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In this paper, the fractional-order mathematical model and the fractional-order state-space averaging model of

the Buck–Boost converter in continuous conduction mode (CCM) are established based on the fractional calculus and

the Adomian decomposition method. Some dynamical properties of the current-mode controlled fractional-order Buck–

Boost converter are analysed. The simulation is accomplished by using SIMULINK. Numerical simulations are presented

to verify the analytical results and we find that bifurcation points will be moved backward as α and β vary. At the

same time, the simulation results show that the converter goes through different routes to chaos.
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1. Introduction

The idea of fractional calculus has been known

since the development of the regular calculus. It is ac-

cepted today as a new tool that extends the descriptive

power of the conventional calculus, supporting math-

ematical models that, in many cases, describe more

accurately the dynamic response of actual systems in

various applications. Nowadays, the concept is em-

ployed in physics, engineering, biology, economics, and

other scientific fields.[1−3]

The real objects are generally fractional.[4−6] The

importance of fractional-order models is that they

yield a more accurate description and give a deeper

insight into the physical processes underlying a long

range memory behaviour. The main reason for using

the integer-order models is due to the lack of a method

of solving the fractional differential equations.

In previous studies, the researchers in most cases

used the integral-order model of the DC–DC con-

verter. However, the capacitor and the inductor are

all fractional in nature. Jonscher[7] demonstrated

that the ideal capacitor cannot exist in nature, be-

cause an impedance of the form 1/(jωC) would vio-

late causality. In fact, the dielectric materials exhibit

a fractional behavior, yielding electrical impedances

of the form 1/(jωCF )α, with α ⊂ R+. Westerlund[2]

proposed that better capacitor impedance could be

Z(jω) = 1/(jω)αC, and they experimentally deter-

mined the order of the fractional-order capacitor in

different dielectrics. Moreover, Westerlund[4] demon-

strated that the inductor is also fractional in na-

ture. Petras[8] designed fractional-order Chua’s sys-

tem. Haba et al.[9−11] created the fractional-order

capacitor. Many real dynamical circuits were bet-

ter characterized by using non-integer order models

based on fractional calculus.[12,13] The modeling of

the fractional-order DC–DC converter has become the

subject which has important significance in theory and

practice.

In this paper, we will analyse the modeling and

some dynamical properties of the fractional-order

Buck–Boost converter in continuous conduction mode

(CCM). Firstly, we will give the fractional-order math-

ematical model and the fractional-order state-space

averaging model of the Buck–Boost converter. Then

we will reveal the difference between the integer model

and the fractional model. Finally, we will analyse

the nonlinear dynamic behaviour of the current-mode

controlled fractional-order model, and an illustrative

simulation result will be given to demonstrate the cor-
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rectness of the proposed theoretical analysis and the

efficiency of the fractional modeling.

2. Fractional calculus and the

mathematical modeling of the

fractional-order Buck Boost

converter

In this section, first, we introduce some basic con-

cepts of the fractional calculus. The idea of fractional

calculus is not new and is, in fact, as old as its integer-

order counterpart. Fractional calculus has been used

for modeling different physical phenomena[5] and in

control theory.[14,15] We can notice that the systems in

nature have fractional behaviours, but many of them

have very low fractionalities.[15]

The Riemann–Liouville definition which is well

known for the fractional differential operator is given

as

dαf(t)

dtα
=

1

Γ(n− α)

dn

dtn

∫ t

0

f(τ)

(t− τ)α−n+1
dτ , (1)

where n − 1 < α < n, n is an integer number, and

Γ(•) is the gamma function.

Another alternative definition of the Riemann–

Liouville function was reported by Caputo as follows:

dαf(t)

dtα
=

1

Γ(n− α)

∫ t

0

f (n)(τ)

(t− τ)α−n+1
dτ . (2)

Then we create the fractional-order mathemati-

cal model of the Buck–Boost converter by using the

concept of fractional calculus.

Westerlund[2] in 1994 proposed a new linear ca-

pacitor model. It is based on Curie’s empirical law de-

veloped in 1889 which states that the current through

a capacitor is

i(t) =
V0

h1tm
,

where h1 and m are constant, V0 is the DC voltage

applied at t = 0, and 0 < m < 1.

For a general input voltage V (t), the current is

i(t) = Cf
dαu(t)

dtα
, 0 < α < 1, (3)

where Cf is the capacitance of the capacitor. It is re-

lated to the kind of dielectric. Another constant α

(order) is related to the loss of the capacitor. Wester-

lund provided in his work the table of various capaci-

tor dielectric materials with the values of appropriated

constant α which had been obtained experimentally.

Westerlund in his work also described the be-

haviour of a real inductor.[4] For a general current in

the inductor, the voltage is

u(t) = Lf
dβi(t)

dtβ
, 0 < β < 1, (4)

where Lf is the inductance of the inductor and β (or-

der) is the constant related to the “proximity effect”.

The Buck–Boost converter, sometimes called a

step-up/down power stage, is an inverting power stage

topology. The current-mode Buck–Boost converter is

shown in Fig. 1.[16]

vin vo

iL

L RC

DS

⇁

↩ ⇁

↩

Fig. 1. Buck–Boost converter.

In the CCM, there are two switching modes. 1)

When switch S is on, the inductor current passes

through the switch, and the diode is reverse-biased

with the inductor current iL rising. 2) When the

switch S is turned off, the inductor maintains cur-

rent flowing in the same direction so that the diode is

forward-biased. The state equations of the converter

are as follows.

When S turns on,
dαiL(t)

dtα

dβvo(t)

dtβ

 =

 0 0

0 − 1

CR

 iL(t)

vo(t)



+

 1

L
0

 vin(t), (5)

A1 =

 0 0

0 − 1

CR

 , B1 =

 1

L
0

 ;

When S turns off,
dαiL(t)

dtα

dβvo(t)

dtβ

 =

 0
1

L

− 1

C
− 1

CR


 iL(t)

vo(t)



+

 0

0

 vin(t), (6)

A2 =

 0
1

L

− 1

C
− 1

CR

 , B2 =

 0

0

 .
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In comparison with the integer-order model, the

fractional-order model of the Buck–Boost converter in

the CCM described by Eqs. (5) and (6) is relevant to

α and β.

3. State-space averaging model

of fractional-order Buck Boost

converter

According to the operational features of the

Buck–Boost converter, the circuit variables in the

Buck–Boost converter, such as inductance current iL

and the output voltage vo, have all the high frequency

switching harmonics. These harmonics can be re-

moved by averaging a circuit variable over one switch-

ing period, i.e.,

⟨x(t)⟩T =
1

T

∫ t+T

t

x(τ)dτ, (7)

where x is an arbitrary circuit variable of the Buck–

Boost converter.

In light of the properties of fractional calculus, we

obtain

dα⟨x(t)⟩T
dtα

=

dα

(
1

T

∫ t+T

t
x(τ)dτ

)
dtα

=
1

T

∫ t+T

t

(
dαx(τ)

dτα

)
dτ

=

⟨
dαx(t)

dtα

⟩
, (8)

where α is the order and 0 < α < 1.

Above all, we begin to create the fractional state-

space averaging model of the Buck–Boost converter in

CCM. Then theoretical analysis on this model will be

carried out.

The average values of the circuit variables ⟨iL(t)⟩,
⟨vo(t)⟩, ⟨vin(t)⟩, and d(t) can be described in the fol-

lowing forms:

⟨iL(t)⟩ = IL + îL(t), ⟨vo(t)⟩ = Vo + v̂o(t),

⟨vin(t)⟩ = Vin + v̂in(t), d(t) = D + d̂(t), (9)

where IL, Vo, D, and Vin are the DC components of

iL(t), vo(t), d(t), and vin(t) respectively, îL(t), v̂o(t),

d̂(t), and v̂in(t) are the AC components respectively.

In circuit the AC component of each variable is much

smaller than the corresponding amplitude of the DC

component (under small-signal assumption), that is,

|̂iL(t)| is far less than IL, |v̂o(t)| is far less than Vo,

|d̂(t)| is far less than D, and |v̂in(t)| is far less than

Vin.

According to Ref. [16], we can obtain

A = d(t)A1 + (1− d(t))A2,

A =

 0
1− d(t)

L

−1− d(t)

C
− 1

CR

 , (10)

B = d(t)B1 + (1− d(t))B2, B =

 d(t)

L
0

 . (11)

Using the results of Ref. [16], D is the steady state

value of d(t), we can obtain the quiescent operation

point as follows: IL

Vo

 = −A−1BVin

= −

 0
1−D

L

−1−D

C
− 1

CR


−1  D

L
0

Vin

=


VinD

(1−D)2R

− VinD

1−D

 . (12)

The fractional-order state-space averaging model

is
dα⟨iL(t)⟩T

dtα

dβ⟨vo(t)⟩T
dtβ

 =

 0
1− d(t)

L

−1− d(t)

C
− 1

CR


 ⟨iL(t)⟩
⟨vo(t)⟩



+

 d(t)

L
0

 ⟨vin(t)⟩

=

 0
1−D − d̂(t)

L

−1−D − d̂(t)

C
− 1

CR


×

 IL + îL(t)

Vo + v̂o(t)


+

 D + d̂(t)

L
0

 (Vin + v̂in(t)) . (13)

Using the definition of fractional-order derivative

given by Caputo[5] and considering the input voltage

Vin to be a constant, we can obtain the inductor cur-
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rent ripple ∆iL in (0, DT ) as

∆iL =
Vin [DT ]

α

LαΓ(α)
, (14)

where Γ(•) is the gamma function.[5] The inductor

current ripple ∆iL is related not only to the induc-

tance, the input voltage Vin, the duty ratio D, and the

switching period T , but also to the order of inductor

L. When α is increased, ∆iL is reduced. Especially

when α = 1, we can obtain the integral-order model

mentioned in Ref. [17].

From Eqs. (12) and (14), we can obtain the peak

inductor current in the following form:

iLmax = IL +
1

2
∆iL

=
VinD

(1−D)2R
+

Vin(DT )α

2LαΓ(α)
. (15)

The continuous-conduction mode of operation oc-

curs when the current through the inductor in the cir-

cuit of Fig. 1 is continuous. That means the inductor

current is always greater than zero, i.e.,

IL >
1

2
∆iL. (16)

Substituting Eqs. (12) and (14) into inequality

(16), we have the following inequality:

L

RTα
>

Dα(1−D)2

2DαΓ(α)
. (17)

In order to make the Buck–Boost converter oper-

ate in the CCM, we should consider not only the val-

ues of inductor, load resistance R, duty ratio D, and

switching period T , but also the value of α. When α

increases, it is easier for the Buck–Boost converter to

work in the CCM. Especially when α = 1, we can ob-

tain the integral-order model mentioned in Ref. [18].

Then we consider the variation of output voltage

vo. Using the Adomian decomposition method, we can

solve the following fractional differential equation:

Dαx(t) = Ax(t) + f(t), (18)

where 0 < α < 1, 0 < t < T . According to Eq. (5),

we can have the following equation:

Dβvo(t) = − 1

CR
vo(t), (19)

where A = −1/CR and f(t) = 0. Using the results of

Ref. [19] we can have

vo(t) = Eβ,1(At
β)Vos, (20)

where Eβ(•) is the Mittag–Leffler function[5] and Vos

is the initial value of the output voltage. When t = 0,

the switch is on, so

vo(0) = Eβ,1(0)Vos = Vos; (21)

when t = DT , the output voltage is

vo(DT ) = Eβ,1

[
− (DT )β

CR

]
Vos. (22)

Then, we can obtain the output voltage ripple ∆vo as

∆vo = vo(0)− vo(DT )

= Vos − Eβ,1

[
− (DT )β

CR

]
Vos

=

{
1− Eβ,1

[
− (DT )β

CR

]}
Vos. (23)

The approximate expression of Vos is

Vos = Vo +
∆vo
2

. (24)

Substituting Eq. (24) into Eq. (23) yields

∆vo =

{
1− Eβ,1

[
− (DT )β

CR

]}(
Vo +

∆vo
2

)
. (25)

Substituting Eq. (12) into Eq. (25), we have the fol-

lowing equation:

∆vo = 2Vo

{
1− Eβ,1

[
− (DT )β

CR

]}
{
1 + Eβ,1

[
− (DT )β

CR

]}

= − 2VinD

(1−D)

{
1− Eβ,1

[
− (DT )β

CR

]}
{
1 + Eβ,1

[
− (DT )β

CR

]} . (26)

The output voltage ripple is related not only to

capacitor C, load resistance R, input constant voltage

Vin, duty ratio D, and switching period T , but also

to β. When β increases, ∆vo is reduced. Especially

when β = 1, we can have the integral-order model

mentioned in Ref. [17].

Separate the AC component in Eq. (13), then we

will obtain the fractional-order AC small signal state

equations as
dαîL(t)

dtα

dβ v̂o(t)

dtβ

 =

 0
1− d(t)

L

−1− d(t)

C
− 1

CR


 îL(t)

v̂o(t)


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+

 d(t)

L
0

 v̂in(t) +

 0 − 1

L
1

C
0


×

 IL

Vo

 d̂(t) +

 1

L
0

Vind̂(t)

+

 0 − 1

L
1

C
0


 îL(t)

v̂o(t)

 d̂(t)

+

 1

L
0

 v̂in(t)d̂(t). (27)

To neglect the higher order terms d̂(t)v̂o(t),

d̂(t)̂iL(t), v̂in(t)d̂(t), the following state equations can

be obtained
dαîL(t)

dtα

dβ v̂o(t)

dtβ

=
 0

1−D

L

−1−D

C
− 1

CR


 îL(t)

v̂o(t)



+

 D

L
0

 v̂in(t) +

 0 − 1

L
1

C
0


 IL

Vo

 d̂(t)

+

 1

L
0

Vind̂(t). (28)

By using Laplace transform based on the FC, we ob-

tain

sβ v̂o(s) = − (1−D)̂iL(s)

C
+

d̂(s)IL
C

− v̂o(s)

CR
, (29)

sαîL(s) =
Vind̂(s) +Dv̂in(s) + (1−D)v̂o(s)− Vod̂(s)

L
.

(30)

The transfer function of v̂o(t) to v̂in(t) is

Gvovin(s) =
v̂o(s)

v̂in(s)

∣∣∣∣
d̂(s)=0

= − D(1−D)

LCsα+β +
L

R
sα + (1−D)2

. (31)

The transfer function of v̂o(t) to d̂(t) is

Gvod(s) =
v̂o(s)

d̂(s)

∣∣∣∣∣
v̂in(s)=0

= −
Vin

(
1− LD

(1−D)2
sα

)
LCsα+β +

L

R
sα + (1−D)2

. (32)

The transfer function of îL(t) to v̂in(t) is

GiLvin(s) =
îL(s)

v̂in(s)

∣∣∣∣∣
d̂(s)=0

= −
D

(
1− C

R
sα

)
LCsα+β +

L

R
sα + (1−D)2

. (33)

4. Simulation study and dy-

namical property analysis of

the current-mode controlled

fractional-order Buck Boost

converter in CCM

Firstly, the mathematical model of the fractional-

order Buck–Boost converter in CCM is built by us-

ing SIMULINK based on the fractional differential

equation of the fractional-order Buck–Boost converter

which has been derived in Section 3. In the simulation

we use the following parameters: f = 2.5 kHZ, vin =

20 V, d = 0.6, R = 20 Ω, L = 0.02 H, and C = 47 µF.

Therefore, the modified Oustaloup’s method[20,21] is

used to solve the system of fractional differential equa-

tions. Because the switching frequency of the con-

verter is f = 2.5 kHZ and the corresponding rotational

frequency is ω = 2πf = 1.57×104 rad/s, we choose the

parameters of Oustaloup to be ωb = 5 × 10−5 rad/s,

ωh = 2 × 104 rad/s, N = 8. When α = 1 and

β = 1, according to Eqs. (15) and (26), we can ob-

tain IL = 3.75 A, ∆iL = 0.24 A, iLmax = 3.87 A,

Vo = −30 V, ∆vo = −7.62 V, and vomin = −33.81 V.

According to Fig. 2, the practical simulation results

are iLmax = 3.84 A and vomin = −33.61 V. When

α = 0.8 and β = 0.95, according to Eqs. (15)

and (26), we obtain IL = 3.75 A, ∆iL = 1.15 A,

iLmax = 4.325 A, Vo = −30 V, ∆vo = −11.59 V,

and vLmin = −35.795 V. According to Fig. 2, the

practical simulation results are iLmax = 4.31 A and

vomin = −34.7 V.

Then some dynamical properties of the model will

be analysed. We wish to obtain a bifurcation di-

agram for the current-mode controlled Buck–Boost

converter. The operation of the system can be de-

scribed as shown in Fig. 3.
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Fig. 2. Time evolutions of iL(t) and vo(t).

Q
R

S

voL
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X

Y
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iL

⇁
↩

⇁
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⇁

↩

iL

iL

iL↼n↽

bifureation
diagrams

sweep 
generator

sample & 
hole

current mode controlled Buck-Boost converter

clock (2.5 kHz)

Fig. 3. Block diagram of the system for displaying bifurcation diagrams.

We use reference current Iref as the bifurcation

parameter. When α = 1 and β = 1, the bifurcation

diagram of the fractional-order Buck–Boost converter

in CCM is shown in Fig. 4(a), and when α = 0.8

and β = 0.95, the bifurcation diagram is shown in

Fig. 4(b). The fractional-order Buck–Boost converter

goes through period-1, period-2, period-4, and even-

tually to chaos as reference current Iref varies, which

is similar to the case in Fig. 4. At the same time, bi-

furcation points will be moved backward when α and

β vary and it shows going through different routes to

chaos.

α=1, β=1 α=0.8, β=0.95

i L
/
A

Iref/A Iref/A

i L
/
A

0 1 2 3 4 5
-1

0

1

2

3

4

5

0 1 2 3 4 5
0

1

2

3

4

5

(a) (b)

Fig. 4. Bifurcation diagrams for the current-mode controlled Buck–Boost converter. (a) α = 1, β = 1 (b)

α = 0.8, β = 0.95
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Compared with the integral-order model, the

fractional-order model shows the different dynamic be-

haviours at the same Iref .

At Iref = 2 A, the phase portrait of period-2 is

presented in Fig. 5(a) when α = 1 and β = 1. Fig-

ure 5(b) shows the phase portrait of period-1 when

α = 0.8 and β = 0.95.

At Iref = 3 A, the phase portrait of the converter

is shown in Fig. 5(c), and it can be observed that there

is a strange attractor in the phase portrait for α = 1

and β = 1, that is, the integral-order Buck–Boost con-

verter is chaotic. However, as shown in Fig. 5(d),

whenα = 0.8 and β = 0.95, the phase portrait is

period-4.
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Fig. 5. Phase portraits from Buck–Boost operating un-

der current-mode control: (a) Iref = 2 A, α = 1, β = 1,

(b) Iref = 2 A, α = 0.8, β = 0.95, (c) Iref = 3 A, α = 1,

β = 1, and (b) Iref = 3 A, α = 0.8, β = 0.95.

5. Conclusions

According to the theorem of fractional calculus,

we created the mathematical model and the state-

space averaging model of the fractional-order Buck–

Boost converter. Then we gave the parameter con-

dition of the Buck–Boost converter in CCM. Finally,

some dynamical properties of the model were anal-

ysed. Through the theoretical analysis, we can obtain

the following conclusions: in CCM, the DC compo-

nent of the output voltage and the inductor current

are independent of α and β. The inductor current

ripple, the peak inductor current, the output voltage

ripple, the initial value of the output voltage and the

transfer functions (Gvovin(s), Gvod(s), and GiLvin(s))

are all related to fractional-order α or β. When α

increases, the inductor current ripple and the peak in-

ductor current decrease. When other parameters are

fixed, the output voltage ripple and the initial value

of the output voltage decrease with β increasing. Ac-

cording to simulation results, we find that when α and

β vary, bifurcation points will be moved back and the

converter goes through the different routes to chaos.
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