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Using the divergence term appearing in the Lagrangian of the teleparallel equivalent of general relativity (TEGR),

we calculate the thermodynamic quantities of four tetrads’ spacetime reproducing Lense—Thirring (LT) metric. We also
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1. Introduction

Hawking radiation, which is the most striking
quantum effect arising from the quantum field in a
curved spacetime background, attracts many efforts
to investigate it. There are several kinds of deriva-
tions to obtain it. Hawking’s original derivation is
to calculate the Bogoliubov coefficients between the
in and out states in a black hole background.!'—3]
The subsequent Damour—Ruffini method is to calcu-
late the particles’ emitting rate by analytically extend-
ing the outgoing wave from the outside of horizon to
the inside.l* Parikh and Wilczek calculated WKB am-
plitude by considering the pair creation of particles
and antiparticles near the horizon and supposing that
particles tunnel across the classical forbidden path
where the barrier is created by the outgoing particles
themselves.[>~7] Another approach to calculate Hawk-
ing radiation is due to the anomaly through calcu-
lating the energy—momentum tensor in the black hole

(8=12] The anomaly in field theory occurs

backgrounds.
if the symmetry of the action or the corresponding
conservation law is valid in the classical theory but will
violate in the quantized case. Anomalies can include
a conformal anomaly (or trace anomaly), an anomaly
in gauge symmetries, and a gravitation anomaly. The
pioneer work of Christensen and Fulling®! told us that

the strength of Hawking radiation flux is determined
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by the trace of energy—momentum tensor. Thinking
of the two-dimensional (2D) massless field, either the
Hawking effect or conformal anomaly can be deduced
from the other. In Robinson and Wilczek’s work,%!
Hawking radiation can be understood as compensat-
ing flux to cancel the gravitation anomaly at the hori-
zon.

The existence of symmetries in a physical sys-
tem means that there exists one or more transforma-
tions that leave the physical system invariant. Since
physical systems can be completely described by their
Lagrangians/Hamiltonians, it is therefore natural to
expect the symmetry transformations to be canoni-
cal ones. The number of symmetry transformations
that can be generated from the system depends on
the number of conserved quantities of the associated
system. It has been well known that conserved quanti-
ties of a physical system relate closely to the generator
of the associated symmetry transformations.[3—15]

Energy is a subtle issue in general relativity. In-
deed, in accordance with the equivalence principle, the
gravitational contribution to energy cannot be local-
ized. Nevertheless, in the presence of asymptotic con-
ditions, the total energy, as well as the angular mo-
mentum, of the system can be defined. However, even
in such a case, some confusions used to exist in the
literature: there are many different methods and in
some cases they did not all give the same charges. For
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example, as has already been emphasized,'®! not even
in four dimensions did all authors obtain the same ex-
pression for the energy of Kerr—AdS black holes and
some of these expressions were in disagreement with
the first law of black hole thermodynamics.
Nowadays, a number of methods give reliable
Gibbons et all'®! computed the energy of
Kerr—AdS black holes first indirectly by integrating

the first law and then using the conformal defini-
[17,18]
S,

results.

tion of Ashtekar, Magnon, and Da and they
showed that both of them agree. Besides the Regge—
Teitelboim method*?) some of the various other def-
initions are the following: the approach of Abbott
and Deser,[20=22] the spinor definition/?324 based
on the electric Weyl tensor, covariant phase space
methods,[25-28 cohomological techniques,29:39 the
KBL approach,31-331 Noether methods,?4=39 the

[40,41] (

counter term subtraction method, and more ref-

erences on this in Ref. [27] for example), improved sur-

[42

face integrals,*?l and regularization of the Euclidean

action.[43:44]

The aim of the present work is to apply the Eu-
clidean continuation method to many tetrads’ space-
time reproducing an LT black hole. In Section 2, a
brief review of the derivation of the field equations
of the gravitational field is given. In Section 3, we
give a slowly rotating LT spacetime in a teleparal-
lel equivalent with general relativity. The thermody-
namic quantities of this tetrad are calculated also in
Section 3. In Section 4, we give three different tetrads’
reproduced LT spacetime and calculate their thermo-
dynamic quantities. The final section is devoted to
our main result. We also give a table of comparison
to compare the result of energy calculated using the
Euclidean continuation method with the calculation of
energy using other methods like gravitational energy
momentum tensor, translation momentum, conserva-
tion laws.

2. The TEGR for gravitation

In a spacetime with absolute parallelism the par-
allel vector field h," defines the nonsymmetric affine

where hgp = Oyhayu.t) The curvature tensor defined
by I'* v is identically vanishing, however. The metric
tensor g,,,, is given by

Guv = nabhauhbu (2)

with the following Minkowski metric as 74, =
diag(+1,-1,-1,-1) .2
The Lagrangian density for the gravitational field

in the TEGR, in the presence of matter fields, is given
by 4313)

Zc=+v—-9Lg
\/jg (TabcTabC N TabCTb(LC
167 4 2
—20, (V=gT") — L

Y T 90, (VTGTY) ~ L, (3)

- T"Ta)

where g = det(g,,). The tensor X% is defined by

Eabc def.

—~

1 abc bac __ rpcab
2 (T T )
+ (nach _ nach) ) (4)

N |

T and T are the torsion tensor and the basic vector
field defined by

T def.

h\T . = Ouh®, — O, h°,, (5)

nv
and

e Loy p e L e pe 0 (6)

The quadratic combination X%°T,;. is proportional
to the scalar curvature R and 9, (v/—¢gT*) is a total
divergence term that has no contribution to the field
equation.!*6! L represents the Lagrangian density for
matter fields.

The gravitational field equations for the system
described by Lg and Ly, are the following

ha)\hbp,au (\/ _gzb)\y)

1
—V—g (ZbyaTbl/u - 4hap,Tbcd2de>

1
= 5"{\/ _gTaua (7)

connection
where
A def. A a &LJ = /) — T
r pv h'a h Vs (1) Shaw - 9tap-
Dspacetime indices w, v,...and SO(3,1) indices a,b, ... run from 0 to 3. Time and space indices are indicated to p = 0,4, and

a = (0), (2).

2)Latin indices are raising and lowering with the aid of 7,5 and n®®.

3)

Throughout this paper we use the relativistic units, c = G = 1 and k = 8.
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It is possible to prove by explicit calculations that the
left-hand side of the symmetric part of the field equa-
tions (7) is exactly given by!*°!
/=g 1
N Ray — ihauR .
The axial-vector part of the torsion tensor A, is de-
fined by

def. 1 1
= geuupoTypg = §€uupa'7ypaa (8)

A

o

where
def.
€uvpo Vv _95;“/;)0

with 7,0 = n“bhm,hbp;g being the contorsion tensor

and 6,,,p0 is completely antisymmetric and normalized
as dpio3 = —1.

The definition of the gravitational energy—
momentum P® four-vector has the form!

P = — / d3x0, 1T, (9)
1%

where V' is an arbitrary volume of the three-
dimensional (3D) space. In the configuration space

we have
7% — _%\/jgzam (10)
with
0u(V=gZ™) = SV=gh (P 4+ T,
where
A % (42bc)\Tbcu . g’\“EdeTbcd) )
Maluf et al.*5%6] defined

Lo = 2/ d3zprlab] (11)
14

as the four-angular-momentum of the gravitational
field for an arbitrary volume V of the three-

dimensional space.

3. Thermal of the

spherically symmetric solution

properties

Hawking and Gibbons!?! discussed the thermal
properties of the Schwarzschild solution, for which the
line-element squared takes the positive-definite stan-
dard form

2M
d52+( — > dr?
r

2M\ !
+ <1—> dr? +r2d0?,  (12)
r

after the Euclidean continuation of the time vari-
able, t = —ir. By the transformation xz = 4M (1 —
2M /)2, the line-element squared becomes

ds* = + (i)2d72+ ( -

2

dz? +r?d?, (13
AM 4M2> T2 (13)
which shows that 7 can be regarded as an angular
variable with period 87 M. Now the Euclidean section
of the Schwarzschild solution is the region defined by
8tM > 7 > 0 and x > 0, where the metric is positive-
definite, asymptotically flat, and non-singular. They
calculated the Euclidean action, I, of general relativ-
ity from the surface term as follows:
,62
167
where 8 = 87M = T~! with T being interpreted as
the absolute temperature of the Schwarzschild black
hole.

For a canonical ensemble the energy is given
by [47-49]

I =4rM? = (14)

>, EneFEn 0

where E, is the energy in the n-th state, and Z is the

E

partition function, which is in the tree approximation
related to the Euclidean action of the classical solution
by

I=—logZ (16)
Using of Eqs. (16) and (14) in Eq. (13) gives

_B_
E= =M (17)

They also calculated the
Schwarzschild black hole to obtain

entropy of the

1
S==> PylogP, =BE +log Z = 4nM*> = 1408)

where P, = Z~ e PP~ and A is the area of the event
horizon of the Schwarzschild black hole.

Now let us use the Hawking and Gibbons proce-
dure to different axially symmetric tetrads that repro-
duce LT spacetime.

4. Thermodynamic quantities of
the first tetrad
The covariant form of the first slowly rotating

tetrad field having axial symmetry in spherical coor-
dinates (t,r, 0, ¢), can be written as
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r—M -M
o r—2M 0 0
M (sin 6 i in 6
(sinfcos¢ + asin¢) il rcosfcos¢ —rsinfsin ¢
. r r—2M
(h M)IZ 3 (19)
M (sin0sin ¢ — a cos @) Qg sin 6 . i
rcosfsing  rsinécos ¢
T r—2M
M cos 6 r—M .
" T_QMCOSQ —rsinf 0

where «, oy, and as have the form

—2asin 6

a= , oy = (r— M)cos ¢, ag = (r— M)sin g, (20)

r

where M and a are the mass and the slowly rotation parameter respectively.5®) We consider an asymptotically
flat spacetime in this paper, and impose the boundary condition that for » — oo the tetrad (19) approaches
the tetrad of Minkowski spacetime, in Cartesian coordinate, i.e., g = diag(+1, —1, —1, —1). The metric tensor
Gy 2 s (h®u); (h,), associated with the tetrad field (19) has the form

ds? — <1_2M’/‘> g <1_2M7‘
r r

which is the LT spacetime written in Boyer—Lindquist coordinates.

-1 2
> dr? — r?(d6? +sin® 0d¢?) — Zmarﬂdtdd): (21)

Since the solution gives an axially symmetric LT black hole solution, the variable 7 can be regarded as an
angular variable with period 4nr, after the Euclidean continuation, t = —i7. We use the index 4 instead of 0
in the Euclidean section. The Euclidean continuation of the tetrad (19) is given by

a1 sin 6 rcosfcos¢ —rsinfsing sinfcos¢ + asing
r—2M r
- M sin 0 sin o —
a2 rcosfsing  rsinfcos ¢ sinfsin¢ — arcos ¢
(he ) r—2M r (22)
PIEC M P rsind 0 M cos ’
o <% rsin .
-M r—M
r—2M 0 0 r
|
the line-element squared of tetrad (22) takes the _ 1 / Vg T, d*z. (24)
positive-definite form K
1s? ) IMr 42 where R is the Riemann—Christoffel scalar curvature,
o= - r T which is vanishing for LT spacetime, and T* is the
—1 basic vector field defined by Eq. (6).
(=2 4220402 4 sin? 0de?) Th i i
. e volume integral (24) of tetrad (22) is calcu-

) lated to give

4Masin“ 0
+ 2 T drdg. (23) o1 \ ,
r I:f/\/g(T“m)d x=mry, (25)

The Euclidean action is given by!®?! "

R 1 . where ry is the outer event horizon located at the
— ’
I = _ﬂ/\/g(R_QTI ) 47z largest positive root of the relation ¢"" = 0, i.e.,
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(1—2M/r) = 0.9 Using Eq. (25) in Eq. (15) we ob- dM =TdsS. (30)
tain the energy of tetrad (22) using the Euclidean con-
Equation (30) shows that the first law of thermody-

namics is satisfied. From Egs. (25), (26), (28), and

tinuation method to have the form

E=M, (26)  (29) we find the following relation
which is an acceptable result.5'=54 The area of E_TS~T} (31)
Eq. (22) is given by
is satisfied. Equation (31) shows that quantum statis-
A= /\/9099¢¢ dfde = 4mr, 2, (27)  tical relation holds.

where 7 is the event horizon. Substituting Eqgs. (25) . ..
and (26) into Eq. (18) we obtain the entropy of tetrad 9. Thermodynamlc quantities of

(22) to have the form equivalent tetrads which re-

S =d4rM? = % (28) produce LT spacetime

The Hawking temperature of tetrad (22) has the form  5.1. The second tetrad

_ 1 ' 29) The covariant form of the second rotating tetrad
8t M field having axial symmetry in spherical coordinates
Using Egs. (26), (28), and (29) we obtain (t,r,6,0), can be written as

V1—2M/r 0 0 0

0 —1/\/1—2M/r 0 0
(ha#)n = (32)
0 0 r 0
2Masin 6 /r? 0 0 rsiné

. def.
The metric tensor g, =—

Nab (R )y (hbl,)n associated with tetrad field (32) has the form (21).

We are going to apply the Gibbons and Hawking procedure to the axially symmetric LT black hole solution,
namely, to the tetrad (32). Following the same procedure done for the first tetrad, the Euclidean continuation
of the tetrad (32) is given by

~1/\/1=2M/r 0 0 0
0 ro 0 0

(hau)HE = . (33)
0 0 rsinf 2Masinf/r?

0 0 0 JI—2M/r

Y The singularity at » = 2M can be physical or merely the result of a bad choice of coordinates. If the singularity is physical,
then the region r < 2M has nothing to do with the region r > 2M that describes the exterior of massive bodies. However, if the
singularity at » = 2M is just a coordinate singularity, we can use another coordinate system that is related to Schwarzschild’s in
the region r > 2M by a standard coordinate change but such that the metric is regular at » = 2M. The analytic extension of the
Schwarzschild metric obtained in this way will also cover the region r < 2M. To find the nature of the singularities it is necessary
to perform an analysis of the curvature and torsion invariants. If one carries out the calculations of invariants, i.e., TH"PT,,,,
THT,, R*YP? Ryupo .. one can conclude that r = 2M is not a true singularity, but the singularity at r = 0 is certainly a physical
singularity that will be present in any coordinate system.
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The line-element squared of the above tetrad takes the E=M, (35)
positive-definite form as given by Eq. (23). '
The volume integral (24) for tetrad (33) is calcu- which is an acceptable result.!=%! Following the

lated to give same procedure done for the first tetrad to calculate
the thermodynamic quantities associated to tetrad
= 1 / 7 (TH,) d4e (33) we can obtain the same result of thermodynamic

k quantities of the first tetrad.

= 8mry M — 12M?* = 4t M?, (34)

where r, is the outer event horizon located at the 5.2. The third tetrad
largest positive root of ¢"" = 0. Substituting Eq. (34) The covariant form of the third rotating tetrad
into Eq. (15) we obtain the energy of tetrad (33) using  field having axial symmetry in spherical coordinates

the Euclidean continuation method to have the form (t,r,0, ), can be written as

\
V1—2M]r 0 0 2Masin®6/\/r2 — 2Mr

h )y = 0 —1/\/1=2M/r 0 0 , (36)

0 0 r 0

0 0 0 rsin @

def.

The metric tensor g, Nab (R )11 (hbl,)m associated with tetrad field (36) has the form (21).
Following the same procedure done for the first and second tetrads, the Euclidean continuation of the tetrad

(36) is given by

—1/\/T=2M/r 0 0 0
0 r 0 0

(h*)e = ' (87)
0 0 rsin 6 0

0 0 —2Masin®0/\/r2 —2Mr /1 —2M/r

The line-element squared of the above tetrad, i.e., equation (37) takes the positive-definite form given by
Eq. (23).

The volume integral (24) for tetrad (37) is calculated to give the same value as Eq. (34). Therefore,
the energy is the same as Eq. (35). Following the same procedure done for the first tetrad to calculate the
thermodynamic quantities associated to tetrad (37) we obtain the same result of thermodynamic quantities.

5.3. The fourth tetrad

The covariant form of the fourth rotating tetrad field having axial symmetry in spherical coordinates
(t,r,0,¢), can be written as

V1-2M/r 0 0 asin®0,/1—2M/r
0 1/\/1-2M/r 0 0

(M) = . (38)
0 0 r 0

asind/r 0 0 rsind
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def.

The metric tensor g,,,,

Nab (R )1y (hbl’)lv associated with tetrad field (38) has the form (21).

Following the same procedure done for the previous tetrads the Euclidean continuation of the tetrad (38)

is given by
1/v/1=2M/r 0 0 0
0 T 0 0
(ha/t)IVE = (39)
0 0 rsin 6 asin/r
0 0 —asin®0\/1-2M/r /1-2M/r

The line-element squared of the above tetrad takes the
positive-definite form given by Eq. (23).

The volume integral (24) for the tetrad (39) is
calculated to give the same value as Eq. (34). There-
fore, the energy associated to tetrad (39) is the same
as given by Eq. (35). Following the same procedure
done for the first tetrad to calculate the thermody-
namic quantities associated to tetrad (39) we obtain

the same result of thermodynamic quantities.

We also give a table (Table 1) of comparison to
compare the results of energy calculated using the Eu-
clidean continuation method with the calculation of
energy using other methods like gravitational energy
momentum tensor, translation momentum, and con-

servation laws.

Table 1. The comparison between the results of energy using the Euclidean continuation method and the other definitions.?)
. Euclidean continuation Gravitational energy  Riemannian Superpotential
Spacetime method tensor connection 1-form of Mdller 1978

I= (1/k) [ VgTH pdts

E=— [, d®z0,11%

ER)= [ _p[[md3
THV — %HU/\ A

E= fas Hy
Ho = (1/26)187 Aoy

First coframe E=M E=M
Second coframe E=M divergent
Third coframe E=M divergent
Fourth coframe E=M divergent

E=M E=M
divergent, Ref. [70], Eq. (21) divergent
divergent, Ref. [70], Eq. (46) divergent
divergent, Ref. [70], Eq. (35) divergent

6. Discussion and conclusion

Most of the gravitational models are invariant un-
der both spacetime diffeomorphisms and local Lorentz
transformations. However, the Lagrangian may be
shifted by a total derivative term (equivalently, by
a boundary term). This actually happens in many
gravitational field models, for example: i) when one
adds a non-invariant boundary term to the original
Lagrangian; ii) when the gravitational dynamics are
described in the purely tetrad framework;®?! iii) when
the Lagrangian includes topological terms (e.g., the
Chern-Simons typel®6—691),

The main results of this paper can be summarized

in the following items.

%) ?/MM = [(_Q)I/Q/QN]PXPUTM [qspgoxgw = AgrpyXP — (1- 2>\)QW’YGPX]7 where PX/MTM

(i) We use four tetrads to whom their associated
metrics reproduce LT spacetime.

(ii) We calculate the energy of the first tetrad us-
ing the Euclidean continuation method. We show that
the result of energy is acceptable and consistent with
the previous result.>'=%4 The thermodynamic quan-
tities associated with this tetrad are calculated and
the results are consistent with the previous ones.[66:67]
We also show that the first law of thermodynamics is
satisfied and the quantum statistical relation holds.

(iii) Repeating the same calculations done for the
first tetrad for three different tetrad fields reproduces
the same metric, i.e., LT, we obtain the same results
of energy, thermodynamical quantities. We also show
that the first law of thermodynamics is satisfied and

v def.

is defined as Pypo”

5y Gpe " + 8pT gox " — 80T gyp¥> With gpo”> being a tensor defined by gpo” 2= 5,75, — 5,75, .
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the quantum statistical relation holds for these tetrad
fields.

(iv) Using the Euclidean continuation method

to calculate the energy associated with the four

tetrad fields presented in this paper we obtain the

ADMPI=54] yalue without any regularization!®® or

even without introducing any local Lorentz transfor-

mation that remove the inertia, i.e., the divergence or

the unphysics quantity. (69!
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