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A new approach for studying the time-evolution law of a chaotic light field in a damping—gaining coexisting process

is presented. The new differential equation for determining the parameter of the density operator p(t) is derived and

the solution of f’ for the damping and gaining processes are studied separately. Our approach is direct and the result

is concise since it is not necessary for us to know the Kraus operators in advance.
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1. Introduction

The chaotic light field[!] described by the density
operator p. = (1—ef) efale, (a mixed state, or named
thermo state when f = —fhw, g = 1/(kT) is the
Boltzman constant), has been studied since the birth
of quantum optics theory, where afa is the photon
number operator, [a,aT] = 1. The thermo light is a
characteristic of obeying Bose distribution in average
photon numbers, i.e., Tr(afap.) = [e™/*T) —1]-1,

As a common thermo source, the chaotic light
field is closely related to quantum dissipation, which
has been a hot topic of physicists.l) Thus, one has
to treat quantum dissipation as an essential ingredi-
ent in quantum optics theory since quantum dissipa-
tion always brings out quantum decoherence. In this
work we explore how an initial chaotic light field gets
damped or gained in a quantum channel governed by
the master equation, !

900 _ gl2utp(t)a - aato(t) - p(t)aa]

+ K;[Qap(t)(ﬂ - aTa,o(t) — p(t)aTa]7 (1)
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where p(t) is the density operator of the system at
time ¢, g and k represent the gain and the loss of the
cavity, respectively. Such a master equation can also
describe a laser process. When g = 0, it reduces to
the amplitude decay model (or amplitude dissipative

channel)

B0 — fpap(t)a’ — alap(t) — p(t)a'al).  (2)

On the other hand, when x = 0, equation (1)
reduces to the gain model

dgi(tt) =g[2a'p(t)a— aa’p(t) — p(t)aa’].  (3)

The rest of this paper is arranged as follows: In
Section 2 we make a reasonable ansatz that p(t), into
which the initial chaotic light field (1 — ef) efala —
p(0) evolves, is also a chaotic state, and then we derive
a new differential equation to determine the parameter
involved in p(t). In Section 3, we exactly solve this dif-
ferential equation for damping and gaining cases, and
know the time-evolution law of the chaotic light field
in a damping—gaining coexisting process. In Section 4

we make a brief conclusion.
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2. New differential equation for
determining the parameter in-

volved in p(t)

Let the initial thermo state be p(0) = (1 —
ef) efa'a, In fact, the generation mechanism of the
initial thermo state is the process with both damp-
ing and gaining, thus the density operator p(t) should
keep its essentiality and we can think that p(t) keeps
a thermo state (Bose distribution in average photon
numbers still holds) during this damping—gaining pro-
cess. There is no squeezing or other nonlinear effects

in this process, so we make an ansatz for the final state
plt) = (1 - f)ef e, (4)

where f' = f/(t) is to be determined. Substituting
Eq. (4) into the left-hand side of Eq. (1), one has

L eryerats
‘ata d ! nod "ata
= ef a(l—ef)—k(l—ef)aef
!
— (1= ¢ )ata— ef]ef o0 dL (5)

dt’
Substituting Eq. (4) into the right-hand side (RS)
of Eq. (1) yields
Right-hand side of Eq. (1)
2(1— ef/){g[aTaeff/ - aaq
+ m[aaT e — aTa] } ef'ala
= 2(1 - ef/){aTa[g(eff’ — 1)
+r(ef =1)] +rel —g}ef/“T“. (6)

Combining Eq. (5) with Eq. (6) and comparing
the terms involving a'a eflaf‘ﬁ one obtains the new
differential equation

df

i =2le(e = rn(e” -1 ()

while in Eq. (6), comparing the terms involving ef/“T“7

one obtains

2(1—ef/)(/$ef/—g):—ef/dd—]:, (8)

these two equations are the same, so one only needs
to solve Eq. (7). It then follows

df’ B .
[t e @

where c is the integration constant.

3. Solutions of p(t) for damping—

gaining process

Using the integration formula:

/ dz
g(e—”’ — 1) —|—,‘f(eJB — 1)

_ In[(ke® —g)/(1— e?)] Lo, (10)
g—kK

thus we have
In [(Iief/ - g)/(l - ef/)] = Q(g - /-z)t +d, (11)

where ¢” is the integration constant. When ¢t = 0,

f" — f, so one can determine

f_
(), (12)
and ,
kel —9_ wel — g 02(g—r)t (13)
1—ef 1—ef '
Then we obtain
F = [9(1 —ef) + (kel —g) 62(9“”} 10
k(11— ef) + (kef —g)e2lg—r)t |’

and the time-evolution law of the chaotic light field in

a damping—gaining coexisting process as follows:

(k—9g)(1-¢)

p(t) = /{(1 — ef) T (Kef _ g) 02(g—r)t
9(1 - ef) + (Hef - g) e2(g—r)t ata (15)
k(1—ef) + (kef —g)e2lg—r)t '
In particular, when £ = 0, i.e., no loss, equa-
tion (14) reduces to
fr=If(ef —1)e 2" +1], (16)

the density operator at t for the gaining process is

p(t) = (1 el)el

_ e—2gt(1 _ ef) eaTaln[l—672gt(l—ef)]
= e 2 (1—el)[1—e 29 (1— ef)]’”“. (17)

While for ¢ = 0, i.e., no gain, equation (14) reduces

to
1

14 (e=f —1)e2n’

and the density operator at ¢ for the damping process

ff=In (18)
is

(e—f _ 1) o2kt 1 a'a
e=f —1)e2t + 1] (e f —1)e2t 41

p(t) - (

(19)
This result can be checked by substituting Eq. (14)
into the left-hand side and the right-hand side of
Eq. (7), respectively.
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