ2 + C2

h

eλδδy − e−λδδy

eλδδy + e−λδδy

]
+ θc,

θ ∈
[
− π

2
,+

π

2

]
. (17)

It is clear that θ and θc indicate the moving trends

of phase B in the longitudinal direction and in the

transverse direction within the cell, respectively, so θ

and θc are named the drift–inhibition angle and the

expansion–inhibition angle, respectively, here.

Referring to the initial volume ratio of phase B

in the cell before fluid flows as λ0 and it is clear that

λ0 = ΦB , then the initial value of Cρ, Cρ0, can be

obtained by substituting λ0 for λ in Eq. (7) as

Cρ0 =
ρ2A(1− λ0)

2 + ρ2Bλ
2
0

ρA(1− λ0) + ρBλ0)
. (18)

Correspondingly, the initial drift–inhibition angle

is

θ0 = arcsin

[
λfλkCρ0√
δ2 + C2

h

eλδδy − e−λδδy

eλδδy + e−λδδy

]
+ θc. (19)

2.3.Discussion

Figure 4 shows the curve of Cp versus λ. Tak-

ing d(Cρ)/dλ = 0 and solving Eq. (9), the inflection

point of Cρ curve can be obtained as

λ∗ =

√
2ρAρB − ρA

√
ρ2A + ρ2B

(ρB − ρA)
√
ρ2A + ρ2B

, (20)

where λ∗ is the value of λ that satisfies d(Cρ)/dλ = 0.
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Fig. 4. Curve of Cp versus λ.

Because Cp reaches its minimum value at λ = λ∗

as shown in Fig. 4, and it is known from Eq. (17) that

θ also arrives at its minimum value then, therefore

λ∗ is just the optimal volume ratio of phase B to the

design volume of mixed fluid.

From the first part of right expression of Eq. (17)

it follows that when λ ∈ (0, λ∗), the drift of phase B

will cause the value of Cp to increase, thus increasing

the drift–inhibition angle and eventually leading the

cell unit to reach its new stable state; when λ ∈ (λ∗, 1),

the drift of phase B will cause the value of Cp to de-

crease, thus reducing the drift–inhibition angle and

eventually inducing more drift. So the volume of heav-

ier ingredient should be designed to be ΦB ≤ λ∗ in

order to improve the stability of mixed fluid.

When the flow reaches its steady state and no

transverse load exists, i.e., Ch = 0, substituting it

into Eq. (17), the following equation will be obtained:

θ = arcsin

[
λfλkCρ

|δ|
eλδδy − e−λδδy

eλδδy + e−λδδy

]
. (21)

Obviously, θ is a decreasing function of |δ|. From
Eq. (17) it follows that when δ = 0, there is no phase

drift in the absence of applied pressure; when δ → ∞
then θ → 0, which means that there exists no inter-

action between the two phases, the stability of the

mixed fluid is completely destroyed, then even a tiny

stress gradient existing in the longitudinal direction

will induce a serious phase drift.

Because θc is an increasing function of Ch, it is

known according to the second part of right expression

of Eq. (17) that the larger the value of Ch, the larger

the value of θ will be, and then the different phases

are easier to separate from each other and the mixed

fluid becomes much more unstable.

3. Solving method on the model

and its computing steps

Define the function

f(δ, θ) = δ sin θ − Ch cos θ

−λfλkCρ
eλδδy − e−λδδy

eλδδy + e−λδδy
. (22)

When the flow reaches its steady state and no

transverse load exists, it is clear that f(δ, θ) = 0.

3.1.When a peak stress imposed

Supposing that there is a peak stress ∆δ (N/mm
2
)

imposed on a cell at x0 (∆δ ≪ δ) and the number of

the special cells on the x axis is Si, which are shown

in Figs. 2(a) and 2(b), correspondingly the initial pa-

rameters of cell Si before the peak stress is imposed

are λ0 and θ0, then the following equation is obtained

by substituting them into Eq. (22)

f(δi, θi) = (δ +∆δ) sin θ0 − λfλkCρ
eλδδy − e−λδδy

eλδδy + e−λδδy

= ∆δ sin θ0 > 0.

Because f(δi, θi) > 0, this extra lateral stress will

lead the phase B of the specific cell to drift along

the wedge surface, and then cause the volume ratio of

phase B in the cell to decrease, eventually resulting in

the decrease of θi according to Eqs. (18) and (19).

Supposing λi = λ′i, the cell achieves its new equi-

librium of stress f(δi, θ
′
i
) = 0 through a time of phase

drift, the new drift–inhibition angle can be calculated

by Eq. (17) as

θ′i = arcsin

[
λfλkCρ

δ +∆δ

eλδδy − e−λδδy

eλδδy + e−λδδy

]
,

where λ′i < λ0 and θ′i > θ0.

The phase-drift of cell Si will also cause the value

of λi+1 to increase and the stress balance in the adja-

cent cell Si+1 to be broken. For the same reason, the

phase B of cell Si+1 will also drift in the same way. In

a transversely unlimited space, the phases drift will

take place in cells successively, and pushes the fluid

to transversely expand unlimitedly. But in the slot,

owing to the transverse restriction of the space, this

drift motion will finally cease and meanwhile produce

an extra transverse pressure imposed on the wall of

slot. In addition, the Brownian motion of the fluid

molecules will also drive the different ingredients to

disperse continuously in the transverse direction and

reach a balanced state.

084701-5



Chin. Phys. B Vol. 21, No. 8 (2012) 084701

So the phase drift which occurs in a single cell

Si will produce a chain of change of the component

distribution in the mixed fluid. Defining the extra

transverse expansion–inhibition force of cell Si at x

as ∆Ch(x), x ∈ [x0,H] and correspondingly the extra

transverse pressure imposed on the wall of slot as ∆δ2,

then ∆δ2 can be calculated as,

∆δ2 =

∫ H

x0

∆Ch(x)dx, (23)

where H is the width of the slot (mm).

If the transverse size of cell is taken as (H − x0),

i.e., the cell extracted is in the transverse section of

mixed fluid, and the effects of the flow resistance and

the plastic deformation of the cell are not taken into

account, then the value of ∆δ2 caused by peak stress

can be obtained theoretically by substituting Eq. (23)

into Eq. (15) as

∆δ2 ≈ 1

cos θ0

[
(δ +∆δ) sin θ0

−λfλkCρ0
eλδδy − e−λδδy

eλδδy + e−λδδy

]
. (24)

From the above analysis and the definition of λδ

it follows that the boundary conditions of function

∆Ch(x) are obtained as follows:

∆Chmax = ∆Ch |x=x0 , ∆Chmin = ∆Ch |x= H ,

∆Chmax −∆Chmin

∆Chmax
= λδ

H − x0
H

. (25)

Because the variation of transverse expansion

force within fluid is difficult to measure,[18] while the

varying trend of ∆Ch(x) is clear, here we construct an

exponential function to fit

∆Ch(x) = ∆Chmax − (∆Chmax −∆Chmin)

×
(
1− H − x

H − x0

)λδ

. (26)

Substituting Eqs. (25) and (26) into Eq. (23), the

following equation is obtained

∆Chmax =
H(λδ + 1)∆δ2

(H − x0)(H + x0λδ)
. (27)

Then substituting Eqs. (27), (25), and (24) into

Eq. (26), ∆Ch can be calculated as

∆Ch ≈ H(λδ + 1)

(H − x0)(H + x0λδ)

×
[
1− λδ(H − x0)

1−λδ(x− x0)
λδ

H

]
1

cos θ0

×
[
(δ +∆δ) sin θ0−λfλkCρ0

× eλδδy − e−λδδy

eλδδy + e−λδδy

]
. (28)

Define the mean transverse expansion–inhibition

force in the width direction of the slot as

Ch(x) = ∆δ2/(H − x0).

The curve of ∆Ch under the action of a peak

stress is shown in Fig. 2(c). The relevant data used in

simulation here are as follows: δ0 = 0.286 × 103 Pa,

H = 10 mm, x0 = 3 mm, and ∆δ = δ/10 =

0.0286× 103 Pa.

In fact, component drift produces also a length-

ways stress to the adjacent cells, which will cause the

gradient variation of the flow velocity in the width di-

rection of slot. Taking δ0 = 0, x0 = 0, and ∆δ = τ ,

the model can be regarded as a flat-flow model of non-

Newtonian fluid, and as a special case, all the above

formulas and conclusions also hold true.

3.2.When a gradient face stress imposed

Supposing that a gradient face stress is imposed

on the end of mixed fluid, dδ/dx = fδ(x), x ∈ (x0,H),

then the equivalent peak stress at x is

δ(x) =

∫ x

x0

fδ(t)dt. (29)

Substituting Eq. (29) into Eq. (28), the ∆Ch

caused by the peak stress can be calculated from

Ch(x) ≈
∫ x

x0

fch(t)dt =
H(λδ + 1)

(H − x0)(H + x0λδ)

×
[
1− λδ(H − x0)

1−λδ(x− x0)
λδ

H

]
× 1

cos θ0

[
δ(x) sin θ0 − λfλkCρ0

× eλδδy − e−λδδy

eλδδy + e−λδδy

]
. (30)

Substituting Eqs. (29) and (30) into Eq. (22), the

following equation is obtained

δ(x) sin θ(x)− Ch(x) cos θ(x)

≈ λfλkCρ
eλδδy − e−λδδy

eλδδy + e−λδδy
. (31)

After deformation, we have

θ(x) ≈ arcsin

[
λfλkCρ0√

δ(x)2 + Ch(x)2
eλδδy − e−λδδy

eλδδy + e−λδδy

]
+ arctan

(
Ch(x)

δ(x)

)
. (32)
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Utilizing the computer tools, the curve of θ(x)

can be discretely drawn from Eq. (32), and then the

drift trend of phase can be reflected by the varia-

tion of θ(x) in the x direction of x. And the mean

lengthways force and the mean lateral expansion–

inhibition force can also be respectively calculated as

follows: δ(H) =
∫H

x0
δ(x)dx/(H − x0), and Ch(H) =∫H

x0
Ch(x)dx/(H − x0).

Expanding Cρ by Eq. (8) and eliminating Cρ from

Eq. (31), the following equation is obtained

ρ2B + ρ2A
(ρB − ρA)2

[ρA + (ρB − ρA)λ]−
2ρAρB(ρB + ρA)

(ρB − ρA)2

+
2ρ2Bρ

2
A

(ρB − ρA)2
1

[ρA + (ρB − ρA)λ]

=
δ(x) sin θ(x)− Ch(x) cos θ(x)

λfλk

eλδδy + e−λδδy

eλδδy − e−λδδy
.

After deformation and classification, we have

C1(λ+ C2)− C3 + C4
1

λ+ C2

=
δ(x) sin θ(x)− Ch(x) cos θ(x)

λfλk

eλδδy + e−λδδy

eλδδy − e−λδδy
,(33)

where

C1 =
ρ2B + ρ2A
ρB − ρA

, C2 =
ρA

ρB − ρA
,

C3 =
ρ3A − 2ρ2AρB − ρAρ

2
B

(ρB − ρA)2
, and

C4 =
2ρ2Bρ

2
A

(ρB − ρA)3
. (34)

The C1–C4 each are dependent on ρA and ρB .

Substituting the discrete value of θ(x) into

Eq. (33) and solving the equation, the curve of λ(x)

can be discretely but qualitatively drawn and then its

function can also be fitted by making use of the com-

puter tools.

4. Application and the checking

of the model

Grease is a kind of a typical multi-phase mixed

fluid in which the heavier phases (such as the saponi-

fier, densifier, additives, etc.) disperse into the lighter

phase (the base oil). Our previous work[17] indicated

that grease flowed with a velocity which had a gradi-

ent variation in the radial direction of pipe, and the

front surface of the grease column bulged. Through

the precise fitting and analysis, the shear stress func-

tion τ(r) in the radial direction is obtained as

τ(r) =
τw

R− r∗
(r − r∗), (35)

where τw is the shearing stress on the inner wall of

pipe (Pa); R is the radius of pipe (mm); r∗ is the ra-

dius of the plug flow (mm); r∗ = 2τyl/∆p, with l being

the length of the grease volume in the pipe (mm), and

equal to the length of the pipe when grease is full of

the pipe; τy is the yield stress of grease (Pa).

Eliminating r∗ from Eq. (35), the shear stress

function within grease in the radial direction is ob-

tained as follows, and the curve of τ(r) varying with

r is shown in Fig. 5.

τ(r) =


τw

∆PR− 2τyl
(∆Pr − 2τyl), r

∗ ≤ r ≤ R,

0, 0 ≤ r < r∗.
(36)
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Fig. 5. (colour online) Distribution of τ(r) in the radial

direction.

4.1.Application of the model

All the parameters of ρA, ρB , and ΦA, ΦB can

be calculated respectively according to the relevant

parameters of grease components. And substituting

these relevant parameters into Eqs. (34), (18), and

(3), C1–C4, Cρ0, and λδ can be obtained respectively.

Measuring the value of δy by single-way compressing

experiment, and substituting δy into Eq. (4), λk can

be calculated.

Taking the base oil as phase A and the other in-

gredients as phase B, the researching cell extracted

here is a micro-sector block. Taking the pipe radius

as x axis and the pipe axis as y axis, a cylindrical co-

ordinate system is established. Measuring the value

of the radial pressure of grease upon the pipe wall δg

(Pa) and noticing that H = R and x0 = 0, the dis-

tribution of the radial expansion–inhibition stress can

be expressed by Eq. (28) as

Ch(r) =
(λδ + 1)

R

[
1− λδR

1−λδrλδ

R

]
δg. (37)
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If the value of δg is difficult to measure such as

the flow of grease in a small pipe, etc., then it can be

simply estimated through the following equation:

Ch(r) ≈ (λδ + 1)

R

[
1− λδR

1−λδrλδ

R

]
1

cos θ0

×
[
τ(r) sin θ0 − λfλkCρ0

× eλδτy − e−λδτy

eλδτy + e−λδτy

]
. (38)

The mean shear stress and the mean radial

expansion–inhibition force are calculated respectively

as

τ(R) =

∫ R

0

τ(r)dr/R =
τw(∆PR− 4τyl)

2(∆PR− 2τyl)
, (39)

Ch(R) =

∫ R

0

Ch(r)dr/R

≈ (λδ + 1)

R

[
1− λδR

1−λδRλδ

R

]
1

cos θ0

× [τ(R) sin θ0 − λfλkCρ0

× eλδτy − e−λδτy

eλδτy + e−λδτy

]
. (40)

The internal maximum friction coefficient of

grease λf is approximately taken to be the maximum

static friction coefficient between two phases. If the

gradient variation of stress is not taken into consider-

ation, then it is deemed that the loading forces on the

grease are only τ(R) and τy. Because the resistance

force of grease is always in the direction parallel to the

axis of pipe but opposite to the direction of flow, the

stress loading on the cell extracted anywhere should

meet the following equation:

(FkA + FkB) + Ff = τ(R)− τy. (41)

Substituting Eqs. (1), (2), and (5) and Cρ0 into

Eq. (41), the following equation is obtained

λk(λf + 1)Cρ0
eλδτy − e−λδτy

eλδτy + e−λδτy
= τ(R)− τy.

From the above equation, we have

λf =
τ(R)− τy
λkCρ0

eλδτy + e−λδτy

eλδτy − e−λδτy
− 1. (42)

4.2. Simulation analysis of the ingredi-

ent distribution in grease

Substituting the above parameters into Eq. (37)

or Eq. (38), the discrete values of the initial radial

expansion–inhibition force Ch(r) at the beginning of

grease flowing in pipe can be calculated, and its curve

can also be drawn by making use of computer tools as

shown in Fig. 6. It is clearly known from Fig. 6 that

the variation of Ch(r) with r is the same as the varia-

tion of the distribution of τ(r) in the radial direction

and its maximum value Ch(R) occurs at the pipe wall.

0 2 4 6 8 10
-0.35

-0.25

-0.15

-0.05

0.05

r/mm

Ch↼r↽

Ch↼R↽

C
h
↼r
↽/

1
0

3
 P

a

r*

Fig. 6. (colour online) Initial distribution of Ch(r).

Substituting the relevant parameters into

Eq. (24), then the discrete values of the initial drift–

inhibition angle θ(r) at the beginning of grease flowing

in a pipe can be calculated, and its curve can be drawn

by making use of computer tools as shown in Fig. 7.

It can be known from the figure that θ(r) is a decreas-

ing function of r, and its values at different r values

indicate the drifting trend of heavier ingredient where

it is clear that there is a biggest trend of the heavier

ingredient to separate from the base oil near the wall,

and the shear-thinning phenomenon is more apparent

along the increasing direction of shear gradient.
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Fig. 7. (colour online) Initial distribution of θ(r).

Substituting the discrete values of θ(r) into

Eq. (33) and solving the resulting equation, then the

discrete value of λ(r) when the flow of grease reaches

its stable state can be calculated and its curve can be
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drawn by making use of computer tools as shown in

Fig. 8. It is known from the figure that the grease ex-

hibits a rheological characteristic of Newtonian fluid

near the wall of pipe because in the fluid there is

almost a single-phase composition (λ(r = 0) ≈ 0).

There is a plug flow area occurring within r ∈ [0, 3)

and the radius of the pug flow decreases with the in-

crease of ∆P , and the plug flow area will disappear

completely when ∆P is bigger enough.
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Fig. 8. (colour online) Distribution of λ(r) when grease

flows steadily.

The relevant data used in our simulation are as

follows: ∆p = 18 × 103 Pa, τw = 1 × 103 Pa,

l = 100 mm, R = 10 mm, ρA = 1.8 (g/cm3),

ρB = 2 (g/cm3), ϕA = 0.7, and ϕB = 0.3. All of

the parameters can be calculated or measured through

relevant experiments, and the details of these experi-

ments are presented in Ref. [18].

5. Conclusion

(I) Based on the minimum entropy theory of

steady-state system, a two-phase wedge-sliding model

is developed and used to describe the phenomena of

the ingredient drift in mixed fluid in a non-uniform

stress field. As an example, when it is used to de-

scribe the ingredient distribution of grease, the ingre-

dient distribution in the grease presents a gradient

along the varying direction of the stress when the flow

reaches its stable state.

(II) The variables of drift–inhibition angle θ(x)

and transverse expansion–inhibition angle θc(x) are

put forward to index the drift trends of different in-

gredients in mixed fluid, which are respectively caused

by the transverse gradient variation of stress δ(x) and

the loading applied perpendicularly.

(III) The research results show that there exists

an optimal volume ratio between heavier ingredient

λ∗ and the composition of mixed fluid. And the vol-

ume ratio of heavier ingredient ΦB should be designed

to be smaller than its λ∗ so that the mixed fluid has

better stability.

(IV) When the model is applied separately to the

case of a peak stress and to the case of a gradient

stress, the solving methods are illustrated and mean-

while their computing steps are given in details.

(V) Taking the grease flowing in a pipe as an ex-

ample and applying this model, the phenomena of in-

gredient drift are studied. The simulation results show

that the model can better reveal the ingredient distri-

bution in grease when the flow reaches its stable state.
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