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A simple equation of state (EOS) in wide ranges of pressure and temperature is constructed within the Mie–

Grüneisen–Debye framework. Instead of the popular Birch–Murnaghan and Vinet EOS, we employ a five-parameter cold

energy expression to represent the static EOS term, which can correctly produce cohesive energy without any spurious

oscillations in the extreme compression and expansion regions. We developed a Padé approximation-based analytic

Debye quasiharmonic model with high accuracy which improves the performance of EOS in the low temperature region.

The anharmonic effect is taken into account by using a semi-empirical approach. Its reasonability is verified by the fact

that the total thermal pressure tends to the lowest-order anharmonic expansion in the literature at low temperature,

and tends to ideal-gas limitation at high temperature, which is physically correct. Besides, based on this approach,

the anharmonic thermal pressure can be expressed in the Grüneisen form, which is convenient for applications. The

proposed EOS is used to study the thermodynamic properties of MgO including static and shock compression conditions,

and the results are very satisfactory as compared with the experimental data.
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1. Introduction

Characterized by describing the relationships

among the thermodynamic variables of compressed

solids, equation of state (EOS) becomes a crucial con-

cept in the investigations of material properties and

high-pressure physics studies, in which the isothermal

P (V ,T ) relation is of most importance. Over the past

decades, many EOSs have been proposed with varying

extents of success.[1−10] Whereas, the recent studies of

Li et al.,[7,8] Qin et al.,[9,10] and our calculations[11−13]

exhibit that firstly, the EOSs proposed by Murnaghan,

Boanza et al.,[4,5] and Holzapfel[6] cannot give phys-

ically reasonable cohesive energy; secondly, the co-

hesive energy values deduced from the Vinet[3] (the

extended Rydberg EOS as pointed out by Qin et

al.[9,10]), third-order Birch–Murnaghan and Rose[1,2]

EOSs deviate from experimental observation. Be-

sides, Qin et al.[9,10] pointed out that the physically in-

correct oscillations existed in the fourth-order Birch–

Murnaghan EOS for some materials in extreme com-

pression regions. We[14] also noticed that the same

problem existed in Li et al.’s[7,8] EOS. Both incorrect

oscillations result from the higher-order terms in their

EOSs. The unphysical oscillations would bring on un-

reliable results in the studies of the thermodynamics

in extreme conditions. In order to solve the problem,

we proposed a generalized exponential function (GEF)

type EOS in Ref. [14], which can incorporate cohesive

energy data, and there are no longer physically incor-

rect oscillations existing in all pressure regions.

MgO is one of the major earth-forming miner-

als. It plays a key role in understanding the thermo-

physical properties of the earth’s lower mantle. Also

with the NaCl-type structure stability, MgO becomes

an ideal pressure scale applied in DAC experiments

under extreme conditions.[15] Important in high tem-

perature and pressure research, the P (V, T ) EOS

of MgO has been widely studied theoretically[16−26]

and experimentally.[27−34] In recent theoretical stud-
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ies for MgO, the Birch–Murnaghan and Vinet EOS

are most popular to represent cold energy, which

probably involve some shortcomings mentioned above.

In most of the present theoretical research, the

Einstein model, rather than the more precise De-

bye model, is used to calculate the harmonic ther-

mal contribution. Moreover, the anharmonic ef-

fect is taken into account by using the lowest-order

high-temperature expansion.[19,22,23,26,35−37] How-

ever, Shukla et al .[38,39] have shown that the anhar-

monic expansion is divergent at high temperature,

thus it is necessary to adopt a more appropriate ap-

proach to consider the anharmonic effect.

In this work, we construct a simple P (V ,T ) EOS

for MgO within the Mie–Grüneisen–Debye framework,

in which three main issues are addressed: firstly, the

proposed GEF EOS in Ref. [14] is employed to build

the cold energy of our thermal EOS to overcome the

shortcomings mentioned above; secondly, an analytic

approximation to the Debye model is developed with

high accuracy to describe the quasiharmonic term of

thermal energy; thirdly, a model for the anharmonic

effect is proposed with the merit that it approaches

anharmonic expansion at low temperature, and tends

to the ideal gas model at high temperature. Then we

use the proposed P (V ,T ) model to study the ther-

modynamic characteristics of MgO in wide temper-

ature and pressure ranges, including static compres-

sion, shock compression, thermal expansion, thermal

expansion coefficient, volume modulus, and heat ca-

pacity together with their comparisons with experi-

mental data. The results are very satisfactory and

confirm the validity of the proposed P (V ,T ) EOS.

2. Construction of EOS

The total Helmholtz free energy of solids can be

expressed as the sum of the following terms:

F = Ec(V ) + Fh(T, V ) + Fa(T, V ), (1)

where Ec(V ) is the cohesive energy at 0 K; Fh(T, V )

and Fa(T, V ) are the quasiharmonic and anharmonic

parts of the Helmholtz free energy, respectively.[22]

Considering the large energy band gap of MgO, we

neglect the thermal electronic excitation in Eq. (1),

so the total pressure is evaluated by differentiating

Eq. (1) as follows:

P = −
(∂F
∂V

)
T
= Pc(V ) + Ph(T, V ) + Pa(T, V ), (2)

where Pc(V ) is the cold pressure; Ph(T, V ) and

Pa(T, V ) are the quasiharmonic and anharmonic parts

of the pressure respectively.

2.1.Cold EOS

The Birch–Murnaghan[19,23,25,26,31] EOS and

Vinet[15,22] EOS are most popular to describe the cold

energy of MgO. However, to overcome the unphysical

oscillations in the former and the incorrect cohesive

energy induced from the latter, Qin et al.,[9,10] Sun et

al.,[11] and we[14] proposed two EOSs to solve these

problems respectively. The equations of cold energy

and EOS proposed by Qin et al.[9,10] are as follows:

Ec =Ax−m eα(1−X) −Bxn eβ(1−X), (3)

Pc =
3B0

CX2

[
(α+m/X)(β − n)X−m eα(1−X)

− (α+m)(β − n/X)Xn eβ(1−X)
]
. (4)

Here, A, B, and C can be expressed as

A =9B0V0(β − n)/C, (5)

B =9B0V0(α+m)/C, (6)

C =(α+m)(β − n)[(α+m)− (β − n)]

+ (αn+ βm). (7)

The EOS of Qin et al.[9,10] contains six parameters V0,

B0, α, β, m, and n. V0 and B0 are the molar volume

and the bulk modulus at zero pressure; X = (V/V )1/3

is the normalized volume. Qin et al.[9,10] applied

their EOS to nine 4d and nine 5d transition met-

als, separately, to study variation of parameters with

atomic number. Their results show that equation (3)

can describe binding-energy data well from density-

functional theory (DFT) calculations, and there is no

unphysical oscillation at high pressure.

However, as we used Eq. (6) of Qin et al. to fit

experimental compression data at high pressure tak-

ing the experimental cohesive energy into account, we

found some inconsistence in that optimizing the fitting

error of the pressure always enlarges the fitting error

of the cohesive energy, and vise versa. Otherwise, we

notice that among 18 transition metals studied by Qin

et al.,[9,10] the values of parameter α of 7 metals are

all taken to be zero values while the values of their pa-

rameter β are adopted to be large values, which may

result in abnormal maximum in the expansion regions

for the 7 metals; yet this case does not happen in the

remaining 11 metals.

Therefore, we propose other EOSs as an alterna-
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tive to Eqs. (3) and (4) of Qin et al.[10,11]

Ec =(E0α)
[
nβ eα(1−X) − nβ − α

]
eβ(1−Xn), (8)

Pc =
nβE0

3αV0X3

[
(αX + nβXn) eα(1−X)

− (α+ nβ)Xn
]
eβ(1−Xn), (9)

which for convenience is called generalized exponen-

tial function (GEF) EOS. It contains five parameters,

V0, E0, α, β, and n, with the number of parameters

less than that of Eq. (6) of Qin et al. Here E0 is the

binding energy at zero pressure. It is apparent that

the repulsive part nβ exp[α(1 − X) + β(1 − Xn)] in

Eq. (8) is a monotonically decreasing function of X;

the attractive part (−nβ − α) exp[β(1 − Xn)] is the

monotonically increasing function of X. Being the

sum of these two parts, the potential function Eq. (8)

therefore has one unique minimum at X = 1, and

the corresponding GEF EOS in Eq. (9) is physically

correct without any unreasonable oscillation in either

high pressure or expanding regions. Moreover, the in-

clusion of E0 in Eq. (8) guarantees that the GEF EOS

can yield correct binding energy, if its value is adopted

from experimental data.

2.2.Debye quasiharmonic vibrational

energy

Based on the Mie–Grüneisen approach, the quasi-

harmonic thermal pressure Ph(T, V ) can be expressed

as the Grüneisen form both in Einstein and Debye

models

Ph(T, V ) = γG
Uh(T, V )

V
, (10)

where γG is the Grüneisen coefficient, and Uh(T, V )

is the quasiharmonic internal energy. Because the

Uh(T, V ) can be expressed as a simple function

in the Einstein model but cannot in the Debye

model, the Einstein model is used widely in the

literature,[19,21,23,25,26,31] although the Debye model

is more accurate. To balance accuracy and compu-

tational efficiency, several authors[22,36,37] have devel-

oped pseudo-Debye models to express Uh(T, V ) as an

approximate analytic function.

However, those pseudo-Debye models[22,36,37] are

not accurate enough for most applications, so we de-

velop a new pseudo-Debye model with high accuracy

in light of the Padé approximation. The quasihar-

monic internal energy in the Debye model can be ex-

pressed as

Uh = 3nRT
[3
8
x+ 3x−3

∫ x

0

( ey − 1)−1y3dy
]
. (11)

Here R is the ideal gas constant per mole, n is the

number of atoms per cell (n = 2 for MgO), y =

hω/kT , and x = ΘD/T . We use the following Padé

approximation to fit Eq. (11):

3x−3

∫ x

0

( ey − 1)−1y3dy ≈ (1 + b0x)φ
−1(x). (12)

Here, φ(x) = 1 + b1x + b2x
2 + b3x

3 + b4x
4. We can

easily obtain the optimized coefficients bi (i = 0∼4),

and thus we have

Uh = 3nRT [3x/8 + (1 + x/4)φ−1(x)], (13)

φ(x) = 1 + x/4 + 5x2/8 + 3x3/16 + 5x4/4π4, (14)

CVh = 3nR[φ(x) + x(1 + x/4)φ′(x)]φ−2(x). (15)

In Fig. 1, we compare the heat capacity calculated by

using the approximate formula in Eq. (15) with the

exact results of the Debye integral. Figure 1 shows

that the results from the approximate formula are in

good agreement with the exact results which confirms

the validity of the proposed approximation.
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Fig. 1. Heat capacity at constant volume. The circles

denote the results from the exact Debye model; the solid

line represents the data from our analytic approximation.

The inset shows the comparison in the low temperature

region.

As for the Grüneisen parameter γG, we em-

ploy the form suggested by Al’tshuler et al.[40] and

Vorobev,[41] which is expressed as

γG = γ∞ + (γ0 − γ∞)(V/V0)
λ, (16)

where γ0 and γ∞ are the values of the Grüneisen pa-

rameter at ambient conditions and infinite compres-

sion respectively, and λ is a fitted parameter. Inte-

grating the relation γG = d lnΘD/d lnV , we have the

Debye temperature

ΘD =ΘD0(V0/V )γ∞ exp
{
λ−1(γ0 − γ∞)

× [1− (V/V0)
λ]
}
, (17)
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in which ΘD0 is the Debye temperature in ambient

condition.

2.3.Anharmonic model

It is well known that the anharmonic effect be-

comes very important at high temperature (especially

at low compression conditions).[22,36,37] The lowest-

order term in the high temperature expansion of an-

harmonic free energy is quadratic[19,22,23,26,35−37] as

follows:

Fa =
3

2
nRa0(V/V0)

mT 2. (18)

The equation contains two parameters a0 and m. Cor-

respondingly, the anharmonic heat capacity is

CVa = 3nRa0(V/V0)
mT. (19)

Recently, Dorogokupets and Oganov[22,36] proposed

the quantum anharmonic expansion which approaches

Eq. (16) at high temperature. However, Lacks and

Shukla,[39] and Al’tshuler et al.[40] have shown that

the anharmonic expansion is divergent at high tem-

perature, which suggests that equations (18) and (19)

are incorrect at high temperature. In addition, we no-

tice that the anharmonic thermal pressure Ph(T, V )

cannot be expressed as the Grüneisen form whether

based on the anharmonic expansion or in light of the

free volume theory (FVT). This is not convenient for

practical applications.

Hence, we propose a simple semi-empirical

approximation to consider the anharmonic effect.

Grover[42] pointed out that CV of liquid metal above

melting point can be on the average approximated

simply by the same linearly decreasing function of

temperature. Xu and Zhang[43] further modified the

dependence of CV on temperature as

CV =
3

2
nR

[
1 + (1 + δT/Tm)

−1
]
, (20)

where Tm is the melting temperature at a constant

pressure; δ is an adjusted parameter evaluated at 0.1

to achieve the best agreement with the simulation re-

sults. Although equation (20) is proposed incipiently

for liquid metals, we think, it can be also applied to

solids approximately, because of the similarity of the

neighbourhood arrangements of atoms in solids and in

liquids. For example, although the FVT is proposed

incipiently for liquids, it is mainly applied to solids at

present. Moreover, at high temperature and pressure,

all matters become fluid states, and the difference be-

tween solids and liquids tends to disappear.

For simplicity, we modify Eq. (20) to a slightly

different form as follows:

CV =
3

2
nR

[
1 + (1 + δT/Tm)

−2
]
, (21)

where δ is modified as 0.06 to fit Eq. (20) correspond-

ingly. In order to separate the anharmonic part, equa-

tion (21) is decomposed as follows:

CV = 3nR+
3

2
nR[−1 + (1 + δT/Tm)

−2]. (22)

It is apparent that the first term on the right-hand

side of the above expression is the Dulong–Petit law;

the second term is the anharmonic heat capacity

CVa =
3

2
nR[−1 + (1 + δT/Tm)

−2]. (23)

Now we explain the reasonability of Eq. (23). First, in-

corporating Eq. (21) it is evident that the heat capac-

ity tends to be a finite value of ideal gas limitation at

high temperature limitation, which is reasonable; nev-

ertheless, the heat capacity based on the anharmonic

expansion in Eq. (19) diverges at extremely high tem-

perature, which is physically incorrect. Second, equa-

tion (23) would reduce into CVa = −3nR(δT/Tm)

at low temperature, and this is in agreement with

the anharmonic expansion in Eq. (19). Third, equa-

tion (23) is seemingly dependent on melting temper-

ature Tm, but Tm is a function of volume V ; there-

fore, Tm mainly control the variation of CVa with V .

In addition, the reasonability can be also verified by

the fact that the total thermal pressure would tend

to ideal gas limitation in both high temperature and

low density (V → ∞) condition, which will be stated

in the following paragraph. However, the anharmonic

expansion models do not have such merits, and are

unreasonable.

In terms of thermodynamic relationships and

Eq. (23), the anharmonic contributions to the inter-

nal energy, free energy, and thermal pressure can be

derived as follows:

Ua =

∫ T

0

CVdT =
3

2
nR

∫ T

0

[
−1 + (1 + δT/Tm)

−2
]
dT

= − 3

2
nRT (1 + Tm/δT )

−1, (24)

Fa = − T

∫
Ua

T 2
dT

= − 3

2
nRT

∫
(δT/Tm)[1 + Tm/(δT )]

−1d[Tm/(δT )]

=
3

2
nRT ln(1 + δT/Tm), (25)

Pa = − ∂Fa

∂V
= −Ua

Tm

∂Tm

∂V
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= − V

Tm

∂Tm

∂V

Ua

V
= γa

Ua

V
(26)

In Eq. (26), γa = d lnTm/d lnV . According to

the Lindermann melting law Tm = cMΘ2
DV

2/3, we

obtain

γa = 2γG − 2/3. (27)

Comparing Eq. (26) with Eq. (10), we know that the

anharmonic thermal pressure has the same form as the

quasiharmonic part; both can be expressed as a simple

Grüneisen form, and this is very convenient for prac-

tical applications. Otherwise, in terms of Eqs. (10),

(24), (26), and (27), it can be seen that at high tem-

perature Ua → −3/2nRT . In terms of the Linder-

mann melting law and Eqs. (10), (13), (14), (24), (26),

and (27), it can be seen that at low density (V → ∞),

ΘD → 0, Tm → 0 and also Ua → −3/2nRT . Thus,

the total thermal pressure (Ph+Pa) tends to ideal gas

EOS nRT/V in both cases.

3. Results and discussion

Substituting Eqs. (4), (10), and (26) into Eq. (2),

we obtain the analytic P (V, T ) EOS. Now we use this

EOS to discuss some important thermodynamic be-

haviours of MgO. There are a total of ten input pa-

rameters E0, V0, γ0, γ∞, λ, ΘD0, Tm0, α, β, and n

in the proposed EOS. Of them the first seven ones

should be cited from experimental or empirical data,

and their values are given in Table 1 where, for com-

parison, values from other versions of EOS are listed

too. The remaining three α, β, and n, via the least

square procedure, are determined by fitting the calcu-

lated EOS to the measured data of the compression

at room temperature and the expansion at high tem-

perature simultaneously, which are rich in experimen-

tal observations; the best fitted values are 10.2118,

0.3466, and 4.3646 respectively.

Table 1. Input parameters for ours, Wu et al.’s,[23] and Tange et al.’s[25] EOSs. The units are as follows: E0 in

kJ·mol−1, V0 in cm3·mol−1, ΘD0 and Tm0 in K and B0 in GPa.

Oursa
γ0 γ∞ λ ΘD0 V0 E0 α β n Tm0

1.520 0.606 1.406 747b 11.19c [0 K] 11.244d [298 K] 725e 10.212 0.3466 4.3646 3000f

Wu et al.[20]
γ0 γ∞ λ ΘE0 V0 B0 B′

0 a m —

1.520 0.606 1.406 621 11.248 162.2 4.23 −15.4 1.75 —

Tange et al.[21]
γ0 γ∞ λ ΘE0 V0 B0 B′

0 a m —

1.431 1.016 3.5 589 11.248 160.64 4.221 — — —

a Apart from the values of E0 and V0 in our EOS, other parameters are at 298 K. γ0, γ∞, and λ in our EOS are not measured but

cited from the fitted values of Wu et al.’s.[23]; bRef. [44]; cFitted parameter from Ref. [19]; dRef. [19]; eRef. [45]; fRef. [46].

Of varying types of EOSs, the version of Speziale

et al.[31] based on the Birch–Murnaghan EOS within

the Mie–Grüneisen–Einstein framework is most often

used.[26] Below, we choose as the contrasts the versions

of Speziale et al.’s[31] EOS employed by Wu et al.[23]

and Tange et al.[25] Therein, the former also incorpo-

rates anharmonicity. Wu et al.’s[23] P (V, T ) EOS is

expressed as

P =
3

2
B0

(
x−7/3 − x−5/3

)
×
[
1− (3/4)(4−B′

0)(x
−2/3 − 1)

]
+

3nλRΘ0

V

[
( eΘ0/T − 1)−1 − ( eΘ0/T0 − 1)−1

]
+

3nRa0m

2V

(
T 2 − T 2

0

)
xm. (28)

The first, second, and third lines are the static, quasi-

harmonic, and anharmonic terms respectively; the

definitions of γ and Θ are the same as those in

Eqs. (16) and (17). The Tange et al.’s version[25]

does not have the third term. It should be noted

that B0 and B′
0 here are set as their values at the

reference temperature T0; namely, the first line of

Eq. (25) represents the isotherm at T0, which differs

from the definitions of Eqs. (8) and (9). In addition,

because our calculation method is rooted from empir-

ical thermodynamics, the comparisons with the simu-

lation methods[17−21,24] will not be made here.

Figure 2 shows the calculated 300-K isotherms

based on the EOSs of ours together with Wu et al.’s[23]

and Tange et al.’s,[25] and the comparison with the

experimental data[27,31,34] up to about 225 GPa. It

can be seen that below 150 GPa, all the three calcu-

lated results match the experimental data well; upon

150 GPa, Wu et al.’s[23] and Tange et al.’s[25] results

nearly overlap but deviate from our results. However,

it seems that only our results are located averagely

in the middle of the scattering experimental data by

Duffy et al.,[27] which implies that our EOS might

have more correct behaviour in the higher pressure

region. The same comparison of only our results as in
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Fig. 2 but for the data at 1473 K, 1673 K, 1873 K,

and 2173 K[29,47] is shown in Fig. 3, indicating that

our results are in good agreement with the experimen-

tal data, thereby confirming the capability of our EOS

to predict compression at high temperatures. Besides,

the Hugoniot compression and shock wave versus par-

ticle velocity relationship of our EOS are compared

with observation data[48−50] in Figs. 4 and 5 respec-

tively, and both obtain good fits.

Figure 6 shows the dependences of bulk modulus

on temperature at ambient pressure B0(T ) obtained

from ours, Wu et al.’s,[23] and Tange et al.’s[25] EOSs,

compared with the experimental data.[51−54] Within

the range of the experimental data, the largest rela-

tive error (from Wu et al.’s[23] model) is no more than

3.5%, which indicates the good fit of all three models.

Because the experimental data are of scarcity beyond

1500 K, further studies are expected.
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Fig. 2. (colour online) The isotherm of MgO at

300 K. Calculated results: solid line-ours; dashed line-

Wu et al.’s;[23] dot-dashed line-Tange et al.’s.[25] Mea-

sured results: squares-Ref. [31]; circles-Ref. [34]; triangles-

Ref. [27].
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Fig. 3. (colour online) Isotherms of MgO at high temper-

atures. Solid lines denote the calculated results from our

EOS. Experimental data: upward triangles at 1100 K–

Ref. [29]; all of squares at 1473 K, circles at 1673 K,

downward triangles at 1873 K, and diamonds at 2173 K–

Ref. [47].
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Fig. 4. (colour online) Hugoniot compression of MgO de-

rived from our EOS. The 300-K isotherm is also plotted

to illustrate the relative thermal pressure. Experimental

data are cited from Refs. [48] and [49].
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Fig. 5. (colour online) Shock sound wave velocity (us) as

a function of particle velocity (up) for the shock Hugoniot.

Experimental records are cited from Refs. [48] and [50].
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Fig. 6. (colour online) Bulk modulus at ambient pres-

sure as a function of temperature. Calculated results:

solid line-ours; dashed line-Wu et al.’s;[23] dot-dashed

line-Tange et al.’s.[25] Measured results are cited from

Refs. [51]–[54].

Figure 7 shows the comparison between the exper-

imental data[51−53] and the calculated V –T at ambient
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pressure based on ours, Wu et al.’s,[23] and Tange et

al.’s[25] EOSs, and the predicted results at high tem-

perature. Over the whole temperature range of the

measured data, all the models have good fits. How-

ever, it is obvious from the inset that Wu et al.’s[23]

and Tange et al.’s[25] results deviate slightly from the

observations at the low temperatures while our results

match them well, for which the reason will be stated

below. B0 and B′
0 in Eq. (28) are set as their values at

the reference temperature T0, so that the static term

[the first line of Eq. (28)] contains the thermal contri-

bution at T0. To satisfy the zero-pressure condition

P (V0, T0) = 0, this T0 contribution needs to be ex-

tracted from the thermal terms, i.e., the second terms

of the second and third lines of Eq. (28). The prob-

lem is that this ‘extraction’ is not accurate, resulting

in the fact that P (V0, T0) = 0 is actually not satisfied

for Eq. (28); hence the calculated equilibrium volume

is inaccurate. On the contrary, we set our input pa-

rameter V0 and E0 as their values at 0 K estimated ac-

cording to the observation records, thereby effectively

solving this problem .
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Fig. 7. (colour online) Isotonics at ambient pressure. Cal-

culated results: solid line-ours; dashed line-Wu et al.’s;[23]

dot-dashed line-Tange et al.’s.[25] Measured data are cited

from Refs. [51]–[53].

Figure 8 shows the comparisons of the depen-

dence of thermal expansion coefficients on tempera-

ture α(T ) with the experimental observations.[55,56] It

can be seen that over the whole temperature range,

the results of our EOS are in the best agreement with

the experimental data; especially in the region from

1500 K to 3000 K, the results of Tange et al.’s[25]

EOS without considering the anharmonicity diverge

rapidly; the performance of Wu et al.’s[23] results is

not good enough despite considering the anharmonic-

ity by the anharmonic expansion method; in contrast,

our EOS closely reproduces the experimental data,

which, from another angle, proves the good prediction

of high temperature expansion of our model, owing

to the proposed treatment of intrinsic anharmonicity.

Furthermore, although our EOS is fitted within the

temperature range only to 1800 K (data in Fig. 7), fig-

ure 8 reveals that our EOS is still well-behaved while

extrapolated into the higher temperature region.
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Fig. 8. (colour online) Variations of the thermal ex-

pansion coefficient with temperature for MgO. Calculated

results: solid line-ours; dashed line-Wu et al.’s;[23] dot-

dashed line-Tange et al.’s.[25] Experimental data: circles–

Ref. [55]; squares–Ref. [56]. The data from Ref. [55] are

consistent with the thermal expansion measurements in

Fig. 7, so below 1800 K, this series of data should be the

benchmark here.

It is very meaningful to investigate the specific

heat capacity at constant pressure CP and that at

constant volume CV especially in two extreme con-

ditions: the low temperature region where the quasi-

harmonic model dominates and the high temperature

region where the anharmonic effect emerges. Figure 9

shows the comparison of CP(T ) between the experi-

mental data[51−53,57] and calculations by ours, Wu et

al.’s,[23] and Tange et al.’s[25] EOS and that of CV(T )

between the experimental data[51−53,57] and only our

results from EOS. The inset in Fig. 9(b) shows the

same but more detailed content of CV(T ) at low tem-

perature. It is revealed from Fig. 9(a) that CP(T ) from

our EOS matches the experimental data excellently

over the whole temperature range; the results from

Tange et al.’s[25] EOS omitting the intrinsic anhar-

monicity diverge at high temperature expectedly; yet

the results from Dorogokupets and Oganov’s [22] EOS

deviate from the experimental data despite including

the anharmonicity. Figure 9(b) shows that with the

temperature increasing, CV(T ) from our EOS deviates

from Dulong–Petit limit yet matches the experimen-

tal data, which also confirms the validity and neces-

sity of our anharmonic model. Otherwise, the inset

shows that in the low temperature region, the results
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from both Wu et al.’s[23] and Tange et al.’s[25] EOSs

decrease too rapidly compared with the experimental

data, which originates from the poor performance of

the Einstein model at low temperature; however, our

pseudo-Debye model has a correct T 3 behaviour and

accords well with the experimental data.
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Fig. 9. (colour online) Specific heat capacities at ambi-

ent pressure each as a function of temperature. (a) At

constant pressure CP. Calculated results: solid line-ours;

dashed line-Dorogokupets and Oganov’s;[22] dot–dashed

line-Tange et al.’s.[25] Experimental data are cited from

Ref. [57]. (b) At constant volume CV from our EOS. Dot-

ted line–without the harmonicity; solid line–with the har-

monicity. Experimental data are cited from Refs. [51]–[53].

4. Conclusions

We proposed an analytic P (V, T ) EOS within

the Mie–Grüneisen–Debye framework. When consid-

ering the static EOS, we use a proposed cold en-

ergy model published in our previous work[14] which

correctly incorporates cohesive energy data without

physically incorrect oscillations in both extreme high

pressure and expansion regions. Afterwards, a Padé

approximation-based analytic Debye quasiharmonic

model is addressed with good agreement with the De-

bye integral. For the intrinsic anharmonicity, unlike

the classical expansion treatment involving fitted pa-

rameters, we introduce a semi-empirical method with

following merits: first, it employs only two measur-

able variables Tm and γqh; second, it guarantees the

correct behaviour at low and high temperature limi-

tations; finally, the anharmonic contribution to ther-

mal pressure can be expressed in the Grüneisen form,

which is convenient for applications. Based on the

proposed P (V, T ) EOS, we compared the calculated

thermodynamic properties of MgO with the experi-

mental results; meanwhile, as contrast, two counter-

parts from Wu et al.’s[23] and Tange et al.’s[25] models

are compared together.

For the aspect of compression characteristics, all

the comparisons of 300-K isotherm, isotherms at dif-

ferent high temperatures, temperature dependence of

bulk modulus and Hugoniot show good agreement be-

tween our model and measured data. Especially the

comparison of 300-K isotherm beyond 150 GPa sug-

gests that our model has more correct behaviour in the

future high pressure region than the contrast models.

For the aspect of expansion characteristics, we

compare with the measured data the V –T relation

at ambient pressure, the thermal expansion coefficient

α(T ) and the specific heat capacity CV(T ) and CP(T ).

There are three points to be addressed. Firstly, if

the static EOS is not set as the corresponding 0 K

isotherm but as the isotherm at reference temperature

T0, the calculated equilibrium volume at low tempera-

tures will be inaccurate, because the extraction of the

T0 thermal contribution from the static EOS is not

exact. Secondly, in the extreme high temperature re-

gion, the results of α(T ) and CP(T ) from our model

match the measured results even better than the Wu

et al.’s[20] model with classical treatment of the anhar-

monicity, which shows the validity of our anharmonic

model. Thirdly, in the low temperature region, we

compared with the experimental data the results of

CV(T ) from ours, Wu et al.’s,[23] and Tange et al.’s[25]

models. It is revealed that our model fits the mea-

sured results excellently, which proves the accuracy of

our analytic pseudo-Debye model.
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