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By virtue of the entangled state representation (Hong-Yi Fan and J R Klauder 1994 Phys. Rev. A 49 704) and
the two-mode squeezing operator’s natural representation (Hong-Yi Fan and Yue Fan 1996 Phys. Rev. A 54 958)

we propose the squeeze-swapping mechanism which can generate quantum entanglement and new squeezed states of

continuum variables.
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1. Introduction

Quantum entanglement plays an essential role

L2l For the purpose of

in quantum communication.!
this kind of communication the entangled particles
must be distributed among distant users. During the
distribution process, the entanglement of the parti-
cles may decrease. To avoid this problem, an effec-
tive method has been proposed which is entangle-
ment swapping,!3~¢ which can generate entanglement
between two distant particles that have never cor-
related before. However, in the literature most pa-
pers are concerned with discrete entangled states, so
in this work we shall show how to engender entan-
gled states of continuum variables by swapping. On
the other hand, squeezed states have potential uses
in quantum communication, moreover, the two-mode
squeezed state is itself an entangled state, so in this
work we shall propose the squeeze-swapping mecha-
nism that can generate new squeezed states of con-
tinuum variables. We shall tackle this topic with the
recently developed entangled state representation.[”8!

The rest of this paper is arranged as follows. In
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Section 2, we shall show the entanglement swapping
mechanism by Bell measurement, which will be stud-
ied in the entangled state representation in manifest
fashion. In Section 3, we shall focus on the case of
Bell measurement for a couple of two-mode squeezed
states, which will also result in quantum swapping,
and in Section 4, we shall show that two-mode squeez-
ing for a couple of two-mode squeezed states will yield
a new squeeze-swapping mechanism. A brief summary

is given in Section 5.

2. Entanglement swapping by

Bell measurement in the en-

tangled state representation

To realize quantum entanglement swapping there
are usually three spatially separate users and two of
them share one pair of entangled particles with the
third. Then the third user will operate a joint mea-
surement such as Bell-state measurement on the two
particles he possesses. Corresponding to the measure-

ment result, the two particles possessed by the two
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spatially separate users will collapse into an entangled
state without any entanglement before the joint mea-
surement, so the realization of the Bell-state measure-
ment is of key importance for the entanglement swap-
ping. In the previous literature quantum swapping is
restricted to discrete states, and the reason may lie
in lacking well-behaved representation to expose the
entanglement. In the following we shall tackle the
continuum case by virtue of the recently constructed
entangled state representation, because, as one can see
later, only in this representation can the swapping be
demonstrated clearly and directly.

For continuum quantum states case, the Bell mea-
surement operator can be selected as |7) (7], where |7)
is the bipartite entangled state (7 = (71 + i79)/v/2) in

a complex number

1
|T)14 = exp _§|7'| +Ta1 T a4+a1a4 00),4, (1)

this state is the common eigenvector of relative coor-
dinate X; — X4 and the total momentum P; + Py for
the particle 1 and particle 4,

(X1 = Xa)[m)yy=71|T)1y
(Pr+Py)|m)y=720)1y (2)

It was Einstein et al.l”) who first used this fact to imag-
ine quantum entanglement.
Assuming particles 1 and 2 compose an entangled

state ‘77>127

1,
1) 12 = exp [_2 Inl” + 77“1 n* a2 + a1a2} 100) 15, (3)

while particles 3 and 4 are entangled state [1)’) 5,

14(7[M12 ® |77'>34

|77/>34

1 2 "
= eXp|—5 7’| +77/a3 7 a:rl +a§al 00)34 5 (4)

too. Now Alice makes a Bell measurement for parti-
cles 1 and 4 by the projection operator |7)14 14(7|, then
what is the result of this measurement? To put it an-
other way, we want to know is there any entanglement
between particles 2 and 37

We make the Schmidt decomposition for |n),,

1= g5+ im)
n=—=(m+ina
V2 12
—i 0 .
- (1;1772) / dqlq), ® g —m), ™9, (5)

and [n')4,

1 / = ! >
= — +1
\/5(771 772) 24
71 ! o0 L
—oxp () [ ag iy ol = i)y o7 0

/!

Ui

1 7> ¢ a?
l7); = —ija &P [—2 +V2qa" - 5 0y, (7)

is the coordinate eigenvector. On the other hand, we

decompose

CHa— >>

T=—(11 +1i7m2

\/i 14

~ e (z) [ aalenele-n e ®)

Now we can calculate

= ex 1T1T2 dx4 r— 11| ®1 (x| exp(—iTex) ex e
P p P 9

> . - 77 77 inla’
< [ dalay ol - myemtimaen (TRE) [ a ), @10 i), e

o .
exp (1T1T2> / dze ™% exp ( /A2
0o 2

x / dq'(@ — 11— ¢ + 1) |q')y ¢

T T e —i
exp ! 2) dre™ 1T””exp( 21?72

2

— 00

X dq'5<x—n—q+m>|q>

oo . _in/n/

>/ dgd(xz —q) g — i)y €T exp (21 2)
—o0

> ‘.13 _ 771> inax exp ( 121”2)

iTT —i —inin} o
- o (52 o () () [ a0k
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x exp [—i(12 —n2)(¢" + 71 — n})] exp(insq’)

i oo
exp (2(7'17-2 — Mz — 77/177§)> / dq'lq")s @ 1d" + 7 —nt —m),
—o0

x exp [i(n2 + 15 — 72)¢'] expli(n2 — 72) (11 — 1))

/

i i
= exp { [T1(n2 — m) + T2(ny — 1) + mny — 771772]} exp [2(71 — 1 —m)(n2 +nh — 7o)

2

X / dq'|q' )3 @ 1¢" + 11 —m —m)yexp[i(n2 +ny — 72)¢] . (9)

— 00

Comparing Eq. (9) with the standard form of the bi-
partite entangled state Eq. (1) we see particles 2 and

3 compose a new entangled state

1
= exp {2 [T1(n2 — m3) + T2(ny — m) + mny — nina]}

- \}5{(TI’1+771—Tl)+i(n2+né—72)]>327

where
i
|€)30 = exp [2(71 =1y — 1) (2 + 5 — Tz)}

o0
></ dq' ¢ )s @ ¢ + 11— —m),
—o0

x exp [i(n2 + 15 — T2)q'].

Thus through the entangled state representation we
can clearly see the new entanglement between parti-
cles 2 and 3.

3. Bell measurement for a couple

of two-mode squeezed states

When particles 1 and 2 compose a two-mode

squeezed state
$12100),, = sech/? X exp (aia; tanh )\) |00),5, (10)

where the squeezing operator Sio has its natural rep-

resentation
Pt d’
512 = exp |:)\ <a1a2 — a1a2):| = ,u/ 7 |,L“7> <77| i
,LL = eA, (11)

while particles 3 and 4 compose another two-mode

squeezed state
S34(00),, = sech'/? o exp (a;al tanh a) |00),, . (12)

We want to know what is the Bell measurement result

for these two two-mode squeezed states.

By making a Bell measurement for particles 1 and
4 by the projection operator |7),,,, (7| on the above
two two-mode squeezed states, the direct product form
of S12(00);5, ® S34]00),,, we have

14 (7] 512 |00) 15 S34 |00) 5,
LA
7+7’ a; —Tag +aiay

=14 <OO| exp l

x sech? Xsech'/? o exp (aiag tanh )\) |00),

(13)

Then by using the completeness relation of the coher-

X exp (agal tanh 0) 100), -

ent state

d2 d2 N .
/ e (el = [ Sl oy,
™ T

2
|2) = exp <22| + zaT> |0},

and the technique of integration within an ordered
product of operators (IWOP),19=12 as well as the

(14)

normal ordered form of |0)(0| = : e~'%: we can de-
rive the following operator identity

exp (Frai + Fyay + Tagaq)

X exp <)\a£a1 + aaga}; + Z Gia;r>

i
! dQZi
= exp (F1a1 +F4a4+7a4a1) H . |Zz> <Zz|
i=1

X exp <)\a£a1 + Uagafl + Z Gml)

(3

. exXp |:F1(G,1 + Gl) + ZGZG;[ + )\Fla;

+ (TG1 + F4)G4 + T(G1a4 + G40,1) + Fyaqy
+ )\TG4CLJ£ + Am’a%a; + )\aJ{aE + Tagaq

¥

+ Aragal + oTaza; + Uagan i (15)

Then using Eq. (15) we can rewrite Eq. (13) as
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14(7[512100) 5 Ss4 |00)
2
= sech!/? Asech!/? 014 (00] : exp {'TJ + 7*a; + tanh )\T*ag — a4 + tanh X tanh aagag

+ tanh Aalal + aqa; + tanh Aagal + tanh oala; + tanh aagal} :100),5 (00) 4,

2
= 14 (00| sech'/? Asech!/? o exp <—|T2| + tanh A7*a) + tanh A tanh aa§a£> 100),4100) 4,

2
= sech'/? Asech'/? o exp <|T2| + tanh A7*al + tanh A tanh 0a§a$> 100 - (16)

Comparing Eq. (16) with Eq. (10) we see that equation (16) is a displacement-squeezed state in 2-3 modes.

Thus the Bell measurement for a pair of two-mode squeezed states can also engender quantum swapping.

4. Two-mode squeezing for a couple of two-mode squeezed states

Now we examine if the squeeze operation can generate quantum swapping and we name it the squeeze-
swapping. Operating the squeezing operator Si4(\) on a pair of two-mode squeezed states and using the

following operator identity
eteB = eBeteBl [A[A,B]]=0, |[B,[A,B]]=0, (17)
we calculate
W = Sy (A) sech? o exp (a{ag tanh 0‘) 00),, ® sech'/? o’ exp (a};al tanh U’) |00) 5,
= sech!/? g sech? o' S14 (N) exp (aiaé tanh O’) exp (agai tanh 0'/> S1a (\) 71 814 (X)[00), |00) 5,

= sech'/? 5 sech'/? o' exp

—<aJ{ cosh A + a4 sinh )\) abtanh o + a) (air1 cosh A + a4 sinh )\) tanh U’}
X S14 (X) [00),5100) 5,
= sech'/? 5 sech'/? o' exp (aJ{ cosh A + a4 sinh )\) ag tanh a}
X exp [ag (ajl cosh A + aq sinh )\) tanh 0"} exp (aia}l tanh )\) |0000)

= sech'/? g sech/? o’ exp aJ{a; cosh A tanh U} exp {a4a£ sinh A tanh a] exp {agal cosh A tanh 0’}

x explala, sinh A tanh o'] exp (aIaZ tanh )\) |0000) , (18)
then by using Eq. (17) we have
explata; sinh A tanh o’] exp (aJ{aZ tanh /\) |0000)

= exp (a‘{ al tanh )\) explatal tanh Asinh A tanh 0’] exp[ala; sinh A tanh 6] |0000)

= exp (a}a}l tanh )\) explalal tanh Asinh A tanh ¢'] [0000) , (19)
then substituting Eq. (19) into Eq. (18) we obtain

W =sech'/? g sech'/? ¢’ exp {aia% cosh A tanh a} explagal sinh A tanh oexp {agal cosh A tanh 0'/:|
X exp (a{az tanh )\) explatal sinh A tanh A tanh 6'] |0000)
=sech'/? gsech!/? o’ exp {aJ{a; cosh A tanh 0} explagal sinh A tanh o]

X exp (a{al tanh /\> exp {agal cosh A (1 + tanh® \) tanh a’} |0000)
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+

=sech!/? o sech!/? o’exp {alag cosh A tanh 0‘} exp [a{al tanh )\} exp [a{ag sinh A tanh A tanh 0‘}

x explasal sinh A tanh o] exp {agal cosh A (1 + tanh® \) tanh 0'} |0000)

=sech!/? o sech!/? ¢’ exp {aiag cosh A (1 + tanh? A) tanh U] exp (a]ial tanh )\)

X exp {agaz cosh A (1 + tanh? ) tanh a’}

X exp {agag tanh o tanh o’ sinh A cosh A (1 + tanh? )\)} |0000) ,

we see that the 1-4 squeezing let the original state
exp(alal tanh o) |00),, and eXp(a;aj1 tanh o’) [00) 4,
to exp[aiaz tanh o cosh A (1 + tanh? A)]100);,, and
explatal tanh o’ cosh A (1+ tanh? A)1100),,

tively. Since cosh A (1 + tanh? )\) > 1, the squeezing

respec-

of 1-2 modes and of 3-4 modes increases, moreover,
the modes 2 and 3 which have never correlated before
now also become entangled, so the squeeze-operation

can also generate quantum swapping.

5. Summary

In summary, by virtue of the entangled state
representation and the two-mode squeezing opera-
tor’s natural representation we proposed the squeeze-
swapping mechanism that can generate new squeezed
states of continuum variables. This mechanism can
be extended to multimode entanglement cases when

multimode entangled state representations are estab-

|
lished.
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