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Flexural resonance vibrations of piezoelectric ceramic

tubes in Besocke-style scanners∗

Zhang Hui(张 辉)†, Zhang Shu-Yi(张淑仪), and Fan Li(范 理)

Laboratory of Modern Acoustics, Institute of Acoustics, Nanjing University, Nanjing 210093, China

(Received 2 December 2011; revised manuscript received 6 January 2012)

Flexural resonance vibrations of piezoelectric ceramic tubes in Besocke-style scanners with nanometer resolution

are studied by using an electro-mechanical coupling Timoshenko beam model. Meanwhile, the effects of friction, the

first moment, and moment of inertia induced by mass loads are considered. The predicted resonance frequencies of the

ceramic tubes are sensitive to not only the mechanical parameters of the scanners, but also the friction acting on the

attached shaking ball and corresponding bending moment on the tubes. The theoretical results are in excellent agreement

with the related experimental measurements. This model and corresponding results are applicable for optimizing the

structures and performances of the scanners.
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1. Introduction

In manufacturing scanning probe microscopes

(SPM), such as the scanning tunneling microscope

(STM) and the atomic force microscope (AFM), an

important technology is to provide the scanning sys-

tems with resolution on the nanometer scale and with

high speed, accuracy, and load capacity.[1−3] Thus the

Besocke-style scanner has become a popular configu-

ration, owing to its advantages, such as simple struc-

ture, compact size, good thermal stability, and so on.

Many Besocke-style scanners with high performances

have been designed.[4−6]

In practical cases, SPMs are always affected by

ambient noise, and the weak mechanical noise may

severely affect the results. To improve the signal-to-

noise ratio, the Besocke-style scanner should be de-

signed with a much higher resonance frequency. Fur-

thermore, the high resonance frequency can also in-

crease scanning speed.[7] Therefore, there have been

many studies on the resonance vibrations of the piezo-

electric ceramic tubes of Besocke-style scanners. For

example, by studying the eigenfrequencies of the flex-

ural modes of the piezoelectric ceramic tube, the fun-

damental flexural resonance frequencies of the scan-

ner can be given, in which the piezoelectric ceramic

tube is regarded as a massless tube.[6] In addition,

the Euler beam theory combined with Rayleigh’s quo-

tient has been used to calculate the resonance fre-

quencies, in which three kinds of vibrational modes

were analysed.[6−9] However, for short and thick piezo-

electric ceramic tubes, there are large errors in theo-

retical investigations. For several practical scanners

with resolution on the nanometer scale, the existing

models cannot reveal how the friction acting on the

attached ball and corresponding bending moment af-

fect the flexural vibration of the piezoelectric ceramic

tubes.[10]

In the present paper, a physical theory based on

the Timoshenko beam model with exact boundary

conditions is presented to investigate flexural vibra-

tion of a piezoelectric ceramic tube as a saw-tooth like

voltage is applied to the tube, in which the main fac-

tors, such as the effects of shear deformation, rotary

inertia, friction, and piezoelectricity of the piezoelec-

tric ceramic tubes, etc. are considered.

2. Timoshenko beam model with

the effect of piezoelectricity

For Besocke-style scanners, according to the Tim-

oshenko beam model, the dynamic equations of the
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piezoelectric ceramic tube can be expressed as
ρA

∂2w

∂t2
− ∂Q

∂z
= 0,

Q− ∂M

∂z
− ρI

∂2ψ

∂t2
= 0,

(1)

where ρ is the density, A the area of cross section,

I the second moment of cross section, w and ψ are

the transverse deflection and slope of the axis of the

piezoelectric ceramic tube, respectively, Q and M are

the shear force and the bending moment at the cross

section of the tube, respectively.

The shear force, Q, is expressed as

Q = κAG (∂w/∂z − ψ) , (2)

where κ is the shear correction coefficient, which is

determined by the outer and inner radii and the Pois-

son ratio of the tube,[11] G is the shear modulus of the

piezoelectric ceramic tube.
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Fig. 1. Theoretical model of the tube in the scanner.

The bending moment, M , is expressed as

M =

∫
A

yτzdA, (3)

where y is the displacement in the y direction, and τz

is the stress component in the z direction. According

to the linear constitutive equations of piezoelectricity

in a local coordinate system (z, s, n), shown in Fig. 1,

where the z axis coincides with the axis of the cylin-

der, s and n are the tangential and normal directions

of the cross section, respectively, τz can be expressed

as

τz (n, z, t) =
[
E/

(
1− σ2

)]
(εz (n, z, t) + εs (n, z, t)σ

− d31 (1 + σ)En (n, z, t)). (4)

Here, E = 1/sE11 and σ = −sE12/sE11; sEij (i, j = 1, 2;

represent z and s directions, respectively) is the elas-

tic constant under a constant electric field; εz and εs

are the strains in the s and z directions, respectively,

d31 is the piezoelectric strain constant, and En the

electric field intensity in the n direction. According to

the strain-mechanical displacement relations, εs and

εz can be written as

εs =
1

2

(
∂w(z, t)

∂z
− ψ(z, t)

)
,

εz = −y ∂ψ(z, t)
∂z

, (5)

and En can be expressed as[12]

En = − v
h
+

e33
2εS33

∂ψ

∂z
(R1 +R2 − 2n) ,

R1 ≤ n ≤ R2, (6)

where v is the electric potential difference between the

outer and inner electrodes of the tube wall, h the wall

thickness of the tube, e33 the piezoelectric constant,

εS33 the dielectric constant under constant strain field,

and R1 and R2 are the inner and outer radii of the

tube. From Eqs. (3)–(6), the bending moment M can

also be expressed by w and ψ.

Therefore, dynamic equation (1) of the Besocke-

style scanner can be re-written as
κAG

(
∂w

∂z
− ψ

)
−HI

∂2ψ

∂z2
− ρI

∂2ψ

∂t2
= 0,

ρA
∂2w

∂t2
− κGA

(
∂2w

∂z2
− ∂ψ

∂z

)
= 0,

(7)

where Γ =
(
2
√
2
(
R1R

3
2 −R2R

3
1

)
+
√
2R4

1 −
√
2R4

2

)
/6,

H =
[
E/

(
1− σ2

)]
for the piezoelectric tube with

bipolar arrangement, and

H =
[
E/

(
1− σ2

)] [
1 + d31

e33
2IεS33

Γ (1 + σ)

]
for the unipolar arrangement.[13]

By defining w(z, t) = Y e jωt, ψ(z, t) = Ψ e jωt,

ξ = z/l, b2 = ρAl4ω2/(HI), r2 = I/Al2, and s2 =

HI/κAGl2, the harmonic solution of Eq. (7) is given

as[14]
Y = C1 cosh(bαξ) + C2 sinh(bαξ)

+ C3 cos(bβξ) + C4 sin(bβξ),

Ψ = k1C1 sinh(bαξ) + k1C2 cosh(bαξ)

+ k2C3 sin(bβξ)− k2C4 cos(bβξ),

(8)

(
α

β

)
=

1√
2

(
∓
(
r2 + s2

)
+

√
(r2 − s2)

2
+

4

b2

)1/2

,(9)

where the coefficients C1, C2, C3, C4, and k1, k2 are

determined by the sizes, material constants, and an-

gular frequency of the flexural vibration of the piezo-

electric tube.
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3. Boundary conditions for the

Besocke-style scanner

For the two kinds of Besocke-style scanners shown

in Fig. 2, a static friction acting on the ball is con-

sidered during the scanner being in the scanning

motion.[10] The effects of the friction between a sap-

phire (or steel) ball and the movable ramp disk (or

static helical ramp), and the corresponding bending

moments are taken into account. Therefore, the exact

boundary conditions for the two Besocke-style scan-

ners are given as follows.

damp disk

PZT tube

PZT tube

z

y

sapphire/steel

sapphire/steel

ball

ball

static helical ramp

static holder

y

z

movable
ramp disk

(a)

(b)

Fig. 2. Schematic diagrams of Besocke-style scanners.

3.1.Characteristic equation of flexural

vibration for case A

For case A, shown in Fig. 2(a), a damp disk is

soldered on one end of the piezoelectric ceramic tube,

which can move following the vibration of the tube, in

which the damp disk horizontally moves and the slope

at the side is zero. The boundary conditions can be

obtained as
[
κAG

(
1

l

∂Y

∂ξ
− Ψ

)
+m0ω

2Y

] ∣∣∣∣ξ=0 = 0,

Ψ |ξ=0 = 0.

(10)

Fixed at the other end of the tube is a ball which

rests on a static helical ramp. According to the dy-

namic equilibrium for the transverse shear force and

bending moment, the boundary conditions can be ob-

tained as[9]

[
κAG

(
1

l

∂Y

∂ξ
− Ψ

)
+ f1ω

2Ψ −m1ω
2Y

] ∣∣∣∣ξ=1

+ F/ e jωt = 0,(
HI

1

l

∂Ψ

∂ξ
− J1ω

2Ψ + f1ω
2Y

) ∣∣∣∣ξ=1

− Fd/ e jωt = 0,

(11)

where m0 is the mass of the damp disk, m1 the mass

of the ball, f1 the first moment of m1, J1 the iner-

tia moment of m1, F the friction acting on the ball by

the static helical ramp, and d the distance between the

center of the cross section of the tube end (ξ = 1) and

the ramp. It is assumed that the protruding length

of the ball into the tube is very short, and d can be

approximately regarded as the diameter of the ball.

The scanner head in Fig. 2(a) is taken as an equi-

librating force system during the harmonic vibration.

According to the dynamic equilibrium at the flexural

vibration of the tube with mass loads, the friction F

can be obtained by

F =M +N, (12)

where

M =

(
m0ω

2Y |ξ=0 +m1ω
2Y |ξ=1 − ρAω2

(
∂Y

∂ξ

∣∣∣∣
ξ=1

− ∂Y

∂ξ

∣∣∣∣
ξ=0

) )
e jωt,

N =

(
J1ω

2Ψ |ξ=1 − Jω2

(
∂Ψ

∂ξ

∣∣∣∣
ξ=1

− ∂Ψ

∂ξ

∣∣∣∣
ξ=0

))
e jωt

d
.
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Here, J is the inertia moment of the piezoelectric tube,

M and N are the force induced by the transverse vi-

bration and by the inertial moment of the scanner

head, respectively.

Substitutions of Eqs. (8) and (12) into Eqs. (10)

and (11) yield four linear equations of C1, C2, C3, and

C4 as

[U ]C = 0, (13)

where C = [C1, C2, C3, C4)], [U ] is a 4×4 ma-

trix and U11 = µ0b
2s2, U12 = bα + η0lk1b

2s2 − lk1,

U13 = µ0b
2s2, U14 = bβ − η0lk2b

2s2 + lk2, U21 =

k1bα + η0b
2/l, U22 = ϑ0b

2k1, U23 = k2bβ + η0b
2/l,

U24 = −ϑ0b2k2, U31 = Φ sinh(bα) + Λ cosh(bα) +

ΠC1 , U32 = Φ cosh(bα) + Λ sinh(bα) + ΠC2 , U33 =

−Θ sin(bβ) + Λ cos(bβ) + ΠC3 , U34 = Θ cos(bβ) +

Λ sin(bβ) + ΠC4 , U41 = Ω cosh(bα) + Ξ1 sinh(bα) −
∆C1 , U42 = Ω sinh(bα) + Ξ1 cosh(bα) − ∆C2 , U43 =

Γ cos(bβ) + Ξ2 sin(bβ) − ∆C3 , U44 = Γ sin(bβ) −
Ξ2 cos(bβ) − ∆C4, Φ = bα + η1k1lb

2s2 − k1l, Λ =

−µ1b
2s2, Π = lω2F/KGA, Θ = bβ − η1k2lb

2s2 + k2l,

Ω = k1bα + η1b
2/l, Γ = k2bβ + η1b

2, Ξ1 = −ϑ1b2k1,
Ξ2 = −ϑ1b2k2, ∆ = d1lω

2F/EI, µj = mj/m, ηj =

fj/ml, ϑj = Jj/ml
2, m = ρAl, j = 0, 1. ΠCi and ∆Ci

(i = 1, . . . , 4) denote coefficients of Ci in Π and ∆,

respectively.

If the non-zero solutions ofC in Eq. (13) are avail-

able, the determinant |U | should be zero, and the ex-

act characteristic equation of flexural vibrations of the

outer piezo-tube can be obtained.

3.2.Characteristic equation of flexural

vibration for case B

For case B, shown in Fig. 2(b), one end of the

piezoelectric ceramic tube is soldered onto the static

holder, and a ball is fixed at the other end of the tube.

A ramp disk rests on the ball, which can move by the

static friction. In this case, the static friction on the

ball becomes

F = −m2ω
2Y e jωt, (14)

where m2 is the mass of the ramp disk.

Here, the tube can be regarded as a cantilever

with mass loads; therefore, the boundary conditions

at both ends of the tube can be obtained as

Y |ξ=0 = 0,

Ψ |ξ=0 = 0,[
κAG

(
1

l

∂Y

∂ξ
− Ψ

)
+ f1ω

2Ψ −m1ω
2Y

] ∣∣∣∣ξ=1

+ F/ e jωt = 0,(
HI

1

l

∂Ψ

∂ξ
− J1ω

2Ψ + f1ω
2Y

) ∣∣∣∣ξ=1

− Fd/ e jωt = 0.

(15)

In this case, U11 = 1, U12 = 0, U13 = 1, U14 = 0,

U21 = 0, U22 = k1, U23 = 0, U24 = −k2, the others

are the same as those in the case of Fig. 1(a).

For case B, if the non-zero solutions ofC are avail-

able, the determinant |U | should be zero, and then

the flexural resonance frequencies of the piezoelectric

ceramic tube can be easily obtained by numerical cal-

culations.

4. Results and discussion

For comparing with the experimental results, the

parameters in the calculations are cited from relevant

Refs. [4] and [5]. The numerically calculated results of

the fundamental flexural resonance frequencies in this

work are listed in Table 1, Meanwhile, the theoretical

and experimental results of the relevant references are

also listed.

Table 1. Theoretical and experimental fundamental resonance frequencies.

Sample Besocke 1 (Ref. [5]) Besocke 2 (Ref. [4]) Besocke 3 (Ref. [4])

for case A for case B for case B

Experimental frequency/Hz 1000 1700 9500

Calculated frequency/Hz 1800 1520 9974

Relative error by references 80% 11% 5%

Calculated frequency/Hz 960 1679 9612

by this work

Relative error of this work 4% 1% 1.1%
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From Table 1, it is clearly shown that the calcu-

lated results using our theory are in excellent agree-

ment with the experimental measurements. Especially

for Besocke 1 in case A, the calculated result obtained

by this work has much higher accuracy (the relative er-

ror 4%), but the results calculated by the other model

even have a relative error of about 80%.
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Fig. 3. (colour online) Dependences of fundamental flex-

ural resonance frequencies with (a) mass of disk, and (b)

first moment and inertia moment of disk.

In addition, the disk effect on the fundamen-

tal flexural resonance frequency is also calculated as

shown in Fig. 3, in which the parameters are cited

from Ref. [5] for Fig. 3(a), but for Fig. 3(b) the disk

mass is chosen to be 10 g. From Fig. 3, it can be

seen that for cases A and B, the fundamental flexu-

ral resonance frequency decreases with the disk mass

increasing; and, for case A, the fundamental flexural

resonance frequency depends also on the bending mo-

ment and rotary inertia of the disk.

Meanwhile, the effect of the bending moment in-

duced by the friction on the flexural resonance fre-

quency is also calculated by the presented theory as

shown in Fig. 4, in which the disk mass is selected

to be 10 g for Fig. 4(a), the ball mass is selected to

be 0.09 g for Fig. 4(b), and other parameters in the

calculations are cited from Ref. [5].
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Fig. 4. (colour online) Dependences of fundamental flex-

ural resonance frequencies on (a) diameter of ball, and (b)

mass density of ball.

From Fig. 4, it can be seen that the fundamental

flexural resonance frequency increases rapidly with the

increase of ball diameter. Therefore, if the mass of the

ball is kept constant, choosing a ball with light den-

sity can also increase the resonance frequencies. For

example, in case A from Ref. [5], for a Besocke-style

scanner with a sapphire ball instead of a steel ball, the

fundamental flexural resonance frequency can increase

by about 12% if the other parameters are unvaried.

5. Conclusion

In this paper, using the presented theory the main

factors affecting the flexural resonance frequencies of

Besocke-style scanners are calculated and analysed in

detail. The calculated results are shown to be in excel-

lent agreement with the measured results. In addition,

the theory provides an effective method to optimize

the performances of the scanners, such as how to in-

crease the resonance frequencies of the scanners. It
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is shown that in the design of the scanner structure,

considerable attention should be paid to not only the

parameters of the tube and disk, but also the param-

eters of the balls and the frictions acting on the balls.

Furthermore, the theory can also be used to estimate

the behaviours of ultrasonic actuators and sensors op-

erated in a higher flexural resonance mode.
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