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Wigner function and the entanglement of a quantized
Bessel-Gaussian vortex state of a quantized
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A new kind of quantum non-Gaussian state with a vortex structure, termed a Bessel-Gaussian vortex state, is

constructed, which is an eigenstate of the sum of squared annihilation operators a? + b2. The Wigner function of the

quantum vortex state is derived and exhibits negativity which is an indication of nonclassicality. It is also found that a

quantized vortex state is always in entanglement. And a scheme for generating such quantized vortex states is proposed.
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1. Introduction

In recent years there has been the considerable
interest in constructing some new multimode quan-
tum states of radiation fields because it has been
widely recognized that quantum state entanglement
represents a valuable resource for achieving efficient

(1.2 T the context

quantum communication protocols.
of quantum information and communication, non-
Gaussian states are equally as important as Gaus-
sian states because theoretical investigations have
shown that some quantum-information tasks are un-
likely to be implemented only by using Gaussian
states or Gaussian local operations.>=? Therefore,
preparing non-Gaussian states has attracted special
attention due to their remarkable usefulness. In
fact, pair-coherent states(®~1% and quantized vortex
states!!7=22 are seen as important two-mode non-
Gaussian states. A large number of studies demon-
strate that pair-coherent states show remarkable non-
classical properties and may be realized with currently
available technology.!'-22l However, there are only few
papers treating the quantized vortex states. Since
Agarwal et al.l'”l first used a two-mode squeezed vac-
uum to generate a circularly symmetric quantum vor-
tex, Agarwal and Biswas?!l found that such vortex
states bear stronger nonclassical properties and are al-

ways in entanglement. Bandyopadhyay and Singh, "]
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and Bandyopadhyay et al.[2% proposed that a quan-
tum optical elliptic vortex can also be generated by
coupling squeezed coherent states of two modes with
a beam splitter or a dual channel directional coupler.

Very recently, Agarwall??l

also pointed out that a two-
mode quantized vortex state may be prepared through
a squeezed vacuum by subtracting a photon. Indeed,
optical vortex fields with a helical wave front can be
produced in a controlled manner. Due to their spe-
cific spatial structure and associated orbital angular
momentum, they find profound applications in the
fields of quantum information and computation be-
cause they can be used to create higher-dimensional
entangled states and have been demonstrated to be
good carriers of quantum information.23241 Optical
vortices have received a great deal of attention in
the last few decades, and thereby prompted the start
of a new branch in physical optics, known as singu-
lar optics.?®! In the present paper, a non-Gaussian
state with a vortex structure, called a Bessel-Gaussian
(BG) vortex state, is introduced and the vortex state
is an eigenstate of the sum of squared annihilation op-
erators a? + b?>. We focus our study on the Wigner
function of a BG vortex state and its entanglement
property. For such a BG vortex state, which is dif-
ferent from the quantum vortex states previously pre-
sented, its wavefunction has a BG function structure
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in quadrature space and to prepare a BG vortex state
(a pair-coherent state) is employed through a para-
metric frequency conversion. The rest of this paper is
organized as follows. In Section 2, a BG vortex state
is introduced and its vortex structure of wavefunction
In Section 3 the
Wigner function of such a vortex state is calculated

in quadrature space is discussed.

and investigated in detail with numerical evaluations.
And the entanglement properties of BG vortex states
are analysed in Section 4. Finally, some conclusions
are drawn from the present study in Section 5.

2. BG vortex state of radiation

fields and its generation

In this paper the following two-mode quantized
field state:

2
[V)pa = Nq/ e'?|iacosf), |iasind), do (1)
0

is named a BG vortex state, where | ), and | ), rep-

a
resent coherent states, respectively, in the modes a
and b, a characterizes the amplitude of the coherent
state and is assumed to be real throughout the paper
for simplicity, and N, is the normalized constant and

expressed as
Nq_2 =4r?exp (—a?) I, (o?) (2)

with I,( ) being the modified Bessel function of the
g-th order. It is easily proved that the state is the
eigenstate of sum of squared two-mode annihilation
operator a? + b? with an eigenvalue o because

(“2 + 52) V) pa = —a® V)pa - (3)

Next, we evaluate the expression (z, y|¢), where |z, y)
is the eigenvector of (aJr +a)/\@ and (bT —|—b)/ﬁ
with the corresponding eigenvalues x and y. Based
on the relation

1 x? o? + |af?
(z|a) = /4 &XP (2 +V2az — —s | (4)

under the Cartesian coordinates the state [¢)po be-
comes

wBG (x’y)
<‘T7y|1/)>BG

2
= Nq/ e'1 (z|iacos 0), (y|iasin ), do
0

Ny (Bt
VA 2

2m
X / exp {iqﬂ +V2ia (zcosf + ysin 9)} de.(5)
0

Introducing the polar coordinates © = pcosy, y =
psin ¢, one obtains

¥sG (7,y) = Yse (ps #)
2
Hml 2]
" exp 100 + V3 G )} 6. (6)
Xp |igfd i - .
x/o e p[q + QP Ccos ©

Making use of the integral form of the modified Bessel
function we finally have

¥BG (P #)
= 2i%/m N, exp (—'02> Jq (\/iap) exp (igp), (7)

where J,( ) is the Bessel function of the ¢-th or-
der. As is well known, Eq. (7) is just a standard BG
wavepacket carrying vortex structure with a topolog-
ical charge index ¢, which represents a new kind of
non-Gaussian state. In addition, because the angular
momentum operator in coordinate configuration space

is
Ljy = TPy — YPz = 1ha/a<p (8)

as expected, the wavefunction ¥pg (z,y) is an eigen-
function of the angular momentum operator LY with
the corresponding eigenvalue g¢h.

State (1) may be prepared by making use of the
parametric conversion process including pair-coherent
states. The Hamiltonian describing a parametric con-

version process reads[26—28]

Hpc = WQCETCl + WbbTb + K (aTbeint + abT eiint> ) (9)

where n = wp — w, (we constrain the discussion to
the simplest case of exact resonance) and & is the
real coupling constant (the phase-matching condition
is fulfilled).
Heisenberg equations of motion are

The well-known exact solutions of the

—lwgt (

a; = e acosT — ibsinT)

by = e 1t (hcosT — iasinT), (10)

where 7 = kt is the scaled time. And the correspond-
ing evolution operator is represented as

U (t) = exp (—iHyet /1) (11)

Due to U (¢)]0,0) = |0,0), an initial two-mode co-
herent state |a, 8) passing through such a parametric
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conversion process will evolve into a new two-mode
coherent state

U (t)|o, B) = Dayp (s, Bt) |0,0) = |ay, Be)

where the two-mode displacement operator is now

(12)

transformed into

Dgy (o, 8) = U(t) D (a, B)UT (1)
= Da,b (ataﬁt)v (13)
with
ar =ae WelcosT —ife “lsinT,
By = Be " cosT — iae Welsin T, (14)

Considering that the magnitude of the optical fre-
quency is about 10'® but the typical magnitude of the
coupling constant x is 107 and adequately selecting
the interaction time ¢, it is possible to let 7 = 7/4,
woT = 7w, /4k = 2nm, and wpT = 2mm — 7/2 (n and
m being integers), and Eq. (14) turns into
a+ a—pf

= d ey —
ar 7 and Bt NGT

Therefore, due to the expressions (e'? + e~1%)/2 =

(15)

cosf and (e'’ — e71%)/2i = sinf, a pair-coherent

statel”8

2
%) pair = Nq/ dhe'?|ipel? ige~iY)
0

through such a parametric conversion process will con-
ditionally evolve into

[ (T)
U(T) |9) paie

2
= Nq/ dfe'?
0

which is just the BG vortex state (1). While a pair-

coherent state can be conditionally generated with
y.17:9,16]

V/2if3 cos 0, /2if sin 0> , (16)

current available technolog

3. Wigner function of BG vortex

states

Based on the displaced parity operator on two
modes, defined as

I (u, w)
= D, (u) ™ *D} (u) Dy (w) ™' D;f (w), (17)

where u,w € C, a, and b are the mode operators, and
D,(n) =exp(nzt —n*z2) (z =a, band n = «, 3 are
single-mode displacement operators), the two-mode
Wigner function W (u,w) can be expressed as

W (u, w) = 41T (u, w) /72, (18)

while IT (u, w) = (IT (u,w)) is the expectation value of
the corresponding operator.

For a given state |¢)) of the quantized field, we
have

I (uyw) = (] 1T (u,w) [) = (] Dy (u) €™ D (u) Dy (w) e ™" Dyf (w) [¢))

2 2w
= qu / / e11(0=9") 4o e’ {iaccos 0’| Dy (u) ei”T“D(f (u) |ic cos 0)
o Jo

X (iasin 0’| Dy, (w) ei”bTbD;' (w) [iasin 8) .

By virtue of the relations

D(a)18) = exp (255 Y jat ).

x exp (irafa) |a) = [~a),  (20)
we have
(B] Da (u) €™ D (u) |a)
= (B)2u — a) exp (au™ — a™u)
= exp <2au* +2B8*u — af*
o+ |/3£2 +4|u|2>. (21)

(19)

\
After substituting Eq. (21) into Eq. (19) and perform-

ing some mathematical manipulations, Eq. (19) be-
comes

W (u, w)
= NZexp (<2ful® ~ 2fuf* - 0*) Afww). (22)
- 7T2 q p ) )

with

27 2m
A (u,w) = / / dde’ expliq (0 — 0')
o Jo
—a?cos (0 —6)]
x exp[2ia (u* cosf + w* sin §)

—2ia (ucosf + wsinf')]. (23)
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Due to2

exp [+i (Acosf + Bsinf)]

= exp {:I: B+1A 10—7_ 1Ae”’>]
2
{ \/A2+BQ< B+iA 4
=exp| 'Ae
—1i

—iA
B+iA

Vo]

. n/2
5 (22 )

n=—oo

1Uu

A (u,w) =

n,m,k=—oo

00 * s\ n/2 .
Z w —1u w —
w* + iu* w+ iu

and

(25)

where the generating function of the Bessel function

ZJ

n=—oo

explz(t—t")/2] =

has been applied, therefore, the integration of Eq. (23)
can be performed and the results can be expressed as

m/2

Jn (2@\/ u*2 + w*2> Jm (—2@\/ u? + w2>

2m
x I (—a?) / dd@ expli(g+k)(0—0')+ ind + imd']
0

k=—o00

because of fo% exp (igf) d0 = 27 for ¢ = 0, but 0 for
other values of gq.

11—
: N a=0.3
\N0=gq
N
= -8 N
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Fig. 1. Wigner function W(u = z + iy,w = p + iv)
for BG state versus p at fixed values of ¢ and « in the
case of y = v = 0. The parameters are denoted on the
corresponding curves.

i Jgtk <2a\/ u*2 + w*2> Jgtk (2@\/ u? + wz) I (—a?),

(26)

2) and (26), the behaviour of the
four-dimensional W(u = z + iy, w = p + iv) function

From Egs. (2

depends essentially on the topological charge index ¢
and the displacement parameter «. It can be reduced
to two variables by choosing the other two to be spec-
ified values. Especially, whenz = p=0o0ry =v =0,
correspondingly, v and w become purely imaginary
or purely real and W (u,w) reduces to depend only

on single variable p, = x? 4+ ,u2 or p; = yz + 2

In
Fig. 1 the Wigner functions are shown respectively
corresponding to the different state parameters ¢ and
a.

Obviously, the Wigner functions may be negative,
which considerably deviates from the Gaussian distri-
bution and may be a signature of occurrence of non-
classical properties.

In addition, we examine the marginal Wigner
function defined as

Wi (y,v)
= %/dxdum(u:“iy,w:u+iu)>. (27)

Inserting Eq. (22) into this expression and performing
the integration, we obtain

Wi (y,v)

4N2 27
= —2(1 exp (—2y2 — 27 — az) / d0de ela(?=4")
0 0

x exp[2a (ycosf + vsind')
+2a (y cos @ + vsinf) — a? cos (6 — 0')]
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x / dzdpexp[-2 (22 + 2) 4. Entanglement of BG vortex
+2iax (cosf — cos ') + 2iau (sinf — sin@')] states
2
= 2Ny (—2y2 —uw? - 2a2) Based on high correlation moment functions of

o continuous-variable states, Agarwal and Biswas?!] re-
X / d0ag’ ¢ia(v=0") cently developed a criterion to detect the inseparabil-
0 ity of the quantum vortex states. The condition is

/ : /
x exp[2a (ycos ¢ + vsin¢') established by the uncertainty relations of su(1,1) al-

+2a (y cos 0 + vsin6)]. (28) gebra, whose three generators are respectively defined
Similarly, using s
1 i
Z (at T — —(ath — ab'
exp (A cosf + Bsinf) Jz = 2( b+ab'), Jy_g(ab ab') ,
B . . 1
_ it —if 2 (.10 _ —i6 J, == (a'a—bb 31
4 (s ) 2 - ) . "
— exp ( 0if 1 A+iB ei0> which have the canonical commutation relations
2 [Jz, Jy] = 1J, (and cyclic permutations). It is found
A2 A+iB o0 that any separable states must satisfy the following
- [ < A1-iB° inequality
fATE )] [+ 4(AL) L+ 4(A7,)%
T > (1+ (ata 1 b1b))°. (32)
3 A+iB\"? VA2 + B2) ein?
- Z A_iB Lo ( A2+ B ) ™ (29) I what follows we will use an indication function of

inseparability as

and the generating function of the modified Bessel 5 )
_ 1 +4(AL)[L +4(AT)7]

function exp [z (t+t71) /2] = 5~ I, (x)t", we fi- -1 33
Pl )72 ) (1+ (afa + bTb))* 33)
nally have
According to Eq. (33), if A < 0, the state must be
Wi (y,v) = 87TN3 exp (—2112 -7 - 2042) entangled.
% 13 (QQ\/W) 7 (30) To detect inseparability of state (1), we need to
calculate the following expectation values associated
which is just a modified BG function form. with state (1)
|
2m 2r ,
(ala) = Nl?/ / ela(6-0) (iacos®',iasin®'|aa|ia cosf, iasinf) dode’
R 2m 2m
= N2a’e™® / / exp [ig (0 — 0') + a® cos (6 — 0')] cos O cos ' A9’
o Jo
Lo o o2 2 o : / / ’
:§Nqae ZIl(a) o expli(g+1) (6 —06")]cos (8 —06")dodo
1
1 1
= ZaQ [Tg1 (o?) + 121 (a?)] ~4772que_“2 = ZQQTI,Q (a?) = (b'D), (34)
\
where Similarly, we easily have
o (alb) = — (ab) = =4 (35)
/ e m(0=0) cos (0 + ') d9dE =0 2 d
0
4 2
1242y — (pt2p2) — & |1 4 2.9 (%) 36
has been used. (ata®) = ) 4 , (36)
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(at?h?) = (a®b*?) = %4 L T2q4(a2)] 6
(atab'd) = ?—;Tz,q (o®), (38)

where
T () = Ly (%) +1g— () (39)

Iy (2)

Therefore, it can be directly found that in such a two-
mode vortex state both the individual a- and b-mode
field have the exactly identical photon number and
photon number fluctuation.

Obviously, the results show that (J,) = (J,) =0
and (J,) = —n/2. And making use of these above-
mentioned facts, the numerical results are displayed
in Fig. 2 and the values of parameter A are all neg-
ative, therefore, such a BG vortex state is always in
entanglement.

Moreover, for sufficiently large values of z, with
the help of the approximate expansion of modified
Bessel function!?”]

T 4 2 _ 1
L, (z) ~ ° [1 Sl
2mx 8z
4n? —1) (4% -9
2 (8x)
we have
1
Tig(x) ~2— - and
4 4¢®+2
Toq(z) 22— o + PR (41)

In the expression of T 4 () we retain the higher-
order term. For large values of a, it is easy to prove
that

1+ 4((AJ,)?%)

1 1+a2)”
:5042 [Tl’q(az)—l—aﬂ—l—l:( 204)’ (42)

1+4((AJ,)*)
_ 1y 0‘72 2 2\ 2 2
—2a 2T2q(a)+T1q(a) a’|+1—¢q
~ L2 Oﬁ Q_i 4q” +2
2 2 o? ot

2 2 _
+2 - 2a}+1q =1, (43)
so that

Az WAL ALYy gy
(1 + (ata + bib))

And, because of

L (@) = ﬁ (3)

for very small values of «, we can prove that

A— — g .
lg| + 1

All those are completely consistent with the numerical
results drawn in Fig. 2.

—-0.3

Fig. 2. Variations of A-parameter with o for different
topological charge indices. The values are all negative.

5. Conclusion

In this paper, a new non-Gaussian state, termed a
BG vortex state, is introduced, which is an eigenstate
of the sum of squared two-mode annihilation opera-
tors a? 4+ b2. In quadrature space its wavefunction has
a BG vortex structure with topological charge index ¢
and is an eigenfunction of the z-component L, of the
angular momentum operator. Its Wigner function is
calculated and bears negative values, which is a good
indication of the possibility of the occurrence of non-
classical properties. The entanglement properties of
a BG vortex state are also analysed in detail and it
is found that the BG vortex state is always in entan-
glement. Theoretically, such BG vortex states may
be prepared by making use of a pair-coherent state
through a parametric conversion process.
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