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Absorption of a massless scalar wave from
a Schwarzschild black hole surrounded
by quintessence*
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By using the partial wave method, we investigate the absorption of a massless scalar wave from a Schwarzschild
black hole surrounded by quintessence. We obtained the expression of absorption cross section
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Then we numerically carry out the absorption cross section and we find that the larger the angular momentum quantum
number [ is, the smaller the corresponding maximum value of the partial absorption cross section is, and that the total
absorption cross section tends to the geometric-optical limit a'glf)s ~ mb2. We also find that higher value of wqy (state

parameter of quintessence) corresponds to the higher value of absorption cross section ops.
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1. Introduction

It is well known that general relativity and quan-
tum mechanics are incompatible in their current
forms. However, after Hawking found in the 1970s
that a black hole can emit, as well as scatter, absorb
and radiate, and that the evaporation rate is propor-
tional to the total absorption cross section, a lot of
scholars!!l have been interested in the absorption of
quantum fields by a black hole. By using a numerical
method, Sanchez>?! found that the absorption cross
section of a massless scalar wave oscillates around the
geometry-optical limit. Unruh!® showed that the scat-
tering cross section for the fermion is exactly 1/8 of
that for the scalar wave in the low-energy limit. By nu-
merically solving the single-particle Dirac equation in
Painlevé—Gullstrand coordinates, Chris Doran et al.l%!
studied the absorption of massive spin-half particles
by a small Schwarzschild black hole and they found
oscillations around the classical limit whose precise
form depends on the particle mass. Crispino et al.l%!
numerically computed the absorption cross section of
electromagnetic waves for an arbitrary frequency and
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found that its high-frequency behavior is very similar
to the case of a massless scalar field in a Schwarzschild
background.

In the past ten years people were interested in
observing the black hole or finding the fingerprint
of the black hole.
quasinormal modes of the black hole and the Hawk-
At the same time the other fin-
gerprint, the quantum field scattering by the black

A lot of scholars focused on
ing effects, etc.

hole, became a very hot issue. Oliveria et all”l ex-
tended to study the absorption of planar in a drain-
ing bathtub, the absorption cross section of sound
waves with arbitrary frequency in the canonical acous-
tic hole spacetime,® and electromagnetic absorption
cross section from a Reissner—Nordstrom black hole.!”!
Recently, absorption cross sections (or gray body fac-
tors) have been of interest in the context of higher-

[10—13]

dimensional spacetimes and an effective string

(14 More recently, Décanini et al.l'51% used

model.
Regge pole techniques and the complex angular mo-
mentum approach to investigate the absorption prob-

lem for a massless scalar field propagating in static and
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spherically symmetric black holes of arbitrary dimen-
sion endowed with a photon sphere; they obtained an
elegant and powerful resummation of the absorption
cross section and extracted the physical information
encoded in the sum of the partial wave contributions.
On the other hand, a large number of astronomical
observations, such as type Ia supernovae, CMB, and
the large scale structure, convincingly showed the ac-
celerating expansion of the universe. The expansion
implies the valuable contribution of matter with neg-
ative pressure to the evolution of the universe. The
origin of the accelerating expansion is regarded to be
that the universe is dominated by an exotic component
with the negative pressure called “dark energy” which
constitutes 70 percent of the energy density of the uni-
verse. There are several candidates for dark energy:
the first is the cosmological constant,'7-18] and the
second is the so-called dynamic candidates such as:
Phantom,'9~22] quintessence,?3-25 K-essence,26:27]
and quintom.[28—30]

We all know that a lot of scholars have in-
vestigated the quasinormal modes,3132] spacetime
structure,®¥ and gravitational effects>*=38 in a
Schwarzschild black hole surrounded by quintessence.
In this paper we focus on investigating the absorption
of a massless scalar wave from a Schwarzschild black
hole surrounded by quintessence. The outline of this
paper is as follows: in Section 2, we briefly review the
spacetime structure of the Schwarzschild black hole
surrounded by quintessence. In Section 3, we intro-
duce the partial wave method for the absorption cross
section from the black hole. In Section 4, we show

numerical results and discussions.

2. The partial wave method

2.1. Massless scalar field equation

The spherically symmetric metric for a
Schwarzschild black hole surrounded by the quin-

tessencel38l is

2M c
2 2
ds™ = _<1_T_r3wq+1> dt
2M c \ ',
+ (1 i M) dr
+72(d6? + sin? 0d?), (1)

where M is the mass of the black hole, wq is the
quintessential state parameter and parameter ¢, which

is related to pq (the density of quintessential), is the
normalization factor.

From the quantum field theory we know that
massless scalar particle follows the Klein—Gordon
(KG) equation. In the curved spacetime, the general
KG equation of the massless scalar field ¥ is

.
V=g

In this case, the KG equation can be written as

0(v/=g9" 0, 7) = 0. (2)

the following form

2
tow 10 <f 2w>+7}2v2w—0, (3)

For o\ o
where
2M c
f:1_7_7r3%+1' (4)
For Eq. (3), the solutions of the positive-frequency is
lem = M Ylm e_th7 (5)
r

where Yy, are scalar spherical harmonic functions, [
and m are angular momentum quantum numbers.

Substituting Eq. (5) into Eq. (3), we obtain the
radial equation

f% (fdwffim> + [w? = Veu(r)] () = 0, (6)

where

r

Geor(Le00),

and f' = df/dr. The effective potential Vg can be
written as

Ver(r) = <1 ¥ - r3wcq+1) <l(ltl)

r
n 2Mr~2 + (1 —i;3wq)6r*2*3‘“4 > ®)

In Fig. 1, we plot the effective potential Veg with
different [ for the Schwarzschild black hole surrounded
by quintessence. The effective potential Veg acts as
the scattering barrier when the scalar field is scattered
by the black hole. From this figure we can see that
the scattering potential Vg depends on the values of
and r and the scattering barrier increases with the an-
gular momentum quantum number /. The peak values
of the potential barrier get higher and the locations of
the peak points move to the right side as [ increases.
It is obvious that Veg = 0 at horizon r = r and it
tends to zero at infinite (r — o0).
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Fig. 1. (colour online) The scattering potential Vg (r) of
the Schwarzschild black hole surrounded by quintessence
for different values of the angular momentum [ by fixed
parameters M = 1, ¢ = 0.01, wq = —2/3. From this
figure, we can see that Vog(r) vanishes at the black hole
horizon r4 and it will tend to zero as r — co.

If we introduce the tortoise coordinate x, which is
defined by d/dx = f d/dr, equation (6) can be writ-
ten as

d2
1z Yut(@) + [w? = Ve ()]0 () = 0. ()

In Fig. 2, we present the potential Vg with [ from
1 to 4 as a function of the tortoise coordinate x. From

where hl(l)(wx) are the spherical Bessel functions of
the third kind.*?! |T,,;|? and |R,,|? are the trans-
mission and reflection coefficients, respectively, which
satisfy the usual probability conservation equation
|Tw1|? + |Ruwt|* = 1. Considering the asymptotic form
of the spherical Bessel function of the third kind, we
have

WY (W) = ji(we) + ing(we) & (=) e /(we), (11)

when |wz| > I(l + 1)/2. So in the region |wz| >
I(I14+1)/2, we can rewrite Eq. (10) as

for x — —o0,
(12)
for x — +o0.

Twl(w) e—iwa:’

e—lo.m +Rwl e—‘rlw.’I,"

q/}wl ~

2.2. Absorption cross section

Because the Schwarzschild black hole surrounded
by quintessence is asymptotically flat, we consider the
incident wave propagates along the z direction

v(zh) = Ce w0, (13)

this figure we can obviously see that the potential acts
as a typical scattering barrier. It is obvious that the
larger the value of [ is, the higher the scattering barrier
is.
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Fig. 2. (colour online) The scattering potential Vg ()
of a Schwarzschild black hole surrounded by quintessence
for different values of the angular momentum [ by fixed
parameters M = 1, ¢ = 0.01, wq = —2/3 in the tortoise
coordinate x. From this figure we can obviously see that
the potential acts as a typical scattering barrier.

Taking into account the properties of the effec-
tive scattering potential, we can take the asymptotic
solutions of Eq. (9) as follows:

for x — —o0,
(10)
for x — 400,

where C' is a normalization constant. So the incident
current density can be written as

Sp = 2|Cw, (14)

then, we expand Eq. (13) in terms of Legendre func-
tions asl*C]

v(at) = C’Z i'(20 + 1)j;(wr) Py(cos §) e 7%,
1

(15)

Il
<

In this expression, P;(cosf) and j;(wr) are the Leg-
endre polynomials and the spherical Bessel functions,
respectively, and j;(wr) has an asymptotic form:

.1 I ll“[ i
~-—sinlz—— | =—I|e —
1 x 2 2x

as & > (I +1)/2 this expression is valid, so we can
write Eq. (15) as

(~1)'e], (16)

) o (—l)l(2l+1) e—iwr+Rwleiwr
v(ah) =~ 1CZ 9 "
=0

x Py(cos @) e 1L, (17)
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Because the flux associated with the mode
Eq. (14) is
J :7{ d2r?ST(v(x,),v(z,)) (18)
T—00
and
/WP (cos0) Py (cosf) sin0do 2 J (19)
’ 111 = —— ’
; l l 2011 1,
we obtain
27| C2 &
J= 27| > @+ 1)1 = [Rul?). (20)
1=0

The definition of the absorption cross section is

J

§I7 (21)

Oabs — —
so the total absorption can be written immediately as
(o)
!
Uabs(w) = Zaabs(w)

o0

Z (21 4 1)| T (w)]?. (22)

=0

Following the Décanini et all'®'6] method, it
is worthwhile recalling that the transmission coeffi-
cients Ty, (w) permit us to construct the grey-body fac-
tors (the absorption probabilities by the Schwarzschild
black hole for scalar particles with energy w and an-
gular momentum [. They are given by |T,,(w)|*> =
I',(w) and, for the massless scalar field considered
here, we can express the absorption cross section in

terms of them in the following form

Uab:: E Udbb

where I,,;(w) for I = 0,1,... are the grey-body fac-
tors defined by Egs. (8) and (9), so we can obtain the
partial cross section

Uelxbs (W) =

And we note that Sanchez[®41:42] had obtained a

fit of the numerical absorption cross section of the

o0

ZQH—I

=0

1(w), (23)

%(zz + ) (w). (24)

Schwarzschild black hole using sinc-function oups =
T 0geo X sinc[2m(3v/3M)w], where sinc(z) =
sinz/x and oge0 = 27T M2,

—8me
Moreover, this formula
permits us to interpret naturally the period of the
maxima of the fluctuations in terms of constructive
interferences of the “surface wave” trapped near the
photon sphere.[3:44 Décaninil*®16] extended this for-
mula which describes numerically and physically the

fluctuations of the high energy absorption cross sec-
tion. They pointed out that it can also be actually
used for rather low frequency. The Regge poles of
the S matrix, as the associated quasinormal complex
frequencies, are due to tunneling near the top of the

effective scattering potential (8). So we obtain the

following formula for w > 0 and [ € N,[45-46]
1
le(w) = 5 (25)
w? — Vi(zp)
l+exp | 2n—————%
—2V/"(zp)

where the coefficient I',;(w) is the absorption proba-
bility for a particle with energy w and angular mo-
mentum [, and x}, is the value of polar coordinate z
corresponding to the peak of the effective potential.
We assume that r is a simple root of f(r) and that
we have f(r) > 0 for r > r,.
there exists a value r. € [ry, 00| for

We also assume that

f/(TC) - Tzf(TC) =0, (26)

F(re) = 5 f(re) > 0. (21)

That is to say the spacetime considered is an asymp-
totically flat black hole with an event horizon at r,
its exterior corresponding to r > r4, and the assump-
tions on r. imply the existence of a photon sphere
located at 7., which is the support of unstable cir-
cular null geodesics (see Ref. [16] for more details).
We also note that the geometrical cross section of the
black hole og4eo = 7b2/I'(2) and the sinc function in-
volves the orbital period b, = 7./ \/m of a massless
particle orbiting the black hole on the photon sphere.
Andersson in Ref. [47] gave the following formula

f(re)

C

(14+1/2)% (28)

ne2f(re)
2

C

Vi(wp) =

Vi (wp) = =2 P+1/2)% (29

where the parameter 7. is given by

= S VARG 27, (30)

3. Numerical results and discus-

sions

Recently, Décanini et al.l'>'6 have investigated
the absorption cross section for a massless scalar field
propagating in a static and spherically symmetric
black hole with arbitrary dimensions endowed with a
photon sphere. In this section we use their numerical
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method to compute the absorption cross section for a
Schwarzschild black hole surrounded by quintessence.

The total absorption cross section is the sum-
mation of the partial absorption cross section ol
for { = 0 up tol = 5. We can see that the to-

tal absorption cross section ¢tot?!

e oscillates around

the limit of geometrical optics. At the intermediate
regime wM ~ 0.6, the contribution from the partial
absorption sections creates a regular oscillation pat-
tern. Each maximum in the oscillations of the to-
tal absorption cross sections is linked to the maxi-
mum of a particular partial wave. When the wave-
length of the incoming wave is much smaller than the
black hole horizon (i.e., wM > 1), the absorption
cross section tends to the geometric-optical limit of
obf = 7b? ~ 25. This is verified by the total absorp-
tion cross section for the massless scalar field which
was computed by Sanchez®l in the last century, and
also, is verified[® for the electromagnetic wave absorp-
tion cross section and for the Fermion absorption cross
section in the Schwarzschild black hole.[48!

In Fig. 3, we plot the total absorption cross sec-
tion of a massless scalar wave from a Schwarzschild
black hole surrounded by quintessence with wq =
—3/6, —4/6, and —5/6, respectively. The total ab-
sorption cross sections contribute from the angular

momentum [ = 0 up to [ = 5 for each one. We can see

total

“ba oscillates

that the total absorption cross section o
around the limit of geometrical optics. By comparing
three curves in Fig. 3, we can see that the absorption
cross section decreases as the quintessence state pa-
rameter w, decreases. That is to say the dark energy
(quintessence) takes effect on the scattering of a mass-
less scalar wave from the black hole. This similar effect
has been found for an electromagnetic field!®! and the
massless scalar field[*?! from a Reissner-Nordstrom

black hole.

wM

Fig. 3. (colour online) The variation of the total absorp-
tion cross section with the state parameter wq = —3/6,
—4/6, —5/6 of quintessence by fixed parameter ¢ = 0.01.

Just as Crispino et al.[*”) have pointed out: “In
principle, highly accurate measurements of, for exam-
ple, the gravitational wave flux scattered by a black
hole could one day be used to estimate the black hole’s
charge. A more immediate possibility is that scat-
tering and absorption patterns may be observed with
black hole analog systems created in the laboratory.
Even if experimental verification is not forthcoming,
we hope that studies of wave scattering by black holes
will continue to improve our understanding of how
black holes interact with their environments.” We all
know that, in order to explain the cosmological ac-
celerating expansion, the physics regarded that the
universe is dominated by an exotic component with
negative pressure called “dark energy” which consti-
tutes 70 percent of the energy density of the universe.
So we hope to gain some knowledge about the dark
energy through investigating the absorption cross sec-
tion from a black hole.
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