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Stability and attractive basins of multiple equilibria
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Multiple stability for two-dimensional delayed recurrent neural networks with piecewise linear activation functions
of 2r (r > 1) corner points is studied. Sufficient conditions are established for checking the existence of (2r + 1)?

equilibria in delayed recurrent neural networks. Under these conditions, (r + 1)2 equilibria are locally exponentially
stable, and (27 41)2 — (r4+1)2 — 72 equilibria are unstable. Attractive basins of stable equilibria are estimated, which are

larger than invariant sets derived by decomposing state space. One example is provided to illustrate the effectiveness

of our results.
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1. Introduction

Recently, recurrent neural networks (RNNs) have
been paid much attention due to their extensive ap-
plications, such as pattern recognition, signal pro-
cessing, combinatorial optimization, and associative
memories.!' =5 The time delay of neural networks is
unavoidable because of the finite speed of a signal’s
switch and transmission. Therefore, the stability of
delayed recurrent neural networks (DRNNs) has be-
come a topic of great theoretical and practical impor-
tance. Marcus and Westervelt first introduced a single
delay into Hopfield neural networks.[®/ Many studies
on stability for various DRNNs have been performed
in recent years.[7—1

Most relevant studies are mainly focused on the
existence and stability of one unique equilibrium point
for RNNs. However, for some applications including
associative memories, pattern recognition, image pro-
cessing, and many other fields, it is desirable that
neural networks have multiple equilibria, and each
of them represents an individual pattern.''=13] Re-
cently, stability of multiple equilibria for RNNs has
been extensively studied.'*=22] Chen and Amari'4
reported that one-neuron neural network model has

two locally stable equilibria. Recent studies gener-
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alized their work to m-neuron neural networks. Suf-
ficient conditions were established in Refs. [15]-[17],
which ensure the existence of 2" stable equilibria in
n-dimensional DRNNs with one step piecewise linear
activation function. In order to increase storage ca-
pacity, Zeng et al. studied RNNs with time-varying
delays and k (k > 1) steps piecewise linear activation
functions in Ref. [20], and some sufficient conditions
were established to ensure that n-neuron DRNNs with
k-stair activation functions could have (2k)™ locally
exponentially stable equilibria.

In recent years, various estimates on attractive
basins of stable equilibria were derived for some kinds

(23=25] Tt is well known that time

of neural networks.
delay may affect attractive basins of equilibria for neu-
ral networks. Changing time delay can alter the at-
tractive basin boundaries of stable equilibria, which
can be of prime importance in associative memory net-
works where the positions of basin boundaries deter-
mine what information is retrieved for a given initial

[26] Hence, estimating the attractive basins

condition.
of equilibria for delayed neural networks is of great
significance. Since existing literatures estimating at-
tractive basins of multiple stable equilibria for DRNNs
are based on convergence analysis of partial regions of

state space, these small attractive basins are only lo-
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cated in some invariant sets obtained by decomposing
the state space (see Refs. [17] and [20]). However, how
to enlarge the attractive basins of stable equilibria for
DRNNSs is an attractive topic and their potential ex-
tensive applications has motivated the present study.

In this paper, we will explore the stability of mul-
tiple equilibria and enlarge the attractive basins of
stable equilibria in two-neuron networks with a time
delay and piecewise linear activation functions of 2r
(r > 1) corner points. Different from previous lit-
eratures, our work makes two main contributions as
follows.

1) Based on the analysis of difference—differential
equation and Lyapunov’s first approximate theory, it
is the first time that the stability of (2r+1)%—(r+1)%—
r? equilibria in two-dimensional DRNNSs is presented.
These equilibria are unstable.

2) By analyzing the convergence of neural network
states in some subregions of state space, we establish
larger attractive basins of stable equilibria than invari-
ant sets derived based on the decomposition of state
space.

The remainder of this paper consists of the fol-
lowing sections. In Section 2, we describe the prob-
lem formulation. The main results are presented in
Section 3. One example is used to test the effective-
ness of obtained results in Section 4. In Section 5, the
conclusion is drawn.

2. Problem formulation

A delayed two-neuron network can be formulated
as follows:

@1(t) = —crw1(t) + arn fr(za(t))
+aa fa(wa(t)) + brn fr(@r(t — 111))
+biafa(wo(t — 112)) + 11,

Bo(t) = —cowa(t) + az1 fi(z1(1))
+aga fo(x2(t)) + b1 fr(21(t — 721))
+baa fa(w2(t — T22)) + I2, (1)

—~ o~

where ¢1 > 0, ca > 0; a;; and b;; (i,j = 1,2) are
connection weights from neuron j to neuron i; f
and fy are activation functions; 0 < 7; < 7 =

1£na)é2{sup{nj}} are time delays; I; and I, represent
<65 <

external inputs.

It is well known that activation functions play an
important role in the dynamical analysis of recurrent
neural networks. The existence and stability of equi-
libria for RNNs depend mainly on the characteristics

of activation functions. In this paper, we shall con-
sider the following general piecewise linear activation
functions of 2r (r > 1) corner points:

m;7 é- € (_Oo7p]1)7
2 1
m4 —m;
q{ pf E—p))+mj, E€lphqll,
i P
m3, €€ (q,p3),
3 2
m? —m
—5—— & =p)+mi,  Eepl.ql,
i) =3 @ —r; ! ! T2
r+1
u(&—prmr £ €[}, 4]
q;j _p;; J 77 FEEVEE
mit, ¢ € (g, +00),
where {mf} (k=1,2,...,7+1) is an increasing con-
stant series with —oo < m} < m? < < m§+1 <

“+00, pf and qf (k=1,2,...,7;5 = 1,2) are constants
satisfying —oo < p; < qj <p; <¢; <---<pj <qj <
+o00. The typical configuration of activation function
(2) is shown in Fig. 1.

By using piecewise linear activation functions
with a few corner points, we can design neural net-
works with an arbitrary number of stable equilibria,
which really enlarge the storage capacity of associative

memories.

Pt @ p? & Pt gty 4 €
Fig. 1. Typical configuration of activation function (2).

Let C([—7,0],R?) be the Banach space of func-
tions mapping [—7, 0] into R?. The initial condition of
system (1) is assumed to be ¢(0) = (¢1(0), p2(0))T,
where ¢(0) € C([—7,0],R?). Assuming that

Gi(§) = —ci + (aii + bii) fi(§)
+ I?.lif{(aij +big)mj, (ag; + big)m; Yy + 1,

Hi(§) = —ci§ + (@i + bii) fi(§)
+ rjIl;ILl{(a,J + bij)m}, (ai]‘ + bij)m§+1} + I;,
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where 4,7 = 1,2, we have H;(§) < G;(§).
list two conditions needed throughout this paper.
Condition 1

Next, we

k41 k
) m; T —m;
—c¢;+ min {(Cm + bu‘)lkkl} >0,
ke{1,2,...,r} q; — D;
1=1,2.

Condition 2

G;(pF) <0, Hi(¢F) >0,
i=1,2, k=1,2,...,n

If ¢ < plorgh<¢ <prr1 (k=1,2,...,7m—1)
or £ > ¢ (1 = 1,2), then f;(¢) is differential and
fz(ﬁ) = 0. We obtain that Gz(f) = —¢; < 0 and
Hi(¢) = —¢; < 0, and G4(€) and H,(€) decrease. If
pF < &< b (k=1,2,...,r; i = 1,2), then f;(¢) is
differential and f;(€) = (mF ™ —mb)/(¢F — pF). We
derive from Condition 1 that

) Rl ok
Gi(§) = —ci+ (@i + bi)) —5———
q; —P;
k+1 k
. m; —-my
> —c;+ min {(an+bn)W}
ke{1,2,...,r} q4; — D

> 0.

Similarly, we have Hl(ﬁ) > 0. Therefore, G;(¢) and
H,; (&) increase. Based on Conditions 1 and 2 as well as
the above discussion, G;(¢) and H;(&) can be drawn
in Fig. 2.

H(& \ot /) Hi©) N\pri
' a o . a;
13

Fig. 2. Graphs for G;(§) and H;(&).

Assuming that

(—00,p;) = (—00,pi)" x [pi,qi)® x (gi,p})° x
x [pf,q71% x (qf ,+00)°,

[pi,al] = (—00,p})° x [pi,qi]" x (q},p])° %
x [pf, 471" % (¢f, +00)°,

(¢i,p7) = (=00, p)° x [pi,qi1° x (a7, p})" x
x [0}, 4f1% x (gf , +00)°,

(95, q7) = (=00, ;)" x [pi,q;1° x (¢7,p})° x
x [0}, qf]" x (gf,+00)°,

(g7 +00) = (—o0,p;)" x [y, 4i1° x (g7, p7)° x
x [0}, 471% x (gf,+00)",

we divide R? into (2r + 1)? regions
= ) @) ®)
® 2 { T[ooh™ x a1 x (el x -

(2r) (2r41)
< [pf, a1 x (qf ,+00)% }

where (5§1), 5§2), ey 6§2T+1)) (1,0,...,0) or
(0,1,...,0) or --- or (0,0,...,1).
Define
2 & @)
a1 = { TLocn ol s (ol st o
i=1
T T T <T+1)
x [p}, q{1° x (qf ,+00)" }7
where ((551) 52(2), e 5§T+1)) (1,0,...,0) or

(0,1,...,0) or --- or (0,0,...,1),

2

(1)

&, — {H<—oo,p;>0 < 1M g% X (ghp2)0 x - -
1=1

(r)
<01 x (q:,+oo>0},

where
(0,1,...

(60,83, 8) (1,0,...,0) or

,0) or --+ or (0,0,...,1),
B, = (B, — B,).

It can be seen that @, is composed of (r +1)? regions,
&, is composed of 72 regions, and P53 is composed of
(2r +1)2 — (r + 1) — r2 regions.

Lemma 1 Let f be a continuous real function
in the interval [a,b]. If f(a) < f(b) and c is a real
number such that f(a) < ¢ < f(b), then there exists
a point € (a,b) such that f(x) = c.

3. Main results

In this section, we will investigate the existence
and stability of equilibria for system (1) with activa-
tion function (2). Moreover, we will establish attrac-
tive basins of stable equilibria.

Theorem 1 Under Conditions 1 and 2, the fol-
lowing propositions are true:

i) There exist (2r + 1) equilibria for system (1)
with activation function (2), which are located in each
subset of &.

ii) For any subset §2 of &4, §2 is positive invariant.

iii) For any subset = of @1, the equilibrium point
in = is exponentially stable.
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iv) For any subset © of @3, the equilibrium point
in @ is unstable.

Proof a) The stationary equation of system (1)
is expressed as follows:

— ¢z + (ai + byg) fi(zi)
+ (@i + bij) fi(x;) + I; =0,
i#j, i,7=12. (3)

For any given x = (1, 22,...,7,)’ € @, we define

Fi(§) = —ci€ + (aii + bii) fi(§)
+(ag; +bij)fi(xy) + Ly i#§, i,5=1,2.

From the definitions of F;(-), G;(-), and H;(-), it is
easy to see that

—00) > H;(—00) > 0,
Gi(pf) <0,
Hi(qf) >0,

(2

wherei =1,2, k =1,2,...,r. According to Lemma 1,
the function F;(¢) = 0 has 2r +1 solutions in R. They
are in (—oo,p}), (pF,qF), and (¢7, +00), respectively.
Therefore, the stationary equation (3) has (2r + 1)2
equilibria in R2. They are located in every subset of
P.

Proof b) Suppose that £ is a subset of P;.
For any initial condition ¢(6) = (¢1(0), #2(0))T € £2,
we claim that the solution x(t) will stay in §2 for
all ¢ > 0. If this is not true, then there exists a tg
larger than 0 such that x(tg) escapes from 2. That is,
there exist ig € {1,2} and ko € {1,2,...,r} such that
x4 (t) = pfg’, Eio (o) > 0 or m;, (to) = qfoo, &4, (to) < 0.
For the first case, we derive from system (1) that

T (to) = —CigZio(to) + (@igiy + bigio) fio (Tio (t0))
+ (@io; + bigs) [ (x5 (to)) + Lig
= *Ciopfoo (to) + (@igio + bigio) fio (pfoo)
+ (@ioj + bigs) fi (x5 (to)) + Lig
< *Ciopﬁf (to) + (@igio + bigio) fio (pf(?)

+ max{(aiy; + biys)mj, (aig; + bigy)mj} + I,

= G (P}

<0, (4)

where j # ig. This yields a contradiction to @;,(to) >
0. Similarly, the second case is either not true. There-
fore, x(t) will stay in §2 for all ¢ > 0. That is, §2 is
positively invariant.

Proof ¢) Suppose =
x* = (zf,25)" is the equilibrium point in Z. Let

zi(t) = z;(t)—xF (i = 1,2). From Eq. (2), when x(t) €

n

g, ij(xj(t)) is a constant, i.e., ij(xj(t)) =
j=1 j=1

is any subset of &;.

*

NIE

fi(z}). Therefore, when x(t), (t — 7), and =* €
1

5

, system (1) can be rewritten as

251 (t) = —C1%1 (t), 2"2(1,‘) = —CQZQ(t), (5)

which indicates that * € = is exponentially stable.
Proof d) Suppose © is a subset of #3. x* =

(x%,23)T is the equilibrium point in @. The linear

equation of system (1) at the equilibrium point = «*

reads

iy (t) = —crua () + axy fr (@] un (t) + ara fo (a5 ua (t)
+ bnf.l(xik)ul(t —T11)
+ b2 fo (@3 )us(t — T12),

ta(t) = —cous(t) + asy f1(w})ur (t) + aga fo (a5 ua(t)
+ o1 fr (27 (t — 721)

+ baa fo (5 Jua(t — 722). (6)
The characteristic equation of Eq. (6) is written as
follows:
A A
- =0, (7)
Az Ay
where

Ay = A= [—c1 + an fi(27) + b fr(a]) exp(=Ar)],
Ay = —[a12f>(x5) + ba fo(w3) exp(—Ar12)],
Ag = —laz fi(27) + bar f1 (27) exp(=A7an)],
Ay = A= [—ca + aga fo(25) + baa fo(a3) exp(—A7a2)].

The eigenvalues are the solutions of the following
equation:

A+ 1 —an fi(@}) — b fi(z) e ™

X [\ + 2 — asa f2(a3) — boo fa(ah) e 7]

— a1 f2(23) + brafa(ah) e 72

X [ag1 f1(xF) + boy f1(xt) e ™A™21] = 0.

Assuming that
AN = N+ —anfi(@]) = biy fi(a}) e ]

X [A+ e — a22f2($§) - b22f2($§) e_’\mz}
— a1z f2(23) + biafa(ah) e T 702]
X a1 fi(x}) 4 o1 fi(x]) e =221,
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we have

A(0) = [er — arn f(@]) — bun fa(a7})]
x [c2 — aga fo(5) — baa fo(a3)]
— la12fa(23) + brafo(x3)]
x [ag1 fi(7) + bar fr(a})].

Since (z7,23)" € © and according to activation func-
tion (2), we have fi(x%) = 0, fo(z3) # 0 or fi(xt) # 0,
fa(x3) = 0. Without loss of generality, we suppose
that fi(z}) # 0 and fo(23) = 0. Then

A(0) = [e1 — ar1 fi(2}) — b fr(a})]ea.

From Condition 1, we know that A(0) < 0. When
A = +o0, we have A(+o00) = +o00. According to
Lemma 1, there exists Ao > 0 such that A(\g) = 0.
In other words, there exists one positive real root of
characteristic equation (7). Thus, * € @ is unstable.

Remark 1 According to Theorem 1, we know
system (1) with activation function (2) has (2r + 1)
equilibria, (r + 1)? of which are exponentially stable,
and (2r + 1)2 — (r + 1)% — r2 of which are unstable.

Remark 2 Based on Lyapunov’s first approx-
imate theory, we have investigated the instability of
(2r + 1)%2 — (r + 1)?2 — r? equilibria for system (1).
Since there have not been results about stability of
(2r +1)% — (r + 1)? equilibria in DRNNs, our results
are latest.

Remark 3 Every subset of &, is an attractive
basin of the corresponding stable equilibrium point of
system (1).

Remark 4 In this paper, the activation function
has 2r corner points. Since r is arbitrary, the num-
ber of equilibria for DRNNs can be infinitely large.
Therefore, in associative memories, the memory ca-
pacity can be as large as you need.

Condition 3

e,
—c; + min Qi — 3 > 0,
ke{1,2,---,r} q; — p;

by >0, i=1,2.

Corollary 1 Under Conditions 2 and 3, the fol-
lowing propositions are true.

i) There are (2r + 1)? equilibria for system (1)
with activation function (2), which are located in each
subset of .

ii) For any subset §2 of &1, §2 is a positive invari-
ant.

iii) For any subset = of @1, the equilibrium point
in = is exponentially stable.

iv) For any subset © of @3, the equilibrium point
in @ is unstable.

The proof is similar to Theorem 1.

Remark 5 Compared with Conditions 1 and 3,
Condition 1 in Theorem 1 is less conservative.

According to Corollary 1, for any subset = C @1,
there exists one stable equilibrium point in =. The
The in-
tersection between adjacent regions of = and {23 are
denoted as @1, @y, @3, and @,, and the equilibria

are denoted as @1, @2, 3, and x®+, respectively.

—

equilibrium point in = is denoted as x=.

They are unstable equilibria. Relationships between
ZE, 6, Oy, O3, and @4 are shown in Fig. 3.

6,

]

@1 @3

O,

Fig. 3. Schematic plot of two-dimensional space.

Next we will present that the attractive basin of
stable equilibrium point £= can be enlarged into a
larger region than invariant set =. We can obtain the
following result.

Theorem 2 Under Conditions 2 and 3, the at-

tractive basin of stable equilibrium point = is

EU@ N{z:x>29)U(OyN{x: 20 < 2?))
U@sN{x:z, <22 U(O@sn{x:zy > 294}).

Proof According to Corollary 1, we know = is a
partial attractive basin of equilibrium point 2= . Next,
we will show that @1 N{x : 1 > a:?l}, O;n{x: 35 <
292}, @3N {x:z; <292}, and Oy N {x : 2y > 294}
are also attractive basins of equilibrium point =.
Without lose of generality, we only discuss the con-
vergence of states in @, N{x : 21 > 221}, Let x(t) be
any state with initial condition x(0) € @1 (6 € [—7,0])
with 21 (0) > 2. Let

yi(t) = zi(t) — a2,

070701-5
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then

11 (t) = —ary(t) + an[fi(z(t )) fr(@Ph)]
+ax[fa(22(t) — fo(xP)]
+bu[fi(za(t = 711)) — fr(aP)]
+bia[fo(za(t — T12)) — fo(z$)], (8)
Ga(t) = —caya(t) + am[f1(z1(t)) — fr(aP)]

+az[fa(z2(t) — fo(ad)]
+bo1[f1(z1(t — 721)) — fr(2D)]
+bao[fa(ma(t — T22)) — fa(aPh)]. (9)

Using the similar proof of Proposition ii) in Theorem
1, we know that xz5(t) will not escape from the upper
and lower boundaries of @,. According to activation
function (2), we have fa(z2(t)) = fo(aa(t — 112)) =
Ja(xo(t — 722)) = f2(73§91)~
and (9) can be rewritten as follows:
§1(t) = —ciyi (t) + anlfi(@1(1) — f1(@P)]
+oulfi(zi(t— ) = @], (10)
Ja(t) = —caya(t) + am[fr(w1 (1) — fr(aP))]
+oo[fr(i(t = =21)) = fi(=PV)]. (1)
We assume that 2 (t) will not pass through z; = 221,
If it is not true, then ty > 0 so that z;(t) > =2 for
—7 <t < tg, x1(ty) = x?l, and #1(tgp) < 0. In other
words, y1(t) > 0 for —7 < t < tg, y1(to) = 0, and
71 (to) < 0. However, we derive from Eq. (10) that

91 (to) = —c1ya(to) + an[fi(z1(to)) — fi(zD)]
+bulfi(z1(to — 1)) — fr(z2)]
= bulfi(z1(to — 1)) — fr(zP)]

> 0.

Therefore, equations (8)

This yields a contradiction to g (to) < 0. Therefore,
x1(t) will not pass through z; = 22, and y;(t) > 0
for t > —7. We derive from Condition 3 and Eq. (10)
that

k+1 k
. m -m
(1) = —cryn(t) + ann ————v1 (t)
a — P
k+1 k
-m
+b11 By 1y1(t—7'11)
1 1
> 0,

where k € {1,2,...,
There exists ¢ such that z1(¢1) will pass through the
left boundary of =. Hence, (x1(0), z2(0)) will be at-
tracted to =

r}, implying that z1(¢) increases.

. Other cases can be analyzed similarly.
Thus, the attractive basin of = is

EU@ n{z:z >22})U
U@z nN{x: m1<ac1 SHU

(ON{x: x2<:v2 21)
(Osn{x: a:2>1:2 1.

The proof ends here.
Remark 6 In Ref. [20
existence of multiple stable equilibria for DRNNs. At-

|, Zeng et al. derived the

tractive basins of stable equilibria located in some in-
variant sets derived by decomposing state space. In
this paper, we have established larger attractive basins
than the invariant sets. Therefore, our results are less
conservative.

Remark 7 Although there have been some pa-
pers published on the instability analysis problems
and attractive basins of equilibria for neural networks
(e.g., Ref. [21]), the results were based on neural net-
works without delay. To the best of our knowledge,
there are no results concerning instability and attrac-
tive basins of stable equilibria for delayed neural net-
works. Hence, the results in this paper are still new.

4. Numerical example

In this section, we shall provide one example to
illustrate the effectiveness of our results.

Let us consider the following delayed neural net-
work model

21(t) = —a1(t) +0.7f1(z1(2))
0.5 f5(wa(t)) + 0.5f1 (21 (t — 0.1))
- 051f2($2(t — 01)) + 01,

Ea(t) = —w2(t) — 0.62f1(x1(t))

+0.6f2(z2(t)) + 0.6 f1(z1(t — 0.1))
+0.7f3(z2(t — 0.1)) — 0.1, (12)
where

-6, € (—o0,-5),

26 + 4, f € [-5, —3]

-2, e (-3,-1),

f1(&) = f2(§) = F(§) = § 2¢, e[-1,1, (13)

2, € (1,3),

26 — 4, 56 3,51,

6, € (5,400).

We can check that Conditions 1, 2, and 3 hold. Ac-
cording to Theorem 1, system (12) has 49 equilibria,
16 of which are exponentially stable, and 24 of which
are unstable. Simulation results are shown in Figs. 4,
5, and 6. Based on Theorem 2, larger attractive basins
of exponentially stable equilibria are established as fol-
lows:
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D1:{x; < =5,z > 5} U{-5 < 7 < —3.4571, tion with 150 initial states is drawn in Fig. 7.
22 > 5} U{x1 < —5,3.2375 < 29 < 5};

D2:{z; <-5,1<mz <3}U{x; < -5,3< 22 < 8
32375} U {—5 < z; < —3.4857,1 < a5 < 3} U {z1 <
—5,-0.0125 < 25 < 1};

D3:{z;1 <—-5,-3<zy < —-1}U{z1 < —5,-1
@y < —0.0125} U{—5 < 21 < —3.5143, -3 < a5 <
1} U {21 < —5,—3.2625 < 25 < —3};

D4:{x; < =5, < =5} U{x; < =5,-5 <9 <
32625} U {5 < 21 < —3.5420, 25 < —51: 4

IN

T2
o

2N

D5:{-3<x; <-1,29 >5}U{-3457T1 <1 <
—3,22 > 5} U{-1 <z < —0.0286,22 > 5} U{-3 < s ‘ .
rp < —1,3.2875 < 25 < 5}; -8 -4 9?1 4 8
D6:{-3<z<-11<z2<3}U{-3<z1<
—1,3 < a9 < 32875} U{—3.4857 < 27 < -3,1 <
2o <3}U{-1 <21 <-0.0571,1 <z <3}U{-3< Fig. 4. Illustration for the dynamics of system (12).
21 < —1,0.0375 < x5 < 1}
D7:{-3<z <-1,-3<x2 < —-1}U{-3< g ' ' '
xp < —1,—-1 < 29 < 0.0375} U {—3.5143 < z; <
—3,-3 < @y < —1}U{-1 < z; < —0.0857,-3 < Z
e < —1}U{-3 <1 < —1,-3.2125 < zo < —3}; 4t
D8:{-3<mzm < -lzea < -5}U{-3< 1 < %
—1,-5 <1y < —3.2125} U{—3.5429 < z; < —3, 5 < .
—5}U{—1 < a1 < —0.1143, 25 < —5}; &
D9 : {1l <2y < 3,25 >5U{-0.028 < 7, < e
Lyzg > 5} U{3 < 21 < 34,20 >5}U{l <21 < —4t
3,3.3375 < x5 < 5}; §
D10 : {1 <z <3,1 <2 <3}U{l <1 < s ) ) ) ) ) ) )
3,3 < @9 < 33375} U {00571 < z; < 1,1 < 3 < 0 10 2tO 30 40
3JU{3 <2 <3374,1 < 20 < 3}U{l <21 <
3,0.0875 < @y < 1};
Di1: {1 <z <3, -3 < < _1} U {1 <z1 < Fig. 5. Temporal evolution of 1 of system (12).
3,—3 <25 <0.0875}U{—0.0857 < 1 < 1,-3 < x5 <
—1JU{-3<®1 <33429, -3 <z < —1}U{l <21 <
3,-3.1625 < 25 < —3}; 8
Di2:{l <z <3,z0 < -5}U{l <z <3,-5< % 1
Ty < —3.1625}U{—0.1143 < z; < 1,25 < =5} U{3 < Al
1 < 3.3143, 20 < —5}; 7
D13 : {z1 > 5,20 > 5} U {34 < z1 < 5,29 > .
5}U{z1 > 5,3.3875 < 25 < 5}; <0
D14 : {z; > 5,1 <z <3}U{z; > 53 <1y < ——
3.3875} U {3.3714 < 21 < 5,1 < 29 < 3} U {z1 > =
5,0.1375 < @y < 1}; §
D15: {z; >5,-3<z3 < -1} U{z1 >5,-1< _8 -
0 10 20 30 40

xo < 0.1375} U {3.3429 < z; < 5,-3 < zp < ;
—1}U{x; > 5,-3.1125 < x5 < —3};
D16 : {z1 > 5,20 < =5} U{x1 > 5,-5 < 22 <
—3.1125} U {3.3143 < 21 < 5,29 < —5}. The illustra- Fig. 6. Temporal evolution of z2 of system (12).
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Fig. 7. Illustration for the dynamics of system (12).

5. Conclusion

Multiple stability of two-dimensional DRNNs
with piecewise linear activation functions with 2r (r >
1) corner points has been studied in this paper. Suffi-
cient conditions have been derived for checking the ex-
istence of (2r+1)? equilibria. Under these conditions,
(r+1)? equilibria are locally exponentially stable, and
(2r+1)2—(r+1)%2 =72 equilibria are unstable. Attrac-
tive basins of stable equilibria have been estimated,
which are larger than the invariant sets derived by de-
composing the state space. Several extensions, such
as studying stability of equilibria in @, for DRNNs
(1), establishing complete attractive basins of stable
equilibria, and generalizing the results in this paper to
n-dimensional DRNNs with piecewise linear activation
functions, would be worthy of increasing efforts.
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