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We consider two coupled Gross—Pitaevskii equations describing a two-component Bose—Einstein condensate with

time-dependent atomic interactions loaded in an external harmonic potential, and investigate the dynamics of vector

solitons.

By using a direct method, we construct a novel family of vector soliton solutions, which are the linear

combination between dark and bright solitons in each component. Our results show that due to the superposition

between dark and bright solitons, such vector solitons possess many novel and interesting properties. The dynamics of

vector solitons can be controlled by the Feshbach resonance technique, and the vector solitons can keep the dynamic

stability against the variation of the scattering length.
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1. Introduction

The experimental realization of multi-component
Bose-Einstein condensates (BECs) has opened the
floodgate for investigating the novel and interesting
physics behind the interacting quantum fluids.!*2 In
the mean-field approximation, the dynamics of multi-
component Bose—FEinstein condensates at ultra-low
temperature can be accurately described by the cou-

pled Gross-Pitaevskii (GP) equations,®*

i.e., the cu-
bic coupled nonlinear Schrodinger equations with a
potential term. The coupling between the different
condensates has given rise to many novel and interest-
ing effects which do not exist in a pure Bose-FEinstein
condensate, such as multi-domain walls,!>6] and multi-
mode collective excitations.=9 In particular, as a
fundamental excitation of the atomic matter waves,
the formation of matter-wave solitons in BECs has
also become an important subject of theoretical and
experimental interest.[10—21

Matter-wave solitons represent a highly nonlinear

wave phenomenon with unique propagation features,
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and such nonlinear waves mainly arise from atomic
interactions.??! In pure dilute atomic gases, attrac-
tive atomic interaction can induce the excitation of a
bright matter-wave soliton, which represents disper-
sionless and coherent transport of quantum particles
with a zero background. While the creation of dark
solitons is mainly due to the repulsive atomic inter-
actions, due to the presence of inter-species atomic
interactions in multi-component BECs, solitons often
appear in pairs, such as ‘dark—dark’; ‘bright—bright’,
and ‘bright-dark’ solitons.373% In addition, a new
type of soliton, symbiotic solitons, has been found in
a two-component BECs system.[3132] In general, these
soliton pairs are called ‘vector solitons’. It should be
pointed out that different types of vector solitons are
mainly determined by the relative strength between
inter-species and intra-species atomic interactions.
Recently, experiments have demonstrated that
the effective atomic interactions strength can be
successfully modulated by means of the so-called
Feshbach resonance technique.®34 With a time-

dependent magnetic field B(t), the atomic interactions

*Project supported by the National Key Basic Research Program of China (Grant Nos. 2011CB921502, 2012CB821305,
2009CB930701, and 2010CB922904), the National Natural Science Foundation of China (NSFC) (Grant Nos. 10934010 and
60978019), the NSFC-RGC (Grant Nos. 11061160490 and 1386-N-HKU748/10), and the Key Program of the Chinese Ministry of

Education (Grant No. 2011015).
tCorresponding author. E-mail: wlgx@iphy.ac.cn
fCorresponding author. E-mail: zdli2003@yahoo.com

(© 2012 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb  http://cpb.iphy.ac.cn

080501-1



Chin. Phys. B Vol. 21, No. 8 (2012) 080501

can be continuously tuned from positive to negative.
Thus this advanced experimental technique can pro-
vide us with a powerful tool to realize the control of
quantum gas, for example, controlling the miscibility—
immiscibility transition in the mixture of 87Rb and
85Rb.[35:36] Motivated by this, the aim of this paper is
to investigate the dynamics of vector solitons in two-
component Bose-Einstein condensates with tunable
atomic interactions. We first obtain a novel family
of exact vector solition solutions, which are the linear
combination between dark and bright solitons in each
component. By modulating the atomic interactions in
different ways, we analyze the effects of atomic inter-
actions on the dynamics of such vector solitons.

2. The model and vector solitons

solution

We start with considering a two-coupled BECs.
For the sake of simplicity, we perform our analysis in
the zero-temperature mean-field approximation. We
assume that two hyperfine states of the same species
atom with equivalent particle number N are trapped
in a quasi-one-dimensional harmonic potential V'(x).
Consequently, the evolution of the two-component
BECs is governed by a pair of coupled dimensionless
GP equations

Loy 1 0*1p;

0 =i 4 =
13t 2 Ox2

2 2
+ (gjj 931" + 95,35 15,341 )1/13‘

1
+ Ay, (1)

where j = 1,2, 9;(z,t) denotes the macroscopic wave
functions of the j-th component, ¢ and x are the
temporal and spatial coordinates measured in units
1/wy and I} = \/h/mw, with [} and w, being the
linear oscillator length and the angular frequency in
the transverse direction, respectively. The aspect ra-
tio reads A\? = w?/w? with w being the angular fre-
quency in the axial direction, m is the mass of atoms.
The intra-species interactions between atoms reads
gj; = 4a;; N/l , while the inter-species interactions
9j,3—j = 4a;j3_;N/l, where a;; is the intra-species s-
wave scattering lengths of component j-th, and a; 35—
the inter-species one. Motivated by the famous ex-
periment on modulating the effective atomic interac-
tions by the Feshbach resonance technique,®34 in
this paper we assume all the interactional parameters

g;; are time-dependent, which can be realized by using
a time-dependent magnetic field B(?).

In general, since the presence of inter-species
atomic interactions in two-component BECs, solitons
often appear in pairs. In different regimes of interac-
tional parameters, the forms of vector solitons are dif-
ferent. The “phase diagram” of vector solitons versus
inter-species and intra-species interactions has been
discussed in Refs. [27]-[30]. From their results, the
vector solitons only exist in the form of dark-dark,
bright-bright, and bright-dark solitons.
new family of vector soliton solutions can exist beyond

In fact, a

their results. To this purpose, we consider the soliton
solution of each component is a linear combination be-
tween dark and bright solitons, and the corresponding
ansatz are as follows:

1 =p(t) {al tanh 6 + ay sech@ei“’(t)} e (2a)

o =p () [Cl tanh 0 + ¢y Sechﬁei“”(t)] el (2b)

where 6 = by (t)x + ba(t) and ¢ = na(t)2? + ny(t)x +
770(75) with bl(t)v b2(t)7 772(t)v nl(t)a nO(t)a p(t), (P(t)v
¢(t) being undetermined real functions of time ¢. Fi-
nally, a1,as,c1,co are assumed to be arbitrary real
constants.

Before analyzing the existence of such vector soli-
ton solutions or not, we clarify the detailed signifi-
cance behind such ansatz. Firstly, some well-known
vector soliton solutions, such as the bright—dark or
dark-bright soliton solutions, can be successfully re-
Secondly, the
ansatz in Eq. (2) can be regarded as the interaction

covered from the ansatz in Eq. (2).

between the dark soliton and bright soliton in each
component. If a; > as, the bright soliton term in 1)
can be considered as a perturbation on the dark one,
while the dark soliton term in %5 can be considered
as a perturbation on the bright one. Thirdly, since
the total phase in the dark and bright terms differ by
©(t), these solutions will oscillate along the time direc-
tion. Especially, the superposition between the dark
and bright terms in the ansatz will make the vector
solitons exhibit the properties of breather solitons in
space. Therefore, such vector solitons possess many
interesting features, which do not exist in the well-
known vector solitons.[27—30]

In order to analyze whether such vector solitons
exist or not, we first substitute the ansatz (2) into
the GP equations (1) and collect the coefficients of
tanh @ and sechf. By separating the real part and
the imaginary part for each coefficient, we derive a
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family of ordinary differential equations (ODEs) with

respect to bl(t>7 bZ(t)a 7)2(t)7 T (t)7 ﬁo(t), p(t)a QO(t),
¢(t). Finally, solving these ODEs, we obtain the exis-
tence conditions of such vector soliton solutions

1d%¢ 2 /dg 2 9
s )+ @

with

A2
gij=9>0, p(t)=+9, <p=7/92dt, (4a)

a1 = A1, az=—V245, 1= Az e =24, (4b)

()= Ag (). ba(t) =~k [ Fae (40)
1 dg _

n2(t) = gar MT kg,

no = <A2 - k;) / g*dt, (4d)

where A, Ao, and k are arbitrary real constants, and
A= /A3 + A3.

From these restraint conditions, on the one hand,
such vector soliton solutions exist only when g;; = g >
0 corresponding to the symmetrical GP equations with
attractive interactions including the inter-species one.
In fact, the actual difference of the scattering lengths
in a BEC mixture of two different hyperfine states
of the same atomic species is very small,l? so the
restraint condition can be regarded as a good approx-
imation to a certain extent. On the other hand, the
amplitude and width of the vector soliton solutions are
inextricably linked with the nonlinearity coeflicient g,
namely, the dynamics of vector solitons can be con-
veniently modulated by using the Feshbach resonance
technique, which is one of our purposes throughout
this paper. Finally, we would like to point out that
although the restraint equation of the Riccati type in
Eq. (3) has no real significance to the experiment, it
plays an a priori role for us to understand the effects
of atomic interactions on the dynamics of the matter-

wave soliton.

3. The dynamics of vector soli-

tons

In this section, we shift our eyes to the dynamics
of vector soliton solutions (2). Based on the restraint
condition in Eq. (3), we analyze the dynamics of vec-
tor solitons in detail including their stability under
several different nonlinear coefficients g. Our results
show that with tunable atomic interactions, the solu-
tions (2) not only display many interesting features,
but they will also keep their dynamical stability.

3.1. The dynamics of vector solitons un-
der an exponential variable scatter-
ing length

From the GP equations (1), when the axial direc-
tion trapping frequency w takes a complex constant,
the trap corresponds to the stationary confining po-
tential with the aspect ratio A> < 0 while a real fre-
quency w corresponds to a stationary expulsive poten-
tial with the aspect ratio A2 > 0. So in both cases, the
nonlinearity coefficient g(¢) can be exactly obtained by

solving the equation (3)

A >0:g(t)= e, (5a)

2 . _ v
AT <0g(t) = ¢y sin (yt) — cg cos (yt)’ (5D)

where we have assumed v = |\|. In the case of a con-
fining potential with A% < 0, the solutions diverge at
t = arctan(cz/c1)/A which means that the BECs will
collapse. In this case, the stationary confining poten-
tial scarcely has real significance to the experiment,
so we do not deeply analyze the dynamics of vector
solitons in such a confining potential.

For the case of an expulsive potential, figure 1 has
shown the time evolution of the vector solitons. With
increasing the absolute value of scattering length ex-
ponentially, the peaking value of the solitons increases,
while the width of it is compressed. Therefore, in-
creasing the scattering length can be used to com-
press the vector soliton into a higher matter density.
An obvious fact shown in Fig. 1 is that on the one
hand the vector solitons possess the breathing char-
acteristic along the time direction, which is mainly
caused by the superposition between dark and bright
terms in equations (2). The difference of phase ¢(t)
in the dark and bright terms leads to the oscillation
of amplitude of vector solitons with the oscillation fre-
quency 2 = dy/dt = g>A2%/2, which depends on the
nonlinear coefficient g. In other words, the faster the
scattering length increases, the faster the vector soli-
tons oscillates. On the other hand, the higher density
regime of ¢; coincides with the lower density regime of
the )9, which represents a microscopic phase separa-
tion. Moreover, it is interesting to observe that in the
expulsive parabolic potential, the soliton propagates
along the longitudinal direction, instead of oscillating

in a confining parabolic potential.
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Fig. 1. (colour online) Evolutions of vector solitons Eq. (2) in two-component BECs with the nonlinear coeffi-

cient g(t) = e* in an expulsive potential. Where the parameters are A; = 1.2, Ay =1, k = —0.1, A = 0.01 with

w = 27w x 7 Hz and w; = 27 x 700 Hz. Panels (a) and (b) have demonstrated that the vector solitons possess

the breathing characteristic along the time direction, and the amplitude of vector solitons can be compressed

into a higher matter density.

A forthcoming fundamental problem is that an
abrupt change in scattering length may obviously de-
crease the numbers of atoms in the original solitons so
that the vector solitons finally vanish, which is unde-
sirable in real experiments or application. In order to
investigate the stability of the vector solitons against
the variation of the scattering length in the expulsive
parabolic potential, we introduce the quantities de-
fined as follows:

0j = /_ [le2 — [z = iOOﬂf)lQ] dz,
2
= 7 (245, - 43), (6)

which count the exact number of atoms in the two soli-
tons. Equation (6) displays that ¢; are independent of
the variable scattering lengths and external potential
frequency, namely, it does not depend on the time.
This shows clearly that the number of atoms in the
solitons can remain invariant. So in the propagation
process, the vector solitons can keep the dynamic sta-
bility against the variation of the scattering length in
the expulsive parabolic potential.

Another unavoidable question arises about the
possibility of observing the phenomenon of compress-
ing the soliton experimentally in an expulsive poten-
tial. In our paper, the choices of the potential and
nonlinearity coefficient are motivated by the famous
experiment on the formation of a matter-wave bright
soliton.!"?] A crucial question is that since we consider
a BECs loaded in an expulsive potential, the lifetime
of the BECs is finite, thus we must ensure that the

vector solitons can be observed during the lifetime of
the stable BECs. In real experiments, the lifetime of
a stable BECs in an expulsive potential is of the order
of 1 s which is about 220 in our dimensionless units,
so the studies of such vector solitons including their
stability is reasonable during the lifetime of a stable
BECs in an expulsive potential. More importantly, as
this vector soliton has the same feature as a bright soli-
ton in that it exists only when the atomic interaction
is attractive, it is reasonable for us to believe that the
phenomenon of compressing the vector solitons can
be observed experimentally by using the same exper-
imental scheme as the well-known experiment.?

3.2. The dynamics of a dark—=bright soli-
ton pair under a periodical variable
scattering length

To better understand the influence of tunable
atomic interactions on vector solitons, in this section
we focus on the dynamic of a bright—-dark soliton pair
when A; = 0. For the nonlinear coefficient g, we
consider a periodical variable scattering length. As
discussed in Refs. [37] and [38], a periodical scatter-
ing length can be obtained by means of an alternat-
ing magnetic field B(¢), which allows one to create a
self-confined two-dimensional (2D) BEC without the
magnetic trap. So we assume that the interaction pa-

rameter g is changed periodically as

g (t) =1+ esin(wt), (7)
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where € and w are the strength and frequency of the
modulation. In this case, the aspect ratio can be ob-
tained by solving the restraint condition in Eq. (3)

ew? (e cos? wt + sinwt + e)

A=
(14 esinwt)?

(8)

Next, we investigate how an alternating magnetic field
B(t) can control the dynamics of the vector solitons.
From the forms of the solutions (2) and the restraint
conditions (4), the amplitude of vector solitons are
V29 Az and |/gAs,, respectively, and the width of both
the bright—dark solitons are equal to 1/gAs, which
shows that both the amplitude and width vary pe-
When the amplitude takes a
bigger value, the vector solitons will have narrower
widths. At the same time, the strength e of the al-
ternating magnetic field determines the intense level

riodically with time.

of oscillation in amplitudes and widths of vector soli-
tons, while the frequency w determines the oscillation
speed. These results have been shown in Fig. 2. Simi-
larly, the vector solitons can keep their dynamic stabil-
ity when the atomic interactions change periodically
with time, which can be proved by using the results
in Eq. (6).

3.0
—
amplitude of 1y
2.51 amplitude of 1,
—— width of 7 and ¥
2.0}

1.5¢

1.0

0.5 7 = ~ .
0 10 20 30 40
t

Fig. 2. (colour online) The evolution of Eq. (2) in two-
component BECs with g(t) = 1 + esin(wt). Where the
parameters are A; = 0, A2 = 1.2, k = —0.1, ¢ = 0.4,
ww = 0.5. As shown in the figure, the amplitude and width
of the vector solitons vary periodically with time.

4. Conclusion

In summary, we have investigated the dynamics
of vector solitons in trapped two-component Bose—
Einstein condensates with tunable interactions. Based
on the two coupled GP equations, we use a direct
method to obtain a novel family of exact vector soliton
solutions which are in the form of a linear combina-
tion between dark and bright solitons. We also ana-
lyze the dynamics of such vector solitons by choosing
different time-dependent nonlinear coefficients. Our

results show that the amplitude and width of the vec-
tor solitons can be modulated by using the Feshbach
resonance technique. With a time-dependent atomic
interaction, the amplitude and width of the vector
solitons are proportional and inversely proportional
to the scattering length, respectively. Although the
amplitude and width of the solitons vary with time,
the exact number of atoms in the two solitons remain
invariant, namely the vector solitons can keep their
dynamic stability against the variation of the scatter-
ing length.
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