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In this paper we investigate the synchronization of a class of three-dimensional fractional-order chaotic systems.
Based on the Lyapunov stability theory and adaptive control technique, a single adaptive—feedback controller is devel-
oped to synchronize a class of fractional-order chaotic systems. The presented controller which only contains a single
driving variable is simple both in design and in implementation. Numerical simulation and circuit experimental results

for fractional-order chaotic system are provided to illustrate the effectiveness of the proposed scheme.
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1. Introduction

Even though fractional calculus as a mathemati-
cal topic has more than a 300 year history, its appli-
cation to physics and engineering has attracted lots
of attention only in recent years. It has been found
that many systems in interdisciplinary fields can be
described by fractional differential equations, such
as viscoelastic systems,!] dielectric polarization,?
electrode—electrolyte polarization,® some finance sys-

tems, and electromagnetic waves.[*

Moreover, ap-
plications of fractional calculus have been reported
in many areas such as signal processing,®’ image

6] automatic control,[’l and robotics.[®9

processing,
These examples and many other similar samples per-
fectly clarify the importance of consideration and
analysis of dynamical systems with fractional-order
models.

Recently, studying fractional-order chaotic sys-
tems has become an active research field. Synchro-
nization of fractional-order chaotic systems started to
attract increasing attention due to its potential appli-
cations in secure communication and control process-
ing. Some approaches have been proposed to achieve
chaos synchronization in fractional-order chaotic sys-

tems, such as PC control, a nonlinear state observer
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method, adaptive control, unidirectional linear er-
ror feedback coupling, sliding mode control, a scalar
transmitted signal method,'°=22 etc. However, in the
formulation of the chaos synchronization problem, the
proposed controllers in previous work in most cases are
too complex both in design and in implementation.
In this paper, we design a single adaptive con-
troller with one driving variable to synchronize a class
of three-dimensional fractional-order chaotic systems.
The proposed scheme, based on Lyapunov stability
theory and adaptive control technique, is simple, and
globally and theoretically rigorous. To show the wider
applicability of our method, we give illustrations by
using three different fractional-order chaotic systems
with numerical simulations to verify the effectiveness
of the proposed synchronization scheme. The rest of
In Section 2 the
In Section 3, three groups

the paper is organized as follows.
main results are given.
of examples are used to verify the effectiveness of the

proposed scheme. The paper is concluded in Section 4.

2. Preliminaries and definitions

2.1. Definitions of fractional derivatives

Fractional calculus plays an important role in

modern science. In this paper, we use both Reimann—
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Liouville and Caputo fractional operators as our main

Caputo fractional derivative is defined as
23)

tools.

follows:!
Dex(t) = Jm ™ (1) with € (0,1), (1)

where m = [a], i.e., m is the first integer which is
not less than «, (™ is the m-order derivative in the
usual sense, and J? (8 > 0) is the B-order Reimann—

Liouville integral operator with expression:

8 = 1 t — By (r)dr
Ty(t) = )/Oos Plynydr,  (2)

L(3)

where I' denotes Gamma function.

2.2. Some properties and Lemma of frac-
tional derivatives

One general property of the fractional-order
derivative will be used, which is recalled below:
Property 1 Caputo fractional derivative opera-

tor is a linear operator

Dy (Aa(t) + uy(t) = ADe(t) + uDity(t),

(A, v are real constants), (3)

especially, DYz (t) = D¢ (x(t) + 0) = Dz(t) + D0,
then, we have D{*0 = 0.
Lemma 1 (See Ref. [24]) For the system

Diz = f(t,z), (4)

where o € (0,1), we assume that f(¢,x) satisfies the
Lipschitz condition with Lipschitz constant [ > 0, i.e.

|f(t7x2)_f(t7x1)| Sl‘x2_‘r1‘7 (5)

where [ is a positive constant.

3. Main results

Let a three-dimensional fractional-order chaotic

error system be

Dix = fi(x, z),

D?Z:f2($a2)7 (6)
where D = d®/dt*, 0 < a < 1,z € R?, 2 € R! are

the state error vectors, fi and f5 are continuous differ-
ential nonlinear functions with f1(0,0) = f2(0,0) = 0.

To describe the new design and analysis, the fol-
lowing assumption is needed.

Assumption 1 The function fi(z,z) is smooth
in a neighbourhood of z = 0, and the subsystem
Dgax = fi(z,0) is asymptotically stable about the ori-
gin x = 0 for all z.

Remark 1 System (6) is very general, which con-
tains almost all fractional-order chaotic error systems.

Remark 2

smooth in a neighbourhood of z = 0, i.e., there are

The vector function fi(z,z) is

two positive constants Ag, Ay such that ||fi(x,z) —
fi(z,0)]] < Aolz|, and then ||z|]1 < A1]z]. Thus, for
chaos error system (6), there exist two positive num-
bers p1, po and a large enough positive constant Ao
such that

[ fa(z, 2)|| < p1llz|l1 +palz] < prA1lz[+palz] < A2zl

In order to stabilize error system (6) to its equilib-
rium point z = 0, z= 0, we add the following adaptive
controller u into error system (6), so that controlled

error system (6) is given by
Diz = fi(z, 2),
Diz = fo(z,2) + u. (7)
The adaptive controller u is modified into
u= —ks, (8)
where s is defined as
D} Ps =2z, (9)

and k is adapted according to the following update

law:
k=0s?, (10)

where 6 is an arbitrary positive real number.

Remark 3 According to the property of Ca-
puto’s fractional derivative operator, we have Df z =
5.

Remark 4 For Eq. (9), according to Property 1
and Lemma 1, there exists a positive number A3z, such
that ||z]| < As]|s||, and if s = 0, then z = 0.

Theorem 1 Starting from any initial value, con-
trolled error system (7) is asymptotically stable under
the controller (8) and updating law (10).

Proof Consider the following Lyapunov function

candidate

1 1 .
V(t) = 532 + o5k —k )2,
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where k* > AyA3. Taking the derivative of V(¢) with

respect to time, one has

V(t) = ss+ (k—k*)k/0 = sDYz + (k — k*)k /0
s(fao(z,2) — ks) + (k — k*)s?

Ao|s||z| — ks? + (k — k*)s?

AoAgs? — k*s?

—(k‘* - /\2)\3)82 S 0.

IN N

Using Barbalat’s lemma, it can be concluded that s,
$ € L. In a finite time, s approaches zero. Since s
is driven to zero in a finite time, then the error z is
driven to zero in a finite time. Moreover, since z is
driven to zero in a finite time, according to Assump-
tion 1, then after such a finite time, x asymptotically
converges to zero as t tends to infinity. Therefore, the
errors x, z asymptotically converge to zero as ¢ tends

to infinity.

4. Applications

In this section of the paper, we present three il-
lustrative examples to demonstrate the effectiveness
MATLAB

software or circuit experiment is used in this simula-

of the proposed synchronization scheme.

tion.
Example 1 Consider the fractional-order Chua’s

system[?®]

— 93
Dixy = a(mz + M),

D?Ig = ———T2. (].].)

When a = 0.95 and a = 12, the fractional-order
Chua’s system is chaotic. Let system (11) be the mas-
ter system. Then, the slave system with variable y is

given as

— 93
D?y1:a<y2+y17y1)

Diys = y1 — y2 + y3,
o 100
Dt Y3 = —

— 12
7 Y2, ( )

and the error system (e = y — ) is as follows:

1—-2 2 2
Die; = a(ez + (1 +7x1y1 * y1)61>,

Dies = ey — ez + e3,
100

7762. (13)

It is easy to see that if e; = 0, the following two-

a
Dt €3 =

dimensional subsystem of the system (13):

D?eg = —eg + €3,
o 100
Di'es = — €2

is uniformly exponentially stable about the origin
es = 0, e3 = 0 for all ez, e3. Therefore, if we let
r = (ez,e3)T, 2 = ey, system (13) satisfies Assump-
tion 1, thus, the controlled error system (13) is
1 — 2(a? 2
(21 +7x1y1 + y1)61> — ks,

Die; = a(ez +
Die; =e1 — ey +e3,
100

7627 (14)

i.e. the controlled slave system (12) is

— 93
D?yla<y2+yl7yl) — ks,
Dfys = y1 — y2 + y3,

100
Di'yz = ———y», (15)

7
where D} ~%s = e;, and k = s> (§ > 0).

According to Theorem 1, the controlled error sys-

D?egz—

tem (14) can be stabilized, i.e., the master system (11)

can synchronize the slave system (15) with the single

controller.
2
-2 ! ! ! !
0 20 40 60 80 100
0.5 T
o 0 Wm’%‘
—055 20 10 60 80 100
3 T .
5“ 0 \MNW\N"V
-3 ! ! ! !
0 20 40 60 80 100

Fig. 1. Synchronization errors e, ez, ez of the fractional-
order Chua chaotic system.

In the simulation, we choose the initial conditions
z(0) = (0.2,-0.2,0.3)T,

y(0) = (-0.1,0.1,-1)T,
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and @ = 0.95, ¢ = 1, # = 1. The numerical results
are illustrated in Figs. 1 and 2. Figure 1 displays that
the error system e = y — x is stabilized to the origin
asymptotically as ¢ — oo, that is to say, master sys-
tem (11) and slave system (12) are synchronized by

the above controller in Fig. 2.

0 20 40 60 80 100

0 20 40 60 80 100

Fig. 2. Variables s and feedback gain k versus time t.

Example 2 The fractional-order unified chaotic
system is[20]
D?"El = (25& + 10)(.’E2 — .’El),
Dz = (28 — 35a)r1 + (29a — 1)z — 2123,
Diz3 = 1175 — (a + 8)w3/3, (16)
where a € [0,1]. When a = 0.8, system (16) becomes
the fractional-order Lii system; when a = 1, it is the
fractional-order Chen system. Let system (16) be the
master system, then, the slave system with variable y
is given as
Dy = (25a + 10)(y2 — y1),
Diyz2 = (28 — 35a)y1
+(29a — 1)y — y1ys,
Diys = y1y2 — (a + 8)y3/3, (17)
and the error system (e =y — x) is as follows:
Die; = (25a + 10)(ex — e1),
Dies = (28 — 35a)ey
+(29a — 1)es — w1e3 — yae,
Dies = x1e5 + y2e1 — (a + 8)es /3. (18)
It is easy to see that if es = 0, the following two-

dimensional subsystem of system (18):

Die; = —(25a + 10)eq,

Di'es = yae1 — (a + 8)es/3, (19)

is asymptotically stable about the origin e; = 0,
e3 = 0 for all eq, e3. Therefore, if we let x = (e1, e3)T,
z = eq, system (18) satisfies Assumption 1, thus, the

controlled error system (18) is

Dfey = (25a + 10)(ez — e1),
Dfes = (28 — 35a)e; + (29a — 1)ey
—xi1e3 —yse; — ks,

Dies = x1es +yoe1 — (a + 8)es/3, (20)
i.e. controlled slave system (17) is

Di'yr = (25a + 10)(y2 — y1),
Diys = (28 — 35a)y;
+(29a — 1)ya — y1ys — ks,
Diys = y1y2 — (a + 8)ys/3, (21)

where D} ~%s = ey, and k = 0s® (0 > 0).

According to Theorem 1, controlled error system
(20) can be stabilized, i.e., master system (16) can
synchronize slave system (21) with a single controller.

According to the circuit of 1/s*,2728] using the
circuitry theory and the circuitry design method in
Refs. [27] and [28], we design a circuit to realize the
synchronization of two identical fractional-order uni-
fied chaotic systems with a = 1 and a = 0.9 in Fig. 2,
where unit (I) is the circuitry of the drive system,
unit (II) is the circuitry of the response system, and
unit (III) is the circuitry of the controller v = ks,
where DO's = ey, and k = #s®. ADG633 is a multi-
plier with an output coefficient of 0.1, TLO84CN is a
high speed J-FET input quad operational amplifier,
Ro1 = 63.10 MQ, Rp2 = 1.598 MQ), Ry3 = 15.81 k€2,
Co1 = 0.4410 pF, Cpa = 0.4870 pF, Cps = 0.2937 uF,
Roq = 0.5849 MQ, Rps = 2.382 M, Rop3 = 1.432 M,
Cos = 631 pF, Cps = 2.517 uF, Cos = 0.02509 pF,
and the values of other resistances and capacitances
are shown in Fig. 3. When we set delay-time t =5 s,
the circuit experiment results are depicted in Fig. 4
from which one can find that the two fractional sys-
tems (21) and (16) can achieve synchronisation quickly

by the adaptive controller, as switch S is turned on.
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Fig. 3. Synchronisation circuit between fractional-order Chen chaotic systems (16) and (21): (I) circuitry of drive

system, (II) circuitry of response system, (III) circuitry of controller.
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Fig. 4. (colour online) Observed synchronization error evo-
lutions with time on the oscilloscope (a) e1, (b) ez, (c) es.

Example 3 The fractional-order financial sys-

tem is(29]

D?{El = x3 + (sz — 1)$1,

D§wy =1— 01wy — 273,

Dtamg = —X1 — I3. (22)
When « = 0.95, the fractional-order financial system

is chaotic. Let system (22) be the master system, then,
the slave system with variable y is given as

Diyr =ys + (y2 — Dy,
Diys =1-0.1y2 — v,
Di'ys = —y1 — ys, (23)
and the error system (e =y — ) is as follows:
Di'er = ez —e1 + z1e2 + yoen,

Di'es = —0.1ex — (x1 + y1)ex,
Dies = —ej — es. (24)

It is easy to see that if e; = 0, the following two-
dimensional subsystem of system (24):

Dtaeg = 70.162,
D?63 = —€3, (25)
is asymptotically stable about the origin e; = 0,

e3 = 0 for all eq, e3. Therefore, if we let x = (e, e3)T,
z = eq, system (24) satisfies Assumption 1, thus, the
controlled error system (24) is

Dier =e3 — ey + x1es + yoer — ks,
Dtaeg = —0.1es — (.Tl =+ yl)el,
D?eg = —€1 — €3, (26)

i.e. the controlled slave system (23) is

Diyr = ys + (y2 — D)y1 — ks,
Dys =1—0.1ys — 47,
Diys = —y1 — s, (27)

where D} %s = e;, and k = 0s% (0 > 0).

According to Theorem 1, controlled error system
(26) can be stabilized, i.e.,
synchronize slave system (27) with a single controller.

master system (22) can

In the simulation, we choose the initial condi-
tions z(0) = (1,2,1)T, y(0) = (-1,-1,2)", and
a = 0.96, 0 = 3. The numerical results are illustrated
in Figs. 5 and 6. Figure 5 displays that the error sys-
tem e = y—x is stabilized to the origin asymptotically
as t — 0o, that is to say, master system (22) and slave
system (27) are synchronized by the above controller

in Fig. 6.
1 T
i

v _q ]
-2 1 1 1 1
0 20 40 60 80 100

2 T T T T
0

€
[

[\]
U
.

X 0 20 40 60 80 100
T 0
1 L L L L
0 20 40 60 80 100

Fig. 5. Synchronization errors e, ez, e3 of the fractional-
order financial system.
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0 20 40 60 80 100

Fig. 6. Variables s and feedback gain k versus time t.

We have implemented and verified our method
for other fractional-order chaotic systems, namely the
Liu chaotic systems,!3) Genesio Tesi system,?!] Qi

32,33] and Arneodo system.®4 Therefore, our

system,[
proposed control approach has wider applicability, it
is very simple and could be easily realized experi-
mentally compared with previous techniques in which

complex control functions are used.

5. Conclusion

In this paper, we investigated the synchronization
of three-dimensional fractional-order chaotic systems
based on Lyapunov stability theory, and proposed a
single state adaptive—feedback control law to realize a
chaos synchronization goal. Our proposed controller
which only contains one variable is very simple and
could be easily realized experimentally. Furthermore,
the presented method is universal, that is, for a class
of fractional-order chaotic systems, the controllers ob-
tained are similar in form. We demonstrated the
performance of our technique using several examples
of three-dimensional fractional-order chaotic systems
with different structures. Numerical simulations and
circuit experiments are provided in all the cases to il-
lustrate the effectiveness and validity of this method.
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