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Propagation properties of stochastic electromagnetic

double-vortex beams in a turbulent atmosphere∗

Fang Gui-Juan(方桂娟)a)b) and Pu Ji-Xiong(蒲继雄)b)†

a)College of Physics and Electromechanical Engineering, Sanming University, Sanming 365004, China

b)College of Information Science & Engineering, Huaqiao University, Xiamen 361021, China

(Received 31 December 2011; revised manuscript received 20 January 2012)

Based on the extended Huygens–Fresnel principle, we study the propagation properties of stochastic electro-

magnetic double-vortex beams in a turbulent atmosphere. The result shows that the spreading of partially coherent

double-vortex beams can be smaller than that of fully coherent ones. The degree of polarization of this kind of beam will

experience change, which is dependent on the degree of polarization of the source plane, the atmospheric turbulence,

topological charge, and the spatial coherence. The results may have applications in space optical communication.
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1. Introduction

It is well known that stochastic electromagnetic

beams are less sensitive to the effects of turbulence

in contrast to fully coherent ones.[1,2] In recent years,

a good deal of attention has been paid to the prop-

agation of stochastic electromagnetic beams in a tur-

bulent atmosphere.[3−9] Moreover, the study of the

polarization properties of optical beams is very im-

portant in practical applications of beams, such as

optical communications and remote sensing.[10] Since

Wolf[11] presented a unified theory of coherence and

polarization, there has been much research on the

polarization of random electromagnetic beams on

propagation.[12−15] It has been demonstrated that

the degree of polarization of a stochastic electromag-

netic beam may change as it propagates in turbu-

lent atmosphere.[16−19] In the present paper, we study

the propagation of stochastic electromagnetic double-

vortex beams in a turbulent atmosphere. The spread-

ing of this kind of beams is studied, and more atten-

tion will be focused on the polarization changes of the

stochastic electromagnetic double-vortex beams prop-

agating in turbulent atmosphere.

2. Theoretical analysis

Here we take linearly polarized Laguerre–

Gaussian beams as the double-vortex model. The field

of the completely coherent beam can be expressed as

Ej(r, 0, ω) = Aj0

(
r

wj0

)nj

exp(injφ) exp

(
− r2

w2
j0

)
,

j = x, y, (1)

where Aj0 and wj0 are the characteristic amplitude

and beam size in the source plane, ω is the angu-

lar frequency , nj denotes the topological charge, and

exp(injφ) is the vortex phase factor. Furthermore, we

assume the correlation function to be

C
(0)
ij (r1, r2) = Bij exp

[
− (r1 − r2)

2

δ2ij

]
, (2)

where r1 and r2 are the position vectors located in

the transverse plane z = 0, δij is the transverse co-

herence length, and the factor Bij has the following

properties:

Bij ≡ 1, when i = j, (3a)

|Bij | ≤ 1, when i ̸= j, (3b)

Bji = B∗
ij . (3c)

We consider the case that the double-vortex

beams are generated by coherent superimposition of
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two coaxial linearly polarized beams with different

topological charges n1 and n2 (n1 < n2), respectively.

Let the polarization directions of the two beams be

orthogonal to each other, and the field of the double-

vortex beams at z = 0 plane can be denoted as

E(r, 0, ω) = Ex(r, 0, ω) · ex + Ey(r, 0, ω) · ey, (4)

where ex and ey are unit vectors in the x and y direc-

tion. respectively.

The second-order coherence and polarization

properties of a random, statistically stationary elec-

tromagnetic beam in the z = 0 plane may be char-

acterized by a 2 × 2 electric cross-spectral density

matrix[11]

W (0)(r1, r2, 0, ω)

=

W (0)
xx (r1, r2, 0, ω) W

(0)
xy (r1, r2, 0, ω)

W
(0)
yx (r1, r2, 0, ω) W

(0)
yy (r1, r2, 0, ω)

 , (5)

where the element of the matrix is given by

W
(0)
ij (r1, r2, 0, ω) =

⟨
Ei(r1, 0, ω)E

∗
j (r2, 0, ω)

⟩
,

i = x, y, j = x, y, (6)

where E(r, 0, ω) is the electric field of the beams. The

asterisk denotes the complex conjugate. The angular

brackets indicate an ensemble average.

For brevity, the off-diagonal elements of the

electric cross-spectral density matrix of the beams

in the source plane are assumed to be zero (i.e.

W
(0)
xy (r1, r2, 0, ω) = W

(0)
yx (r1, r2, 0, ω) = 0). Substi-

tuting Eqs. (1)–(3) into Eq. (6), we obtain the cross-

spectral density of a partially coherent vortex beam

in the z = 0 plane as

W
(0)
ii (r1, r2, 0, ω)

= A2
i0

(
r1
wi0

)ni
(

r2
wi0

)ni

× exp(−ini(φ1 − φ2) · exp
[
−r21 + r22

w2
i0

]
× exp

[
−r21 + r22 − 2r1r2 cos(φ1 − φ2)

δ2ii

]
,

i = x, y. (7)

According to the extended Huygens–Fresnel diffrac-

tion integral formula, the elements of the cross-

spectral density matrix for the beams propagat-

ing in a turbulent atmosphere can be expressed as

follows:[1,6,18]

Wii(ρ1, ρ2, z, ω)

=
k2

4π2z2

∫∫∫∫
W

(0)
ii (r1, r2, 0, ω)

× exp

[
− ik

2z
(r1 − ρ1)

2 +
ik

2z
(r2 − ρ2)

2

]
× ⟨exp[ψ(r1,ρ1, z, ω) + ψ∗(r2,ρ2, z, ω)]⟩
× d2r1d

2r2, (8)

where ρ1 and ρ2 are the position vectors in the z plane

and k is the wave number. The first exponential term

expresses the diffraction effect that the propagating

beams are subjected to, which is also common in free

space propagation. The second exponential term de-

scribes the effects of turbulence on propagation, which

can be expressed as[20]

⟨exp[ψ(r1,ρ1, z, ω) + ψ∗(r2,ρ2, z, ω)]⟩

= exp

[
− 1

ρ20
(r1 − r2)

2

]
, (if ρ1 = ρ2), (9)

where ρ0 = (0.545C2
nk

2z)−3/5 is the coherent length of

a spherical wave propagating in the turbulent medium,

and C2
n is the constant of refraction index struc-

ture and describes the turbulence level. Substituting

Eqs. (7) and (9) into Eq. (8), we obtain

Wii (ρ1, ρ2, θ1, θ2, z)

=
A2

i0k
2

4π2z2
exp

[
− ik

2z

(
ρ21 − ρ22

)]
×
∫∫∫∫ (

r1
wi0

)ni
(
r2
wi0

)ni

× exp

[
−
(

1

ρ20
+

1

δ2ii
+

1

w2
0

)(
r21 + r22

)]
× exp

[
− ik

2z

(
r21 − r22

)]
× exp

[
ikρ1r1
z

· cos (θ1 − φ1)

]
× exp

[
− ikρ2r2

z
· cos (θ2 − φ2)

]
× exp

[(
1

ρ20
+

1

δ2ii

)
· 2r1r2 cos (φ1 − φ2)

]
× exp [−ini (φ1 − φ2)]

× r1r2dr1dr2dφ1dφ2. (10)

By making use of the following formulae:[21]

exp

[
ikrρ

z
cos(θ − φ)

]
=

+∞∑
l=−∞

ilJl

(
krρ

z

)
exp[il(θ − φ)], (11)

∫ 2π

0

exp

[
−imφ1 +

2r1r2
ρ20

cos(φ1 − φ2)

]
dφ1

= 2π exp(−imφ2)Im

(
2r1r2
ρ20

)
, (12)
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∫ 2π

0

exp(imφ)dφ =

 2π, m = 0,

0, m ̸= 0,
(13)

and by setting θ1 = θ2 = 0, ρ1 = ρ2 = ρ, equation

(10) can be simplified as

Wii (ρ, ρ, z)

=
A2

i0k
2

4π2z2

+∞∑
l=−∞

∫∫ (
r1
wi0

)ni
(
r2
wi0

)ni

× I(ni+l)

[
2r1r2

(
1

ρ20
+

1

δ2ii

)]
× Jl

(
kr1ρ

z

)
Jl

(
kr2ρ

z

)
× exp

[
− ik

2z

(
r21 − r22

)]
× exp

[
−
(

1

ρ20
+

1

δ2ii
+

1

w2
0

)(
r21 + r22

)]
× r1r2dr1dr2. (14)

The expression for the intensity distribution and the

degree of polarization of the beams in the propagation

field (z > 0) are given by[11]

I(ρ, z) = Tr
↔
W(ρ, ρ, z)

= Wxx(ρ, ρ, z) +Wyy(ρ, ρ, z), (15)

and

P (ρ, z) =

√√√√1− 4 det
↔
W(ρ, ρ, z)

[Tr
↔
W(ρ, ρ, z)]2

=
|Wxx(ρ, ρ, z)−Wyy(ρ, ρ, z)|
Wxx(ρ, ρ, z) +Wyy(ρ, ρ, z)

, (16)

where Tr denotes the trace and det denotes the deter-

minant. Let Ii0 = W
(0)
ii (r1, r2, 0, ω), the degree of

polarization in the source plane which is denoted as

P (0) can be expressed as

P (0) =
|Ix0 − Iy0|
Ix0 + Iy0

. (17)

In light of the above derived expressions, we can

perform some numerical calculations. In the following

section, we will give some numerical calculation re-

sults to show the propagation properties of stochastic

electromagnetic double-vortex beams in a turbulent

atmosphere.

3. Results and discussion

First of all, we study the intensity distributions of

the partially coherent double-vortex beams, in which

the topological charge of the inner vortex beam is

fixed, and topological charge of the outer vortex beam

is varying. Figure 1 shows the intensity distributions

of the partially coherent double-vortex beams with

Fig. 1. The intensity distributions of the partially coherent double-vortex beams with different topological charges of the

outer ring at z = 50 m: n2 = 5 (a), 6 (b), 7 (c), 8 (d), 9 (e), and 10 (f). The other parameters are chosen to be n1 = 1,

w0 = 5 mm, λ = 632.8 nm, δxx = δyy = w, and C2
n = 5× 10−15 m2/3.
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different topological charges of the outer ring in a tur-

bulent atmosphere at propagation distance z = 50 m.

It is clearly indicated that the intensity distributions

have a double-ring structure and the gap between the

inner and outer ring increases with the increase of the

topological charges of the outer ring. This is due to

the fact that the outer ring of the larger topological

charge has a larger divergence angle, so that the two

vortex rings separate after propagation.

Now we focus on the spreadings of the stochastic

electromagnetic double-vortex beams propagating in

turbulent atmosphere and in free space. Because the

output beam is not pure Gaussian, we use the defini-

tion of 86.5% power content to calculate the beam

size. The calculation results are shown in Fig. 2.

It can be seen that, in free space, the spreading of

the partially coherent double-vortex beams is larger

than that of fully coherent ones. However in a turbu-

lent atmosphere, we can choose a suitable transverse

coherence length to reduce the beam-spreading. As

δxx = δyy = w, the beam size of the partially coher-

ent double-vortex beams is smaller than that of fully

coherent ones.

Then we study the changes in the degree of polar-

ization of this kind of beam for different source param-

eters and different atmospheric turbulences. In Fig. 3,

the changes in the degree of polarization at the axial

point are plotted. The changes in the degree of po-

larization for different source polarizations are shown

in Fig. 3(a). We find that for a long distance prop-

agation, the degree of polarization increases with the

propagation distance increasing, owing to the fact that

after propagation in turbulent atmosphere, two vortex

rings with different topological charges have different

divergence angles, so that the two vortex rings with

different polarization directions separate. Figure 3(b)

shows the influence of the turbulence on the degree

of polarization. It can be seen that as the propa-

gation distance increases, the degree of polarization

first decreases and then increases. For a long prop-

agation distance, the degree of polarization increases

with strength of turbulence increasing. Figure 3(c)

shows the different topological charges of the outer

ring of the double-vortex beams. After a sufficiently

long propagation distance (z > 5×104 m), the degree

of polarization will tend to a certain value, which is

equal to the degree of polarization in the source plane

(i.e. P (0) = 0.5). In Fig. 3(d), the influence of trans-

verse coherence length on the degree of polarization is

investigated. It is clear that the degree of polarization

will have a great change when it propagates in turbu-

lent atmosphere, and at large z value (z > 5×104 m),

the degree of polarization will tend to a certain value.

The changes in the degree of polarization of this

kind of beam in the cross section of z = 1000 m are

shown in Fig. 4. It can be found that the degree of

polarization in the cross section is influenced by the

source polarization, the strength of turbulence, and

the topological charges as well. It is clear from Fig. 4

that with the increase of transverse distance (i.e., ρ),

all the degrees of polarization first decrease and reach

a minimal value, and then increase. However, we can

find from Fig. 4(b) that all the curves tend to be the

same as ρ increases. This indicates that the degree of

polarization in the cross section is less influenced by

turbulence.

Fig. 2. (colour online) Beam widths of the double-vortex beams propagating (a) in free space (C2
n = 0), (b) in turbulent

atmosphere (C2
n = 10−14 m2/3), where solid curve denotes δxx = δyy = w0, dashed curve δxx = δyy = 0.5w0, and dot curve

δxx = δyy = ∞ (fully coherent). The other parameters are chosen to be n1 = 1, n2 = 7, w0 = 5 mm, and λ = 632.8 nm.
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Fig. 3. (colour online) Degrees of polarization in the axis. Panel (a) shows different source polarizations, where solid curve

denotes P (0) = 0.2, dashed curve P (0) = 0.5, dot curve P (0) = 0.8. Panel (b) displays different turbulences, where solid

curve denotes C2
n = 5 × 10−15 m2/3, dashed curve C2

n = 10−14 m2/3, and dot curve C2
n = 2 × 10−14 m2/3. Panel (c)

exhibits different topological charges of the outer ring, where solid curve refers to n2 = 6; dashed curve n2 = 7, and dot

curve n2 = 8. Panel (d) indicates different transverse coherence lengths, where solid curve denotes δxx = 2w0 and δyy = w0,

dashed curve δxx = δyy = w0, dot curve δxx = w0 and δyy = 2w0. The default parameters are chosen to be n1 = 1, n2 = 7,

w0 = 5 mm, λ = 632.8 nm, δxx = δyy = w0, P (0) = 0.5, and C2
n = 5× 10−15 m2/3.

Fig. 4. (colour online) Degrees of polarization in the transverse plane z = 1000 m. Panel (a) is for different source

polarizations, where solid curve denotes P (0) = 0.2, dashed curve P (0) = 0.5, dot curve P (0) = 0.8. Panel (b) is for different

turbulences, where solid curve denotes C2
n = 5×10−15 m2/3, dashed curve C2

n = 10−14 m2/3, dot curve C2
n = 2×10−14 m2/3.

Panel (c) is for different topological charges of the outer ring, where solid curve denotes n2 = 6, dashed curve n2 = 7, and

dot curve n2 = 8. The default parameters are chosen to be n1 = 1, n2 = 7, w0 = 5 mm, λ = 632.8 nm, δxx = δyy = w0,

P (0) = 0.5, and C2
n = 5× 10−15 m2/3.

4. Conclusion

In this paper, we have studied the propagation

properties of stochastic electromagnetic double-vortex

beams propagating in turbulent atmosphere. The re-

sult shows that the spreading of the partially coherent

double-vortex beams can be smaller than that of the

fully coherent ones. In addition, the degree of po-

larization of the double-vortex beams will experience

change, which is dependent on the degree of polar-

ization of the source plane, the strength of the at-

mospheric turbulence, the topological charges of the

outer ring of the double-vortex beams, and the spatial

coherence. The results may have applications in space
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optical communication.
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