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We analyze the multipartite entanglement evolution of three-qubit mixed states composed of a GHZ state and a

W state. For a composite system consisting of three cavities interacting with independent reservoirs, it is shown that

the entanglement evolution is restricted by a set of monogamy relations. Furthermore, as quantified by the negativity,

the entanglement dynamical property of the mixed entangled state of cavity photons is investigated. It is found that

the three cavity photons can exhibit the phenomenon of entanglement sudden death (ESD). However, compared with

the evolution of a generalized three-qubit GHZ state which has the equal initial entanglement, the ESD time of mixed

states is later than that of the pure state. Finally, we discuss the entanglement distribution in the multipartite system,

and point out the intrinsic relation between the ESD of cavity photons and the entanglement sudden birth of reservoirs.
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1. Introduction

Quantum entanglement is one of the important
nonclassical features of quantum mechanics. In recent
decades, it has been rediscovered as a crucial resource
in quantum information processing, such as quantum
communication and quantum computation.!!! There-
fore, it is a fundamental problem to characterize the
entanglement property of quantum systems. Till now,
although the entanglement in bipartite systems is well
understood in many aspects, the corresponding prop-
erty in multipartite systems is far from clear, even for
three-qubit quantum states.!?!

In three-qubit pure states, the two-qubit and gen-
uine three-qubit entanglement can be quantified by

Bl and the three-tangle,!*

the concurrences respec-
tively, which constitute a good hierarchy structure
for the entanglement characterization. However, for

three-qubit mixed states, the case is much more com-
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plicated and different. Lohmayer et al. analyzed the
entanglement property of a three-qubit mixed state
composed of a GHZ state and a W state.l’) They
pointed out that, in some region of the mix proba-
bility, the mixed state is entangled but there is no
concurrence and three-tangle. Compared with the en-
tanglement in pure states, this is a new type of entan-
gled state which exhibits in the qubit-block form. Fur-
thermore, based on a purification scenario, it is elabo-
rated that the entanglement actually comes from the
genuine multipartite entanglement between the sys-
tem and its environment.!8! However, for a deep un-
derstanding of the three-qubit entanglement, it is de-
sirable to investigate further the entanglement prop-
erty in the mixed states and compare it with that of
pure states.

Entanglement dynamical property is very im-
portant in practical quantum information processing.

This is because that entanglement always decays due
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to the unwanted interaction between the system and
its environment. Theoretical studies have revealed
that entanglement does not always decay in an asymp-
totic way and it can disappear in a finite time, which is
referred to as entanglement sudden death (ESD)[7—1]
and has been detected in photon and atom systems

1112 (see also a review paper!™ and

experimentally
the references therein).

Recently, Lopez et al. analyzed the entanglement
dynamics of two cavities interacting with indepen-
dent reservoirs.['*) They showed that when the cav-
ity entanglement experiences the ESD phenomenon,
the reservoir entanglement suddenly and necessarily
appears. Moreover, it is shown that the entangle-
ment evolution is restricted by a monogamy relation
and the genuine multipartite entanglement is involved

in the dynamical procedure.[*5:16]

However, these pa-
pers only addressed the evolution with bipartite ini-
tial states, and the case of multipartite initial states
is awaited for further studies. In three-qubit mixed
states, the qubit-block entanglement!® is a new kind
of entanglement type and its dynamical property is
yet to be considered.

In this paper, we analyze the entanglement dy-
namical property of a class of three-qubit mixed states
composed of a GHZ state and a W state. For a com-
posite system consisting of three cavities with inde-
pendent reservoirs, we first show that the entangle-
ment evolution obeys a set of monogamy relations.
Then, we investigate the entanglement evolution of
three cavity photons, which can exhibit the ESD prop-
erty. This property is further compared with that of a
generalized GHZ state. Finally, we discuss the entan-
glement distribution in the multipartite system and
give the relation of entanglement between the cavity

photons and the reservoirs.

2. Entanglement monogamy rela-
tions in multipartite cavity—
reservoir systems
Before deriving the monogamy relation in the

dynamical evolution, we first introduce the cavity—

reservoir system. The interaction between a single

cavity and its N-mode reservoir is characterized by

the Hamiltonian!'

N N N X A

A =hwita+ 1> wblbe + 1Y gr(@b) + brat). (1)
k=1 k=1

When a cavity mode contains a single photon and
its corresponding reservoir is in the vacuum state,
the quantum state is |¢g) = |1c) ® |0,), in which
[0,) = chvzl |0%)r. In the limit of N — oo, the dy-
namical evolution given by the Hamiltonian in Eq. (1)

leads to the output state

¢e) = €(B)[1c)]0r) + X(2)[0¢) 1), (2)
where [1,) = (1/x(t)) Sy M (£)| 1), with the ampli-
tude converging to x(t) = [1 — exp(—+xt)]/2.['4] Thus,
the cavity and reservoir evolve as an effective two-
qubit system.

We consider three cavities being affected by the
dissipation of three independent reservoirs. The initial
state of three cavity photons and the corresponding

reservoirs is

Peresesrirars (0) = Peyeses © [000)(000]r,ryrg,  (3)

where the reservoirs are in the vacuum state and the

cavity photons are in the new type of entangled state!”!
Pereses (0) = p|GHZ)(GHZ| + (1 — p)[W)(W|, (4)

where |GHZ) = (]000) + [111))/v/2 and |[W) =
(1001) + |010) + |100))/v/3, respectively. In order to
conveniently obtain the output state of the multipar-
tite cavity-reservoir systems, we introduce an ancil-
lary qubit z which can purify the input state in Eq. (3).
So, the global initial state is

%) = (v/p|GHZ)|0)
++/1 = PIW)1)) ere2e521000) 1y 1y - (5)

Under the time evolution, the global output state has

the form

|u7t> = M( |OOOOOO> + |¢t>|¢t>|¢t>)01ﬁczr203r3|O>z
+ /(1 = p)/3(10000)|¢:) + |00)[¢¢)|00)
+ |¢t>|0000>)617“1621”2037’3|1>2a (6)
where |¢)) = £(1)[10) + x(1)|01) with () =
exp(—rt/2) and x(t) = (1 — £(t)?)*/2. For the three

cavity-reservoir system, its output state is

P()erricaraesrs = Trz(|We) (Pl). (7)

In many-body quantum systems, entanglement is

monogamous, which means that entanglement cannot
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be freely shared among many parties. For a three-

qubit state papc, Coffman et al. proved the relation!!
CEHBC > Chp + Cac, (8)

where the concurrence CEU po = 4min[det(pa)] quan-
tifies the bipartite entanglement in the partition A|BC
(the minimum runs over all the pure state decom-
positions of papc) and the concurrence C?] quanti-
fies the two-qubit entanglement which is defined as
C(pi;) = max(0, v A1 —v A2 — /A3 —+/Ag) with the de-
creasing nonnegative real numbers \; being the eigen-
values of the matrix R;; = p;j(oy ® 0y)pj;(0y @ ay).2
The monogamy relation in Eq. (8) is further gener-
alized to the N-qubit quantum state, which has the
form 01241|A2"'AN >0, 4,1 ~+C’%1AN.[17} Moreover,
for the two-qubit partition Ay Ay/|AsAg - ANyAns, &
set of monogamy relations are also proved in Ref. [15].
But, these relations are mainly focused on the distri-
bution of two-qubit entanglement, the monogamy re-
lation for multiqubit entanglement still awaits further
study.

In the dissipative procedure of the multipartite

cavity-reservoir systems, we can derive the following

relations
Cgl\ch_o,z(O) = Cglrl\ch253r3z(t)7 (98“)
2 2
2 Ocl|02r2(:3r3z(t) + Crl \czrzce,rgz(t)’ (9b)
Z 031|ch3 (t) + 031|r2r3 (t), (9C)
> Nc21\cQC3 (t) + Nfl\rzrg, (t)7 (9d)

where the concurrence C? and the negativity N? quan-
tify the bipartite entanglement in different multi-qubit

quantum systems. (18]

In expression (9a), we use the
property that entanglement is invariant under local
unitary (LU) operations and consider the tensor prod-
uct structure of the dynamical evolution U(H,t) =
Uy, (H,t) ® Ueyry (H, 1) @ Ueyry(H, ).

sion (9b), we use the monogamy relation of three-qubit

In expres-

quantum states, where the subsystem coracsrsz can
be regarded as a logic qubit. In expression (9c), we
use the property that entanglement does not increase
under local operations and classical communication
(LOCC), and we trace out the subsystems rorsz and
cac3z, respectively. In expression (9d), we use the rela-
tion C(pap) > N(pap),'*?% in which the negativity

is defined as('®l

N(pag) = llp"™*[| - 1, (10)

where pT4 is the partial transpose with respect to the
subsystem A, and the norm is ||R|| = Tr VRTR.
According to Eq. (9), we know that the initial
entanglement between the cavity photon c¢; and the
other photons cocs plus the ancillary system z restricts
the entanglement evolution in the multipartite cavity—
reservoir systems. This entanglement is not less than
the sum of concurrences C’CQ1 learacarsz and C’TQ1 -
Furthermore, this equation gives hierarchy relations of
entanglement in three cavity photons and three reser-
voirs. About the set of monogamy relations, we want
The first one is that the

monogamy relations are not limited by the initial state

to point out two points.

in Eq. (5) and they are satisfied only if the initial cav-
ity photons are in a three-qubit quantum state and
the reservoirs in the vacuum state. The second one is
that the relation Cfl\cQC3 (0) = C?

err1|earacers (1) 18 satis-

fied in the dynamical procedure, however, the similar
monogamy relations like Eq. (9) do not hold in gen-
eral.

The concurrence for multiqubit mixed states is
difficult to compute, because its solution is required
to run over all the pure state decompositions and take
the minimum. Compared with the concurrence, the
negativity is computable and we will use this measure
to analyze the entanglement evolution in the multi-

partite cavity-reservoir systems.

3. Entanglement evolution of

three-qubit mixed states

In the multipartite cavity-reservoir system, the
initial state of the three cavity photons is the mixed
state composed of a GHZ state and a W state as shown
in Eq. (4).

glement property that, in a certain region of the mix

This quantum state has a special entan-

probability, it is entangled but the entanglement can-
not be explained as the two-qubit concurrences or the
three-qubit tangle.l*=¢ Tt has a new type of entan-
glement structure and can exhibit in the qubit-block
form.!*] In the following we will first analyze its entan-
glement evolution property in the multipartite cavity—
reservoir system, and then compare it with a general-
ized GHZ state.

In the dissipative environment, the output state

of the three cavity photons can be written as

P()erescs = Trryryrg (W) (Wel), (11)
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where |¥;) is the global evolution state given in
Eq. (6). We use negativity to characterize the entan-
glement evolution in the dynamical procedure. For

the output state of cavity photons, its negativity is
N[p(tereses) = [lpTr (D] =1 =D (@) = 1, (12)
i

where \;s are the eigenvalues of the matrix pTe1. In
the time evolution, the entanglement degradation of
cavity photons has two kinds of routes: one is the
asymptotic way, the other is the ESD way. The en-
tanglement is nonzero when at least one eigenvalue is
negative, and it is zero when all the eigenvalues are
nonnegative. After some calculation, we can obtain
the eigenvalues of the matrix pTe1 (¢), which can be

expressed as

A = %e_3”tp,

s = %6_3“(6’“ = p,

A1 = é e ™[4 —4p+3(1— "),

A5 = % :A1 - efgm\/f‘TZ: )

A6 = % :Al + eigm\/‘@: )

A7 % :Bl — ef2m\/372: )

As = % B+ e /By, (13)

where the parameter p is the mix probability of the
GHZ and W states, st represents the time evolution
(k is the dissipative constant), and the parameters Aq,
Ay, By, and By have the forms

Aj=e "2 -2p+3(1— e ")p),
Ay =183 p(p — 2) + 36p* — 108 e"'p?
+ e*(p+2)% + 3e'p(8 + 31p),
Bi=3[p+(1—e™)Pp+(1-e")
x (2= 2p+ e > p)],
By =36[e™" + p? — e (p+2) — e"'p(p + 2)]
+ 271 (68 + 44p + 41p?).

In the eight eigenvalues, A1, A2, A3, A4, Ag, and Ag are
always nonnegative, because they can be written as
the product or sum of some nonnegative terms. The

eigenvalues A5 and A; can be negative, and they are

served as the indicators of the evolution routes. Set
A5 = 0, we can solve the relation between the param-

eters p and kt, which can be written as

B 2e2nt(_1_’_ emt)
- 3_gent+7ezfct+2€3nt'

P (14)

For a given value of the parameter p, A5(p) < 0 when
the time xt < kt(p), and As(p) > 0 when st > kt(p).

Set A7 = 0, we can obtain the relation

- 9 —18e" + 172"t — 3vD
- 8€2mﬁ _ ge—2mt(1 — 4 enrt + 4e2nt _ eSnt)

p , (15)

where the parameter D = 17 — 68e”t 4+ 102e2%t —
76 €3t 25 4"t Similarly, given a value of p, A7(p) <
0 when st < kt(p), and A7(p) > 0 when xt > kt(p).

In Fig. 1, we plot the mix probability p as a func-
tion of the time evolution xt when A5 = 0 and Ay = 0,
respectively. The two lines divide the whole area into
four parts where A5 < 0 and A7 < O in region I, A5 < 0
and A7 > 0 in region II, A5 > 0 and A7 < 0 in region
III, and, A5 > 0 and A7 > 0 in region IV, respectively.
According to the sign of the two eigenvalues, we know
that the entanglement of three cavity photons is zero
in region IV and it is nonzero in the other three re-
gions. Therefore, the entanglement evolution experi-
ences the ESD when the corresponding mixed proba-
bility p ranges in (0.25,1), and the first ESD time oc-
curs at kt ~ 1.091 and the probability p ~ 0.385. On
the other hand, the entanglement evolution is asymp-
totic when the probabilities p < 0.25 and p = 1.

1.0 :
— =0
. = X=0
085 1 ’
\
s \
0.4f 1
1/
0.2} S
111
Y% 2 1 6 8 10 12
Kt

Fig. 1. (colour online) Four entanglement evolution re-
gions described by the signs of eigenvalues A5 and A7. In
the region IV, both eigenvalues are positive, therefore the
entanglement of three cavity photons is zero in the dy-
namical procedure.

In Fig. 2, we plot the negativity of three cavity

photons as a function of the mix probability p and
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the time evolution xt. When p = 0, the initial state
is the W state and its entanglement is N = 2/2/3.
Along with the time evolution, the entanglement de-
cay is asymptotic. With the increase of the parameter
p, the initial state entanglement decreases and the en-
tanglement evolution is still asymptotic until the mix
probability p = 0.25. When p > 0.25, the entangle-
ment decays in the ESD way except for p = 1. The
minimum of the initial entanglement (N ~ 0.643) is
located at p ~ 0.465, however, its ESD time is not the
least and the minimum of the ESD time corresponds
to the value p ~ 0.385. When p = 1, the initial state
is the GHZ state (N = 1) and its evolution is asymp-
totic.

Negativity

Fig. 2. (colour online) Negativity of three cavity photons
as a function of the probability p and the time evolution
kt, where the yellow line characterizes the ESD time in
the dissipative procedure.

The three cavity photons are initially in the mixed
state composed of a GHZ state and a W state whose
entanglement structure is quite different from that of
pure states. Lohmayer et al. pointed out that, when
the mix probability p ranges in [p.,po] with p. =
7—/45 ~ 0.292 and py = 4V/2/(3+4V/2) ~ 0.627, the
mixed state is entangled but the entanglement is not
the concurrence or the three-tangle.[% In this range,
the mixed state is still genuine three-qubit entangle-
ment and exhibits in the qubit-block form.[®/ There-
fore, it is desirable to analyze the difference of the
entanglement dynamical property between the mixed
state and pure states. In the following, we will ana-
lyze the entanglement evolution of a generalized GHZ

state which is a genuine three-qubit entangled state

and has the form
|GHZY) = a|000) + b|111). (16)

For the generalized GHZ state, its negativity
N(|GHZ?)) = 2ab. Its output state in the multipartite

cavity—reservoir system has the form

Peieses () = Torpmprs ((PI@ONPI(H)]),  (17)

where [FI(t)) ;1 cprpcsry = @000000) + b[d1)[dr)|)
with |¢¢) = £(¢)|10) + x(¢)|01) and £(t) = exp(—~kt/2).
After some derivation, we can obtain that the nega-

tivity of the output state is

N(Pﬁl\cm)
=max{be 3 [VF —be" (" —1)],0}, (18)

where the parameter F = 4a?exp(3xt) + b*[2 —
3exp(kt) + exp(2kt)]. Setting N(p9) = 0, we can fur-
ther deduce the relation between the parameters a and

kt, which can be written as

ert — 1)3
a(kt) = \/(ent(_ 1)3 _‘_) PEPTE (19)

According to this relation, we can plot the ESD line

in the entanglement evolution. The generalized GHZ
state can experience the ESD phenomenon when the
amplitude a < v/2/2. When a > v/2/2, the entangle-

ment evolution of quantum state p‘Z (t) is asymp-

e
totic and the negativity is zero onll}‘/ 2‘fogr the limit of
Kt — 0.

In Fig. 3, we plot the negativity of the output
state pd .., (t) as a function of the amplitude a and
the time evolution xt. The amplitude a ranges in
[0,4/2/2] which corresponds to the negativity of the
generalized GHZ state changing in [0,1]. Along with
the time evolution, the entanglement decays in the
ESD way. The ESD line (the red line) of the gener-
alized GHZ state is plotted in the figure, where the
ESD time increases monotonically with the amplitude
a. We also plot the ESD line (the yellow line) of
the mixed state composed of a GHZ state and a W
state (the mix probability p is scaled with a constant
\/5/2 in order to be compatible with the amplitude
a). When the probability p = 1, the mixed state be-
comes the GHZ state and its entanglement evolution
is asymptotic, which is the same as that of the gen-
eralized GHZ state for the case a = v/2/2. When

p < 0.25, the evolution of the mixed state is still
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asymptotic, however, in the same region of the am-
plitude a, the entanglement of the generalized GHZ
state decays in the ESD way. The mixed state has
a special entanglement structure when the mix prob-
ability p € [pe,po]. In the case that the generalized
GHZ state has an equal initial entanglement to that
of the mixed state, we can derive that the parameter a
changes in [0.319,0.363]. In this region, the maximal
ESD time for the generalized GHZ state is xt ~ 0.763.
However, the minimal ESD time of the mixed state is
Kkt ~ 1.091. Therefore, we have the conclusion, with
the equal initial entanglement, the ESD time of the
mixed state is later than that of the generalized GHZ
state.

Negativity

Fig. 3. (colour online) Negativity of the generalized GHZ
state, in which the red line is its ESD line and the yellow
line is the ESD line of the mixed state composed of the
GHZ and W states.

4. Discussion and conclusion

A set of monogamy relations shown in Eq. (13)
hold in the entanglement evolution, which restrict the
entanglement distribution. Particularly, in the dy-
namical procedure, the initial entanglement between
the cavity photon c¢; and the system coc3z is larger
than the sum of entanglement in subsystems cjcaocs
and ryrors. However, the monogamy relation given
0) has not been

established. The main reason is that, in this case,

. o . 2
by the initial entanglement CC1|C2C3(
the related subsystems cannot be regarded as a logic
qubit. Ou pointed out that the monogamy relations

induced by concurrences do not hold in general for

the higher dimensional objects.[2!] However, entangle-
ment monogamy is a fundamental property in many-

(22] and the similar monogamous rela-

body systems,
tion can be satisfied under a well-defined entanglement
measure. With a good monogamy relation of entan-
glement, one can construct multipartite entanglement
measures, $20:23:24 and have a deep understanding of
many-body quantum systems.

In the time evolution, the entanglement of three
reservoirs have close relation to that of cavity photons.
After some calculation, we can obtain the relation of
density matrices between the two subsystems, which

can be expressed as

Prirars (§7X) = S&Hx[/ocwzcg (&X)L (20)

where S is a transformation interchanging the pa-
rameters & and y with & = exp(—kt/2) and x =
[1 — exp(—+t)]'/2. According to this relation, we can
know that the entanglement of three cavity photons
will transfer completely to the reservoir systems in
the limit kKt — oo. Moreover, when the ESD phe-
nomenon of the entangled cavity photons occurs at
the time tgsp = tg, the reservoir systems will experi-
ence the entanglement sudden birth (ESB) at the time
tgsp = —(1/kt)In[l — exp(—ktp)], which means that
the ESD of cavity photons and the ESB of reservoirs
are intrinsically related in the multipartite system.
The entanglement evolution of three-qubit mixed
states composed of a GHZ state and a W state is an-
alyzed, which has a better dynamical property than
that of the generalized GHZ state in the specific
parameter regions. For a more general case, con-
sideration of the mix of a generalized GHZ state
shown in Eq. (16) and a generalized W state |WW9) =
«|100) + £]010) + v|001) is deserved.?® The entan-
glement evolution has close relation to the type of
environment, therefore the entanglement dynamics in
non-Markovian environments need to be considered

¢.126=28] Moreover, beside the cavity-reservoir

in futur
system, other physical systems are also worth being in-
vestigated, for example, atom systems,[®1% quantum
dots,[293% and spin chains.!3!

In conclusion, we have analyzed the entanglement
dynamical property of the mixed state composed of
a GHZ state and a W state in multipartite cavity—
reservoir systems. As shown in Eq. (9), the entan-

glement evolution is restricted by a set of monogamy
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relations. When the mix probabilities p < 0.25 and
p = 1, the entanglement evolution of cavity photons is
asymptotic, and, for other regions of the probability,
the evolution is in the ESD way. Furthermore, in the
specific region p € [p, po, the ESD time of the mixed
state is later than that of the generalized GHZ state
with the equal initial entanglement. Finally, we dis-
cuss the entanglement distribution in the multipartite
systems and point out the intrinsic relation between

the ESD of cavity photons and the ESB of reservoirs.
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