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In this paper, the fractional-order mathematical model and the fractional-order state-space averaging model of

the Buck-Boost converter in continuous conduction mode (CCM) are established based on the fractional calculus and

the Adomian decomposition method. Some dynamical properties of the current-mode controlled fractional-order Buck—

Boost converter are analysed. The simulation is accomplished by using SIMULINK. Numerical simulations are presented

to verify the analytical results and we find that bifurcation points will be moved backward as o and g vary. At the

same time, the simulation results show that the converter goes through different routes to chaos.
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1. Introduction

The idea of fractional calculus has been known
since the development of the regular calculus. It is ac-
cepted today as a new tool that extends the descriptive
power of the conventional calculus, supporting math-
ematical models that, in many cases, describe more
accurately the dynamic response of actual systems in
various applications. Nowadays, the concept is em-
ployed in physics, engineering, biology, economics, and
other scientific fields.!' =3I

The real objects are generally fractional.[*~6 The
importance of fractional-order models is that they
yield a more accurate description and give a deeper
insight into the physical processes underlying a long
range memory behaviour. The main reason for using
the integer-order models is due to the lack of a method
of solving the fractional differential equations.

In previous studies, the researchers in most cases
used the integral-order model of the DC-DC con-
verter. However, the capacitor and the inductor are
all fractional in nature. Jonscher[’l demonstrated
that the ideal capacitor cannot exist in nature, be-
cause an impedance of the form 1/(jwC’) would vio-
late causality. In fact, the dielectric materials exhibit

a fractional behavior, yielding electrical impedances
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of the form 1/(jwCF)®, with a C R*. Westerlund[?!
proposed that better capacitor impedance could be
Z(jw) = 1/(jw)*C, and they experimentally deter-
mined the order of the fractional-order capacitor in
different dielectrics. Moreover, Westerlund¥ demon-
strated that the inductor is also fractional in na-
ture. Petrasl® designed fractional-order Chua’s sys-
tem. Haba et al®~1 created the fractional-order
capacitor. Many real dynamical circuits were bet-
ter characterized by using non-integer order models
based on fractional calculus.'>13] The modeling of
the fractional-order DC-DC converter has become the
subject which has important significance in theory and
practice.

In this paper, we will analyse the modeling and
some dynamical properties of the fractional-order
Buck-Boost converter in continuous conduction mode
(CCM). Firstly, we will give the fractional-order math-
ematical model and the fractional-order state-space
averaging model of the Buck—Boost converter. Then
we will reveal the difference between the integer model
and the fractional model. Finally, we will analyse
the nonlinear dynamic behaviour of the current-mode
controlled fractional-order model, and an illustrative

simulation result will be given to demonstrate the cor-
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rectness of the proposed theoretical analysis and the

efficiency of the fractional modeling.

and the
mathematical modeling of the
Buck—Boost

2. Fractional calculus

fractional-order

converter

In this section, first, we introduce some basic con-
cepts of the fractional calculus. The idea of fractional
calculus is not new and is, in fact, as old as its integer-
order counterpart. Fractional calculus has been used
for modeling different physical phenomenal®! and in
control theory.'*1%] We can notice that the systems in
nature have fractional behaviours, but many of them
have very low fractionalities. ']

The Riemann-Liouville definition which is well
known for the fractional differential operator is given

as

dof(t 1 ar» [t
£ _ TRy QS (e B
dte (n—a)dt™ J, (t—7)2ntl
where n — 1 < @ < n, n is an integer number, and
I'(e) is the gamma function.
Another alternative definition of the Riemann—
Liouville function was reported by Caputo as follows:
dof(t 1 ¢ (n)
dte 'n—a) Jy (t—71)0ntl

Then we create the fractional-order mathemati-

cal model of the Buck-Boost converter by using the
concept of fractional calculus.

Westerlund[?! in 1994 proposed a new linear ca-
pacitor model. It is based on Curie’s empirical law de-
veloped in 1889 which states that the current through
a capacitor is v

i(t) = hl%a
where h; and m are constant, Vj is the DC voltage
applied at t =0, and 0 < m < 1.

For a general input voltage V' (t), the current is

d>u(t)

Z(t) =Ct EITEE

0<a<l, (3)

where Ct is the capacitance of the capacitor. It is re-
lated to the kind of dielectric.

(order) is related to the loss of the capacitor. Wester-

Another constant o

lund provided in his work the table of various capaci-
tor dielectric materials with the values of appropriated

constant o which had been obtained experimentally.

Westerlund in his work also described the be-
haviour of a real inductor.l*] For a general current in
the inductor, the voltage is
d?i(t)

def

where Ly is the inductance of the inductor and g (or-

u(t) = Lf

0<pB<l1, (4)

der) is the constant related to the “proximity effect”.

The Buck-Boost converter, sometimes called a
step-up/down power stage, is an inverting power stage
topology. The current-mode Buck—Boost converter is

shown in Fig. 1.11¢
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Fig. 1. Buck-Boost converter.

In the CCM, there are two switching modes. 1)
When switch S is on, the inductor current passes
through the switch, and the diode is reverse-biased
2) When the

switch S is turned off, the inductor maintains cur-

with the inductor current i rising.

rent flowing in the same direction so that the diode is
forward-biased. The state equations of the converter
are as follows.

When S turns on,

d%ip,(t)
dte 0 0 ir(t)
= 1
dP,(t) 0——— | | vo(t)
1
+ L vln(t)’ (5)
0
0 0 1
Ay = 1 |, Bi=|L];
0 - 0
CR
When S turns off,
daiL(t) 0 1
dee | L ir(t)
Pu) [T 1 1| g
dtP C CR
0
+ in(t), (6)
0
0 1
_ L _
A27 _l _L ) BQ*
C CR
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In comparison with the integer-order model, the
fractional-order model of the Buck—Boost converter in
the CCM described by Egs. (5) and (6) is relevant to
« and S.

3. State-space averaging model
of fractional-order Buck—Boost

converter

According to the operational features of the
Buck—Boost converter, the circuit variables in the
Buck—Boost converter, such as inductance current iy,
and the output voltage v,, have all the high frequency
switching harmonics. These harmonics can be re-
moved by averaging a circuit variable over one switch-

ing period, i.e.,

where x is an arbitrary circuit variable of the Buck—
Boost converter.

In light of the properties of fractional calculus, we
obtain

@ l T e (r)dr
aa()r O (7 o)
e a

jl,/tHT (daza;g))dT
- (5, ©

where « is the order and 0 < o < 1.

Above all, we begin to create the fractional state-
space averaging model of the Buck—Boost converter in
CCM. Then theoretical analysis on this model will be
carried out.

The average values of the circuit variables (ir,(t)),
(6(1)), (vin(t)), and d(t) can be described in the fol-

lowing forms:

(in(t)) = I +ir(t),
<Uin(t)> = ‘/in + ﬁin(t)a

where Iy, V,, D, and Vi, are the DC components of
in(t), vo(t), d(t), and vy, (t) respectively, i (), Uo(t),
d(t), and i, (t) are the AC components respectively.
In circuit the AC component of each variable is much
smaller than the corresponding amplitude of the DC

component (under small-signal assumption), that is,

i, ()| is far less than I, |0,(t)| is far less than Vj,
|d(t)| is far less than D, and |, (¢)| is far less than
Vin.

According to Ref. [16], we can obtain

A=d(t)Ar + (1 —d(t)) Az,

0 1—d(t)
A= q_an h | (10)
¢ CR
d(t)
B=d(t)Bi+(1—d(t)By, B=| L |.(11)
0

Using the results of Ref. [16], D is the steady state
value of d(t), we can obtain the quiescent operation

point as follows:

I
Pl=—ATBY,
Vo
-1
0 1—LD 2
=-| 1-p 1 féVm
¢ CR
ViaD
- D)°R
= | 27 (12)
" 1-D

The fractional-order state-space averaging model

is

(i (O)r 1 d()
dte _ 0 L (ir(t))
% {vo(D))r _1=d®) L ()
d8 C CR
d(t)
+ (vin(t))
0
1— D —d(t)
1— D —d(t) 1
B C CR
5 I +i5(t)
| Vo o+ Go(t)
[ D+d(t)
+ L (V;n + @in(t» : (13)
0

Using the definition of fractional-order derivative
given by Caputol® and considering the input voltage

Vin to be a constant, we can obtain the inductor cur-

080503-3



Chin. Phys. B Vol. 21, No. 8 (2012) 080503

rent ripple Aiy, in (0, DT) as

. Vin [DT]"

Aip = Loz[Fm])’ (14)
where I'(e) is the gamma function.[’! The inductor
current ripple Aiy, is related not only to the induc-
tance, the input voltage Vi,, the duty ratio D, and the
switching period T, but also to the order of inductor
L. When « is increased, Aip, is reduced. Especially
when o = 1, we can obtain the integral-order model
mentioned in Ref. [17].

From Egs. (12

inductor current in the following form:

) and (14), we can obtain the peak

1
iLmax = IL + iAZL

VD Vin(DT)®
= G-DpER " 3Lal(a) )

The continuous-conduction mode of operation oc-
curs when the current through the inductor in the cir-
cuit of Fig. 1 is continuous. That means the inductor

current is always greater than zero, i.e.,
..
Ir, > §Az L- (16)

Substituting Egs. (12) and (14
(16), we have the following inequality:

) into inequality

L  D*(1-D)?
RT 2Dal (@)

(17)

In order to make the Buck—Boost converter oper-
ate in the CCM, we should consider not only the val-
ues of inductor, load resistance R, duty ratio D, and
switching period 7', but also the value of a. When «
increases, it is easier for the Buck—Boost converter to
work in the CCM. Especially when o = 1, we can ob-
tain the integral-order model mentioned in Ref. [18].

Then we consider the variation of output voltage
V. Using the Adomian decomposition method, we can

solve the following fractional differential equation:

= Ax(t) + f(1), (18)

where 0 < @ < 1, 0 < t < T. According to Eq. (5),

we can have the following equation:

Dx(t)

DPuy(t) = —==vo(t), (19)

where A = —1/CR and f(t) = 0. Using the results of

Ref. [19] we can have

vo(t) = Ep,1(At7) Vs, (20)

where Ejs(e) is the MittagLeffler function® and Vi,
is the initial value of the output voltage. When ¢ = 0,

the switch is on, so
16(0) = Eg,1(0)Vos = Vos; (21)
when ¢t = DT, the output voltage is

(DT)?
CR

vo(DT) = Ep, { - }v (22)

Then, we can obtain the output voltage ripple Av, as

Avy = 1(0) — vo(DT)
[_ (DT)?

= Vvos - Eﬁ,l

Vos
CR }

B R T P

The approximate expression of Vs is
Av,
5
(23) yields

2]} )0

) into Eq. (25

Vos = Vo +

(24)

Substituting Eq. (24) into Eq.

A’UO:{I—E51|:

Substituting Eq. (12

lowing equation:

), we have the fol-

Av, = 2V, {1_E5’1[_ CR ]}
)

2D {“Em[— (%Qﬁ]}. 26)

)

The output voltage ripple is related not only to

capacitor C', load resistance R, input constant voltage
Vin, duty ratio D, and switching period 7', but also
to 8. When S increases, Av, is reduced. Especially
when S = 1, we can have the integral-order model
mentioned in Ref. [17].

Separate the AC component in Eq. (13), then we
will obtain the fractional-order AC small signal state

equations as

d%ig(t) 4 A
dte _ 0 ! T (t) ZL(t)

dBoo(t) | | _L—dl) 1 Bo(t)
T C CR
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[ dt) 0 L
+ L f}in(t)+ 1 L
O _

L C’ 0
. 1
s | ld)+ | L | Viad(t)
Vo 0
r 1
0 —— z t .
v, L Zf() d(t)
— 0 UO(t)
e;
(1
+ | L | dw(t)d(t). (27)
0

To neglect the higher order terms d(t)d,(t),
d(t)iL(t), tin(t)d(t), the following state equations can
be obtained

da%L(t)

1-D7 . A
dte _ 0 L ir(t)
A% (t) || 12D L)
des C CR -
_D 1'
= 0 =71 1] .
| L e+ | DA
0 — 0 Vo
. c
1
+ | L | Vind(2). (28)
0

By using Laplace transform based on the FC, we ob-

tain
ey (L=D)ig(s)  d(s)IL  Bo(s)
§700(s) = 5 + C CR’ (29)
$p(s) = Vind(8) + Diin(s) + (1 — D)t (s) — Vod(s).
L
(30)
The transfer function of 0,(t) to 0, (t) is
Guguin(8) = EJO(S)
Bin(5) | d(s)=0
D(1-D
= - (L ) . (31)
LCs*tB + BT (1-D)?
The transfer function of 9, (t) to d(t) is
INE
Gvod(s) = 62( )
(8) |54n(s)=0
LD
i ey
= (32)

L
LCso+8 + 75t (1-D)?

The transfer function of i1, (t) to 0y, (t) is

GiLUin(S) = =

- D(l _ gsa) . (33)

L
LCs*tB + BT (1- D)2

4. Simulation study and dy-

namical property analysis of
the current-mode controlled

fractional-order Buck—Boost

converter in CCM

Firstly, the mathematical model of the fractional-
order Buck—Boost converter in CCM is built by us-
ing SIMULINK based on the fractional differential
equation of the fractional-order Buck—Boost converter
which has been derived in Section 3. In the simulation
we use the following parameters: f = 2.5 kHZ, v, =
20V,d=0.6, R=209Q, L =0.02 H, and C = 47 pF.
Therefore, the modified Oustaloup’s method[2%:21 s
used to solve the system of fractional differential equa-
tions. Because the switching frequency of the con-
verter is f = 2.5 kHZ and the corresponding rotational
frequency is w = 27 f = 1.57x10% rad /s, we choose the
parameters of Oustaloup to be wp, = 5 x 107° rad/s,
wh = 2 x 10* rad/s, N = 8. When a = 1 and
B = 1, according to Egs. (15) and (26), we can ob-
tain Iy, = 3.75 A, Aip = 0.24 A, ipmax = 3.87 A,
Vo=-30V, Av, = —7.62 V, and vgpin = —33.81 V.
According to Fig. 2, the practical simulation results
are i, max = 3.84 A and vomin = —33.61 V. When
a = 0.8 and 8 = 0.95, according to Egs. (15)
and (26), we obtain Iy, = 3.75 A, Aip = 1.15 A,
iLmax = 4325 A, Vo, = =30 V, Av, = —11.59 V,
and vpmin = —35.795 V. According to Fig. 2, the
practical simulation results are iy, max = 4.31 A and
Vomin = —34.7 V.

Then some dynamical properties of the model will
be analysed. We wish to obtain a bifurcation di-
agram for the current-mode controlled Buck-Boost
converter. The operation of the system can be de-

scribed as shown in Fig. 3.
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S
~—30 i —30
S S
—-35 —35
0.082 0.086 0.090 0.082 0.086 0.090
Time/s Time/s
Fig. 2. Time evolutions of ir,(¢) and v (¢).
current-mode controlled Buck—Boost converter
S clock (2.5 kHz)
i
Lret [sweep
generator X
m bifureation
. D iy ir(n) diagrams
S 'L sample & L.
N — hole Y
Vip —=— I C — R § Vo
| +

Fig. 3. Block diagram of the system for displaying bifurcation diagrams.

We use reference current I..s as the bifurcation
parameter. When o = 1 and 8 = 1, the bifurcation
diagram of the fractional-order Buck—Boost converter
0.8
and 8 = 0.95, the bifurcation diagram is shown in

in CCM is shown in Fig. 4(a), and when «

Fig. 4(b). The fractional-order Buck-Boost converter

a=1,=1

(a)

iL/A

2 3
Ircf/A

goes through period-1, period-2, period-4, and even-
tually to chaos as reference current I,.¢ varies, which
is similar to the case in Fig. 4. At the same time, bi-
furcation points will be moved backward when a and
B vary and it shows going through different routes to
chaos.

a=038,5=0.95

in/A

Iref/A

Fig. 4. Bifurcation diagrams for the current-mode controlled Buck-Boost converter. (a) a =1, 8 =1 (b)

a=0.8, 8 =095
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Compared with the integral-order model, the
fractional-order model shows the different dynamic be-
haviours at the same I,.

At I = 2 A, the phase portrait of period-2 is
presented in Fig. 5(a) when o = 1 and § = 1. Fig-
ure 5(b) shows the phase portrait of period-1 when
a=0.8 and g = 0.95.

At Iof = 3 A, the phase portrait of the converter
is shown in Fig. 5(c), and it can be observed that there
is a strange attractor in the phase portrait for a = 1
and 8 = 1, that is, the integral-order Buck—Boost con-
verter is chaotic. However, as shown in Fig. 5(d),
whena = 0.8 and 8 = 0.95, the phase portrait is
period-4.

a=1,8=1 a=08,3=0.95
—16] (a) —15] (b)
5 18
3 Z a7
= —20 S
—22 o
1.6 1.8 2.0 1.0 1.5 2.0
lL/A ’LL/A
a=1,=1 a=0.8,5=0.95
—20} (c) _15 @
Z >
3% > —20
® IS)
—-30 s
2.5 3.0 1 2 3
in/A in/A

Fig. 5. Phase portraits from Buck—Boost operating un-
der current-mode control: (a) It =2 A, a =1, 8 =1,
(D) Iiet =2 A, a=0.8,8=0.95, (c) et =3 A, a=1,
B=1,and (b) I;es =3 A, a =0.8, 5 =0.95.

5. Conclusions

According to the theorem of fractional calculus,
we created the mathematical model and the state-
space averaging model of the fractional-order Buck—
Boost converter. Then we gave the parameter con-
dition of the Buck-Boost converter in CCM. Finally,
some dynamical properties of the model were anal-
ysed. Through the theoretical analysis, we can obtain
the following conclusions: in CCM, the DC compo-
nent of the output voltage and the inductor current
are independent of o and 3. The inductor current
ripple, the peak inductor current, the output voltage
ripple, the initial value of the output voltage and the
transfer functions (G, v, (), Gu.a(s), and G, v, (s))

are all related to fractional-order a or . When «
increases, the inductor current ripple and the peak in-
ductor current decrease. When other parameters are
fixed, the output voltage ripple and the initial value
of the output voltage decrease with  increasing. Ac-
cording to simulation results, we find that when « and
B vary, bifurcation points will be moved back and the
converter goes through the different routes to chaos.
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