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The special relativity is the foundation for many branches of modern physics, of which the theoretical results

are far beyond our daily experience and hard to realized in kinematic experiments. However, its outcomes could be

demonstrated by making use of the convenient substitute, i.e., the squeezed light in the present paper. The squeezed

light is very important in the field of quantum optics, and the corresponding transformation can be regarded as the

coherent state of SU(1,1). In this paper, the connection between the squeezed operator and the Lorentz boost is built

under certain conditions. Furthermore, the additional law of relativistic velocities and the angle of the Wigner rotation

are deduced as well.
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1. Introduction

The special relativity discovered by Einstein in

1905 is the foundation for many branches of modern

physics, of which relevant subjects[1] are studied even

in recent years. Its outcomes can be observed promi-

nently when the speed of an object approaches to that

of light. So the theoretical results are far beyond our

daily experience and hard to realized in kinematic ex-

periments. Nevertheless, the squeezed light may sup-

ply a possible experimental test in modern optics labo-

ratories. By using the canonical transformation of the

Wigner distribution function in the phase space, the

theoretical schemes of possible experimental tests for

the Wigner rotation and the Thomas precession have

been put forward.[2,3] However, the additional law of

relativistic velocities, which is distinct from the usual

additional law of vectors, has not been obtained. In

the present paper, we not only acquire the correspond-

ing additional law but also use a more direct method,

which will enclose the essence of the analogue.

As a nonclassical light field, the squeezed light

has a fundamental role in the development of quan-

tum optics, which preserves the minimum-uncertainty

product in the phase space and may exhibit many in-

teresting properties, such as sub-Poissonian photon

counting statistics and photon antibunching.[4,5] Its

nonlinear generalization and the corresponding fea-

tures were studied by Kwek and Kiang.[6] In addition,

its noncyclic and nonunitary geometric phase was for-

mulated by Yang et al.[7] And the extension to the

two-mode squeezed light[8,9] was also studied.

This article is organized as follows. In Section 2,

we review some indispensable concepts of squeezed op-

tics and the special relativity necessary for the present

paper. In Section 3, the connection between the

squeezed operator and the Lorentz boost is built. In

Section 4, the additional law of relativistic velocities

and the angle of the Wigner rotation are deduced.

Moreover, a possible experimental test on the addi-

tional law of relativistic velocities is put forward. At

the end of this paper, a conclusion is drawn.
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2. Reviews of the squeezed state

and the special relativity

Squeezed state operator

S(β) = exp

(
1

2
βa†2 − 1

2
β∗a2

)
(1)

can be regarded as a coset space of SU(1, 1), which

is SU(1, 1)/U(1), where β is a complex number, ∗ de-

notes the conjugate operation, a† and a are creation

and annihilation operators, respectively, and they sat-

isfy the canonical commutation relation [a, a†] = 1. In

order to demonstrate this idea clearly, let us review the

necessary knowledge about SU(1, 1).[10] It has gener-

ators satisfying the following commutation relations:

[K1,K2] = −iK0, [K0,K1] = iK2,

[K0,K2] = −iK1. (2)

Via choosing another appropriate basis, the genera-

tors become K± = ±i(K1 ± iK2) and K0. Therefore,

the commutation relations are transformed to be

[K0,K±] = ±K±, [K+,K−] = −2K0. (3)

Furthermore, the definition of Perelomov’s SU(1, 1)

coherent state is given by

S(β) = exp(βK+ − β∗K−). (4)

The boson realization of SU(1, 1) is applied, then the

generators become

K+ =
1

2
a†2, K− =

1

2
a2, K0 =

1

4
(aa† + a†a), (5)

which satisfy the commutation relations in Eq. (3).

Substituting Eq. (5) into Eq. (4), we recover the

squeezed operator (1). As SU(1, 1) is locally isomor-

phic to SO(2, 1), the coherent state of SU(1, 1) in an-

other word of the squeezed operator may have a con-

nection with the Lorentz boost, which will be proved

in Section 3. In the following paragraph, we will re-

view the indispensable knowledge about the special

relativity.

Let us consider about (2 + 1)-dimensional space–

time. There are two inertial frames of reference Σ and

Σ′ that are coincident at time t = 0, and the velocity

of Σ′ relative to Σ is v = (v1, v2). An event is denoted

as (x0, x1, x2)T in Σ and (y0, y1, y2)T in Σ′. The two

teams of coordinates are connected by a Lorentz boost

L , i.e., (y0, y1, y2)T = L (x0, x1, x2)T, where x0 = ct,

and T denotes the operation of transposition. The L

takes the form[11]

L =



γ −ηγ
v1

v
−ηγ

v2

v

−ηγ
v1

v
1 + η2

γ2

1 + γ

(
v1

v

)2

η2
γ2

1 + γ

v1

v

v2

v

−ηγ
v2

v
η2

γ2

1 + γ

v1

v

v2

v
1 + η2

γ2

1 + γ

(
v2

v

)2


, (6)

where v =
√
(v1)2 + (v2)2, η = v/c, and γ = 1/

√
1− η2. To simplify Eq. (6), let us introduce auxiliary variables

cosh ρ = γ, sinh ρ = ηγ, cosφ = v1/v, and sinφ = v2/v, so equation (6) becomes

L =


cosh ρ − sinh ρ cosφ − sinh ρ sinφ

− sinh ρ cosφ 1 + (cosh ρ− 1) cos2 φ (cosh ρ− 1) cosφ sinφ

− sinh ρ sinφ (cosh ρ− 1) cosφ sinφ 1 + (cosh ρ− 1) sin2 φ

 , (7)

where the formulae cosh2 ρ − sinh2 ρ = 1 and

sinh2 ρ/(1 + cosh ρ) = cosh ρ − 1 are useful. If φ = 0

or π/2, we can check that the common Lorentz boost,

which commonly appears in the standard text book

about the special relativity, is obtained.

Further more, let us recall the additional law of

relativistic velocities. TheΣ, Σ′, andΣ′′ are arbitrary

three inertial frames of reference that are coincident

at the initial time. If the velocity of Σ′ relative to Σ

is u, and the velocity of Σ′′ relative to Σ′ is v, the

velocity of Σ′′ relative to Σ is u ⊕ v, where ⊕ is the

additional operation of relativistic velocities, which is

distinct from the parallelogram law of velocities. Its

concrete formula[11] reads

u⊕ v =
1

1 +
u · v
c2

[
u+

1

γu
v
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+
1

c2
γu

1 + γu
(u · v)u

]
. (8)

Observers at rest relative to Σ (relative to Σ′) agree

with observers at rest relative to Σ′ (relative to Σ′′)

that their space–time coordinates are linked by a pure

Lorentz transformation without rotation. However, if

the two successive Lorentz boosts are in noncollinear

directions, observers at rest relative to Σ agree with

observers at rest relative to Σ′′ that their coordinates

are linked not only by a Lorentz transformation but

also by a rotation, which is called the Wigner rotation.

3. Connecting squeezed transfor-

mation with Lorentz boost

In this section, our main goal is to prove that the

squeezed transformation corresponds to the Lorentz

boost. To begin with, we express a vector (x0 , x1 , x2)

in (2 + 1)-dimensional space–time as

x = x0K0 − x1K1 − x2K2, (9)

whose basis is (K0,K1,K2), which are the generators

of SU(1, 1). Moreover, let us perform the operation

y0K0 − y1K1 − y2K2

= S(β)(x0K0 − x1K1 − x2K2)S
†(β). (10)

In order to obtain the specific connection between

(y0, y1, y2) and (x0, x1, x2), we must calculate the

right-hand side of Eq. (10). During the calculation,

the BCH formula[12] may be useful, which takes the

form

eAB e−A = B + [A,B] +
1

2!
[A, [A,B]]

+
1

3!
[A, [A, [A,B]]] + · · · . (11)

By using Eq. (11) and the commutation relation (2)

of SU(1, 1), we can obtain

S(β)K0S
†(β)

= cosh ρK0 + cosφ sinh ρK1 + sinφ sinh ρK2,

S(β)K1S
†(β)

= cosφ sinh ρK0 + [1 + (cosh ρ− 1) cos2 φ]K1

+(cosh ρ− 1) cosφ sinφK2,

S(β)K2S
†(β)

= sinφ sinh ρK0 + (cosh ρ− 1) cosφ sinφK1

+ [1 + (cosh ρ− 1) sin2 φ]K2, (12)

where

β =
ρ

2
e i(π/2−φ) =

ρ

2
(sinφ+ i cosφ). (13)

Substituting Eq. (12) into Eq. (10), we obtain

y0K0 − y1K1 − y2K2

= (cosh ρx0 − sinh ρ cosφx1 − sinh ρ sinφx2)K0

−{− sinh ρ cosφx0 + [1 + (cosh ρ− 1) cos2 φ]x1

+ [(cosh ρ− 1) cosφ sinφ]x2}K1

−{− sinh ρ sinφx0 + [(cosh ρ− 1) cosφ sinφ]x1

+ [1 + (cosh ρ− 1) sin2 φ]x2}K2.

Because the linear independence of the generators, the

above equation can be written in a matrix form, which

is


y0

y1

y2

 =


cosh ρ − sinh ρ cosφ − sinh ρ sinφ

− sinh ρ cosφ 1 + (cosh ρ− 1) cos2 φ (cosh ρ− 1) cosφ sinφ

− sinh ρ sinφ (cosh ρ− 1) cosφ sinφ 1 + (cosh ρ− 1) sin2 φ




x0

x1

x2

 . (14)

By comparing with Eq. (7), we find that the above 3×3

coefficient matrix is identical to Lorentz boost (7).

So it is proved that S(β)xS†(β) can be regarded as

the Lorentz boost under the condition β = ρ
2 (sinφ +

i cosφ). If we do the above calculations on the boson

representation, the Lorentz boost can be realized by

the above operation of quantum optics.

4. Squeezed transformation and

additional law of relativistic

velocities

The next task is to demonstrate the additional

law of relativistic velocities by using the squeezed op-

erator. We start with the formula

S(β1)S(β2) = S(β3)R(δ), (15)
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where R(δ) = exp(iK0δ) = exp[i 14 (2a
†a+ 1)δ]. From

the two previous sections, we obtain the idea that

equation (15) means that two Lorentz boosts are equal

to not only a boost but also a rotation. In order to

represent β3 and δ by β1 and β2, let us perform the

following operations on Eq. (15):

S(β1)S(β2)aS(β2)
†S(β1)

†

= S(β3)R(δ)aR(δ)†S(β3)
†. (16)

With the help of the equations

S(β)aS(β)† = a cosh
ρ

2
− a† e i(π/2−φ) sinh

ρ

2
,

S(β)a†S(β)† = a† cosh r − a e−iθ sinh r,

R(δ)aR(δ)† = a e−iδ/2,

the left-hand and the right-hand sides of Eq. (16) can

be written as linear combinations of a and a† respec-

tively. As a and a† are linear independent, the coef-

ficient of a in the left-hand side of Eq. (16) coincides

with the counterpart in the right-hand side, and the

same is true for a†. Hence, we obtain

a : cosh
ρ1
2

cosh
ρ2
2

+ e i(φ1−φ2) sinh
ρ1
2

sinh
ρ2
2

= e−iδ/2 cosh
ρ3
2
, (17)

and

a† : e−iφ1 sinh
ρ1
2

cosh
ρ2
2

+ e−iφ2 sinh
ρ2
2

cosh
ρ1
2

= e−iδ/2 e−iφ3 sinh
ρ3
2
. (18)

Moreover, the above two complex Eqs. (17) and (18)

can be converted into four real equations, which are

cosh
ρ3
2

cos
δ

2
= cosh

ρ1
2

cosh
ρ2
2

+ cos(φ2 − φ1) sinh
ρ1
2

sinh
ρ2
2
, (19)

sin
δ

2
cosh

ρ3
2

= sinh(φ2 − φ1) sinh
ρ1
2

sinh
ρ2
2
, (20)

cos

(
θ3 +

δ

2

)
sinh

ρ3
2

= cosφ1 sinh
ρ1
2

cosh
ρ2
2

+ cosφ2 sinh
ρ2
2

cosh
ρ1
2
,(21)

and

sin

(
θ3 +

δ

2

)
sinh

ρ3
2

= sinφ1 sinh
ρ1
2

cosh
ρ2
2

+ sinφ2 sinh
ρ2
2

cosh
ρ1
2
.(22)

By using Eqs. (19) and (20), we can reach the

following results:

tan
δ

2
=

sinh(φ2 − φ1) sinh
ρ1
2

sinh
ρ2
2

cosh
ρ1
2

cosh
ρ2
2

+ cos(φ2 − φ1) sinh
ρ1
2

sinh
ρ2
2

, (23)

and

cosh2
ρ3
2

= sinh2
ρ1
2

sinh2
ρ2
2

+ cosh2
ρ1
2

cosh2
ρ2
2

+2 cos(φ2 − φ1) sinh
ρ1
2

sinh
ρ2
2

× cosh
ρ1
2

cosh
ρ2
2
. (24)

We should note that equation (23) is just the for-

mula for the Wigner angle.[13] Substituting formulae

cosh 2x = cosh2 x+sinh2 x, cosh2 x− sinh2 x = 1, and

sinh 2x = 2 sinhx coshx into Eq. (24), we can obtain a

more elegant and pragmatic expression about cosh ρ3,

which is

cosh ρ3 = cosh ρ1 cosh ρ2

+ cos(φ2 − φ1) sinh ρ1 sinh ρ2. (25)

In addition, let us introduce the following auxiliary

variables:

γu = cosh ρ1, γv = cosh ρ2, γw = cosh ρ3,

u = c tanh ρ1û, v = c tanh ρ2v̂,

w = c tanh ρ3ŵ, (26)

where û, v̂, and ŵ are unit vectors along the direc-

tions of u, v, and w, respectively, and c is the veloc-

ity of light propagating in the vacuum. Substituting

Eq. (26) into Eq. (25), we can obtain a more mean-

ingful formula

γw = γuγv

(
1 +

u · v
c2

)
. (27)

Now, we concentrate on Eqs. (21) and (22). By

substituting cos δ/2 from Eq. (19) and sin δ/2 from

Eq. (20) into them, they compose a set of equations

about unknown elements cosφ3 and sinφ3, i.e.,A B

C D

 cosφ3

sinφ3

 =

E

F

 , (28)
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where

A = −D = tanh
ρ3
2

sin(φ2 − φ1) sinh
ρ1
2

sinh
ρ2
2
,

B = C = tanh
ρ3
2

[
cosh

ρ1
2

cosh
ρ2
2

+ cos(φ2 − φ1)

× sinh
ρ1
2

sinh
ρ2
2

]
,

E = cosφ1 sinh
ρ1
2

cosh
ρ2
2

+ cosφ2 sinh
ρ2
2

cosh
ρ1
2
,

F = sinφ1 sinh
ρ1
2

cosh
ρ2
2

+ sinφ2 sinh
ρ2
2

cosh
ρ1
2
.

According to Cramer’s rules, equation (28) can be

solved. Hence we obtain

cosφ3 =

∣∣∣∣E B

F D

∣∣∣∣/∣∣∣∣A B

C D

∣∣∣∣
=

1

sinh ρ3
{[sinh ρ1 cosh ρ2+sinh ρ2(cosh ρ1−1)

× (cosφ1 cosφ2 + sinφ1 sinφ2)] cosφ1

+ sinh ρ2 cosφ2}, (29)

sinφ3 =

∣∣∣∣A B

C D

∣∣∣∣/∣∣∣∣A B

C D

∣∣∣∣
=

1

sinh ρ3
{[sinh ρ1 cosh ρ2+sinh ρ2(cosh ρ1−1)

× (cosφ1 cosφ2 + sinφ1 sinφ2)] sinφ1

+ sinh ρ2 sinφ2}. (30)

In order to disclose the meaning of the additional law

of relativistic velocities, we introduce three unit vec-

tors, which are

û = cosφ1î+ sinφ1ĵ, v̂ = cosφ2î+ sinφ2ĵ,

ŵ = cosφ3î+ sinφ3ĵ.

Hence equations (29) and (30) become

ŵ =
1

sinh ρ3
{[sinh ρ1 cosh ρ2

+ sinh ρ2(cosh ρ1 − 1)û · v̂]û+ sinh ρ2v̂}. (31)

Moreover, substituting Eqs. (26) and (27) into

Eq. (31), we obtain the final addition law

w =
1

1 +
u · v
c2

(
u+

γu
γu + 1

u · v
c2

u+
1

γu
v

)
, (32)

which is identical with Eq. (8). When c → ∞, the

common additional law of velocities

w = u+ v

in the Galilean transformation is obtained. The

relations between squeezed parameters (β1 =

ρ1

2 e i(π/2−φ1), β2 = ρ2

2 e i(π/2−φ2), β3 = ρ3

2 e i(π/2−φ3)

in Eq. (15)) and velocities (u, v, w in Eq. (32)) are

illustrated in the following table.

Table 1. Relations between squeezed parameters and ve-

locities.

Velocity Modulo Directional vector

u c tanh ρ1 (cosφ1, sinφ1)

v c tanh ρ2 (cosφ2, sinφ2)

w c tanh ρ3 (cosφ3, sinφ3)

Depending on the analysis above, the additional

law of relativistic velocities has been successfully ob-

tained from squeezed optics. Furthermore, the theo-

retical results can be possibly verified by the following

experiment. In practice, it is much easier to realize the

two-mode squeezed state

Stm(β) = exp

[
1

2
(βa†1a

†
2 + β∗a1a2)

]
than the one-mode one, where subscripts 1 and 2 de-

note the two different photons, and superscript tm

represents two-mode, thus we choose the two-mode

process. Because the generators of the two-mode

squeezed operator obey the same Lie algebra as that

of the one-mode squeezed operator, our analysis above

also applies. At first, a light beam is splitted into

two beams. Then beam 1 goes through a nondegen-

erate optical parametric amplifier (NOPA), which can

generate a two-mode squeezed vacuum state.[14] As

a result, beam 1 becomes Stm(β2)|00⟩. Moreover, it

continues to pass the equipment that makes the light

become Stm(β1)S
tm(β2)|00⟩. Beam 2 is changed to

be Stm(β3)|00⟩ by the NOPA, where β3 is calculated

from β1 and β2 according to Eqs. (25), (29), and (30).

After all the transformations on beams 1 and 2, let

them interfere with each other. Then the dark and

bright fringes can be observed. The separation of ad-

jacent bright fringes is δ′. If δ′ coincides with δ of

Eq. (23), then the additional law of relativistic veloc-

ities is demonstrated.

5. Conclusion

In summary, since the squeezed transformations

constitute a coset spac of SU(1, 1), the Lorentz trans-

formations make up a Lorentz group, and the SU(1, 1)

group is locally isomorphic to the (2+ 1)-dimensional

Lorentz group.[10] We demonstrate the phenomenon

of the special relativity by using squeezed optics. We
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prove that squeezed transformation (10) is equivalent

to Lorentz boost (14) under condition (13). Further-

more, the additional law of relativistic velocities (32)

and the angle of the Wigner rotation (23) are deduced

as well.

Moreover, a possible experimental test on the ad-

ditional law of relativistic velocities is also discussed.
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