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By introducing a flow difference effect, a modified lattice two-lane traffic flow model is proposed, which is proved

to be capable of improving the stability of traffic flow. Both the linear stability condition and the kink-—antikink

solution derived from the modified Korteweg—de Vries (mKdV) equation are analyzed. Numerical simulations verify the

theoretical analysis. Furthermore, the evolution laws under different disturbances in the metastable region are studied.
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1. Introduction

Traffic congestion has become a serious problem
in modern society. For this reason, associative issues
have attracted much attention for several decades. In
order to explore the underlying mechanisms of jam
formation, various traffic models! =% such as the cel-
lular automata model,the car-following model, the gas
kinetic model (mesoscopic), and the hydrodynamic
model, have been proposed. The jamming transitions
between the free flow and jam flow have been observed
in these models. Recently, nonlinear analysis has been
widely employed to investigate traffic jams. Kurtze
and Hong!*"! derived the Korteweg-de Vries (KdV)
equation from the macroscopic hydrodynamic model,
and the traffic jam can be identified with a soliton so-
lution of the KAV equation. Komatsu and Sasal'!l ob-
tained the modified Korteweg—de Vries (mKdV) equa-
tion which describes traffic flow as a kink density wave
with the car-following model. Taking into account the
effect of acceleration delay, Nagatani and Nakanishil*?
presented an extended model and the corresponding
KdV equation.

In 1998, Nagatani'® proposed a hydrodynami-
cal model with lattice version and derived the mKdV

equation near the critical point. Subsequently, the

lattice hydrodynamic model,

modified Korteweg—de

DOI: 10.1088/1674-1056/21/7/070507

model was widely referred to and extended, that is,
revised single-lane cases, pedestrian, and so on.!'4~22]

However, single-lane models are not completely
consistent with reality due to the fact that a substan-
tial proportion of the road network in most places of
the world is made up of two-lane highways.[23] There-
fore, two-lane traffic models will be more reasonable.
In 1999, Nagatani®¥ extended the single-lane model
to the two-lane one. The stability of traffic flow af-
fected by the lane change was investigated in detail.
Considering the lateral effects, Tang et al.[?’] analyzed
the stability of a two-lane car-following model. Huang
et al.l?®! studied the dynamic behaviors of a contin-
uum traffic model for a two-lane highway. Various
traffic phenomena (e.g., small disturbance instability,
stop-and-go waves, local clusters, and phase transi-
tion) were investigated with these models.

Under an advanced traveler information system
(ATIS) environment, vehicle information, such as ve-
locity, position, and flow, for the drivers themselves as
well as the others, is available. Nevertheless, the exist-
ing studies only factor either the velocity or the posi-
tion into models. Flow information may be very com-
prehensive since it contains both the position (den-
sity) and velocity information indirectly, and so little
analytical work for the two-lane traffic flow has been
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implemented up to now.

In this paper, we present a new lattice model con-
sidering the flow difference effect (FDE) for a two-lane
highway. The linear stability and nonlinear analysis
method are employed to investigate some characteris-
tics of the new model. In addition, the evolution laws
under different disturbances in the metastable region
in low- and high-density conditions are also performed.

This paper is organized as follows. The origi-
nal model and the new model are given in Section 2.
Section 3 provides a linear stability analysis. Apply-
ing the reductive perturbation method, we obtain the
mKdV equation around the critical point in Section
4. In Section 5, numerical simulations will be carried
out. Finally in Section 6, a conclusion is drawn.

2. Model

2.1. Origin model

The origin two-lane lattice hydrodynamical traf-
fic model is exhibited in Fig. 1. When the density at
site 7 — 1 on the lane 2 is higher than that at site j on
the lane 1, the change from lane 2 to lane 1 will occur
at the following rate: |pV'(po)|(p2,j—1(t) — p1,;(t)),
where v is a fixed dimensionless coefficient, constant
|02V’ (po)| is introduced to ensure that it is dimension-
less. Accordingly, if the density at site 7 on the lane
1 is higher than that at site 7 + 1 on the lane 2, the
change from lane 1 to lane 2 will occur at the following

rate 7[5V’ (po)l(p1,5(t) — p2.j+1(t)).

Jj—1 J Jj+1
lane 1 O O O @)
lane 2 O O
Jj—1 J J+1
Fig. 1. Schematic model of traffic flow on a two-lane
highway.

The two-lane lattice hydrodynamic traffic model

(24]

is formulated as follows. The continuity equation

for lane 1 is

Otp1,5(t) + po(p1,;(t)v1(t) — prj—1(t)v1j-1(t))
= o5V (p0)(p2,541(t) = 2p1,5(t) + p2,5-1(t)). (1)

The continuity equation for lane 2 is

Opa,;(t) + po(p2,;(t)va,j(t) — paj—1(t)vaj-1(t))
= o5V (p0)(p1,541(t) = 2p2,5(t) + p1,5-1(t)), (2)

where pg is the average density, and p and v denote
the local density and the local velocity, respectively.
Symbol ¢ indicates the time index. As for the binary
subscript (¢,7) (4,7 = 1,2), the former expresses the
lane label and the latter represents the site on the
two-lane highway. The V(-) is the optimal velocity
function that decreases monotonically, bounds upper
and inflects the point at p = p. when py = p.. For
simplicity, ¢ will be neglected hereafter.

Accordingly, Nagatanil?¥ developed a lattice ver-
sion of the continuum model for the two-lane highway
is described by continuity Eq. (3) obtained by adding
Eq. (1) to Eq. (2) and the following equation:

Owp; + po(pjvj — pj—1vi-1)
= 71o5V" (po)|(pj1 — 205 + pj-1), (3)
di(pjvj) = apoVe(pjs1) — apjv;, (4)
where
pi = (p1j + p2,4)/2,
Piv; = (p15v1,5 + p2,502,5)/2,
Ve(pj) = (V(pr) + V(pz2,5))/2.

2.2. The modified model

In this section, we will introduce a new lattice
hydrodynamic model for the two-lane highway. Com-
pared with Nagatani’s model,?¥ the modified model
takes the FDE between a lattice and its predecessor
into account, leading to a novel evolution equation be-
low.

9e(pjvj) = apoVe(pjt1) — ap;v;

+ Apjt1v541 — pivs), (5)
where A is the react coefficient of flow difference be-
tween the leading and following lattice, the other vari-
ables mean the same as those in Egs. (3) and (4).

Eliminating velocity v in Egs. (3) and (5), we ac-
quire the following density equation:
92pj + apy(Ve(pjr) — Velpy))
—may|pgV' (po)l(pj 41 — 2p;
+pj—1) + adip; + MgV (po)]
X (pjr2 — 3pjt1 +3p; — pj—1)
~A@epjr — 9pj) =105V (po)
X (Oepjp1 —201p; + Opj—1) = 0. (6)

The optimal velocity function?¥ adopted here is

Vv =tanh | — — -5 — — +tanh [ — ]. (7
2 (Po pg pe Pe @)

For the convenience of analysis, we will simplify V,(p)
as V(p) hereafter.
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3. Linear stability analysis

We apply the linear stability analysis method to
investigate the influence of relative FDE in the two-
lane lattice hydrodynamic model. Assuming the ini-
tial steady state (i.e., uniform traffic flow with a con-
stant density pp and optimal velocity V(pg)), the
steady-state solution can be written as
V(po). (8)

pi(t) = po, v;(t) =

Let y;(t) be a small deviation from the steady-state

density: p;(t) = po+y;(t), and y;(t) = exp( ikj + 2t).
Then, we obtain

V(pj) = V(po) + V'(po)y; (1),

V(pj+1) = Vipo) + V' (po)yj+1(t), (9)
yj-1(t) = y;(t)exp(—ik),

Yj+1(t) = y;(t)exp(ik), (10)

Orpj = zy;(t), (11)
Op; =2y;(t), (12

Opj—1 = zyj—1(t),
Oipjv1 = 2yja(t),
where

_ dV(p)

V/(PO) dp |p:po'

Substituting Eqgs. (9)—(12) into Eq. (6), we have

22+ apgV' (po) (et = 1)
— a0V (po)l(e™ + e —2) + az

+ MgV ( 0)] (€ — 3e1’“+3 e ) = Az(e' — 1)
— 1RV (po)|=(e™* + 7 —2) = 0. (13)

Let z = iu and substituting it into Eq. (13), setting
both the real part and imaginary part of Eq. (13) zero,
we obtain

—u? +apiV'(po)(cosk — 1)
—2a7|p§V" (po)|(cos k — 1)
+ M2V (po)|(cos 2k — 4 cosk + 3)

+ Ausink = 0, (14)
apiV'(po) + au + My|paV' (po)|(sin 2k — 2sin k)
—Au(cosk — 1) — 2uy|paV’(po)|(cos k — 1) = 0. (15)

It can be further derived from Eq. (15) that

1PV (po)|[2M\y(cos k — 1) — a] sink

U= T RV () Aok 1 ta (09

Substituting Eq. (16) into Eq. (14) and assuming
k — 0, we obtain the stability condition

28V 2

- . 17
142y 1+ 2y (17)

When A = 0, equation (17) is reduced to the stability

condition of Nagatani’s model[23]

205V (po)
—_ 1
7T T2y (18)
If v = 0, equation (17) is reduced to the stability con-

dition of single lane model

a> —2p2V"(po) — 2. (19)

Comparing Eq. (17) with Egs. (18) and (19), we find
that both the lane change and FDE can improve the
traffic flow stability with increasing v and .

4. Nonlinear stability analysis

Using the reduced perturbation method, we ob-
tain the mKdV equation to describe the traffic jam
around the critical point. First, we introduce slow
scales for the space variable j and time variable ¢, and
define the slow variables X and T for 0 < ¢ < 1 as

follows:

X =e(j+0bt), T==e, (20)

where b is a constant to be determined. We define the
density p;(t) as

ps(t) = pe + eR(X,T). (21)

By expanding Eq. (6) to the fifth order of ¢ with
respect to the slow variables X and T, we obtain the
following nonlinear equation:

e2lapzV'(pe) + ablox R

[bl’ %ﬂap\/() bx}aﬁ

ap?V'(pe bA
+64{ [[)G(p) =MV (pe) = 5

apzV'" (pe)
6
apV' (pe)
24

A2V (pe b

+bp: V'(pc)] 0% R+ OxR® + a@TR}

55{(% — \)ordxR + [

ach (pe)
12 2
2\
+ apc‘/va (pC)ag(RB} =0

(22)

Near the critical point, we have a. = a(1+¢2). Assum-
ing b = —p2V’(p.) and eliminating the second-order
and third-order terms of Eq. (21), we obtain

e*0rR — g10% R + g20x R’

+e%[g30% R+ ga0x R+ gsOx R*] =0, (23)
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where
2171 217!
o= _pV'(pe) [1 _6Ay  3A GV (pc)}
6 arc ac a’C
2v/// _ 2v/
g2 _ pC (pC)7 g3 — pC (pC) (1+27)’
6 2
21/
pV' (p
g1 = LD ) 1)
VA Vi
y [1 _ G AtV (pc)}
ac  ac ac
2vl
+pCTip°)(ac + 2007 — 1207 + 4N),
2v/// R 4vl 3 VIII R
P (pe) , PV (p)V" ()

12 3a.

When 7" = ¢1T and R = +/g1/g2R’, the corre-
sponding standard mKdV equation for Eq. (23) can
be deduced as

O R — %R +0xR®+eM[R| =0, (24)
where
1
MR = - (ggaiR’ + ERORRY g46§<R’).
1 2

Ignoring the O(e) term in Eq. (24), we obtain the
mKdV equation with the kink—-antikink solution

R\(X,T) = \/Etanh[\/g (X —cT’)).  (25)

When R'(X,T") = Ry(X,T') + eR{(X,T"), in order
to determine the selected value of the propagation ve-
locity for the kink—antikink solution, it is necessary to
satisfy the following condition:

—+oo

(R), M[R}]) = / AXR)M[R)| =0,  (26)

— 00

where M[Rj] = MI[R'].
obtain[?7]

By solving Eq. (26), we

59293
c= ————— 27
29294 — 39195 27

Hence, we derive the kink—antikink solution

(=p2V'(pe) =1, pSV" (pc) = 2)
C C
= et e [ 2 ([0 - e, (29

where €2 = a./a — 1. The amplitude A of the solution

A=, 19—1520. (29)
92

The kink—antikink solution represents the coexist-

1S

ing phase, which includes both freely moving phase

(within low density) and jamming phase (within high
density). The density of the freely moving phase is
given by p = p. — A, and the density of the jamming
phase is given by p = p; + A. Then, the coexisting
curve in the density-sensitivity space is obtained.
Figure 2 shows the coexisting curves and neutral
stability curves in the density-sensitive space without
lane changing (v = 0, see Fig. 2(a)) and with lane
changing (v = 0.1, see Fig. 2(b)). The apex of each
curve indicates the critical point. For each pair of
curves, the space is divided into three regions, i.e.,
the stable region, the metastable region, and the un-
stable region. We can observe that the stable region
in Fig. 2(b) is obviously larger than the corresponding
region in Fig. 2(a), which means that the lane change
can enhance the traffic flow stability. Moreover, Fig-
ure 2 shows that in view of FDE, the critical points,
the coexisting curves, and the neutral stability curves
become lower, which means that the stability of the

uniform traffic flow has been further enhanced.

2.0_(3') A=0 7=0 1
stable
A=0.5

1.5¢

1.0

0.5¢
s 1/ ‘metastabld
P 7 / unstable N
0 yA——i . LN
0.20 0.25 0.30

Mmetastable
N

unstable

0.20 0.25 0.30

Fig. 2. (colour online) Phase diagram of (p,a) plane (a)
without lane change, and (b) with lane change. The solid
curves and dotted lines denote the coexisting curves and neu-
tral stability lines, respectively, for A = 0.0, 0.2, and 0.5.
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5. Numerical simulation

For convenience, we rewrite Eq. (6) in the differ-
ence form

pj(t+27) = 2p;(t +7) — p;(t) + ar’ys
x [pj+1(t) = 2p5(t) + pj-1(t)]
—atp;(t+ 1) — p;(t)]
— 72 Mys(pja(t) — 3pja(t)
+3p;i(t) = pj—1 ()] + TAlpj41(t +7)
—pj+1(t) — pi(t+7) + p;(1)]

+1ys[pj1(t +7) = pjya(t) — 2p(t +7)

+2pj + ijl(t + T) — pjfl(t)]

—ar?p3[V(pj+1(t) = V(p;()],  (30)

where s = p2V’(po). The initial conditions of the
the lattice
number N = 100, and the boundary condition is pe-

numerical simulation are set as follows:

riodical. The density is assumed to be a step function
at the average density.

p;(0) = po =0.25, j € [1,N], (31)
Po 1<j<ng, ng<j<N,
pi(1) =4 po+Ap:  j=ny, (32)
po—Ap:  j=ns,

where n; = 49, ny = 50, and Ap is the initial distur-
bance.

100 go 60 10 " 0
Lattice site

Fig. 3. (colour online) Spatiotemporal evolution of density wave for (a) A = 0, (b) 0.1, (c) 0.2, and (d) 0.5 at t = 10* s

with v = 0.0 and Ap = 0.05.

Firstly, a numerical simulation for verifying the
theoretical result (i.e., the improvement in traffic sta-
bility) is performed. Here, we set a = 0.95, pp = 0.25,
pe = 0.25, Ap = 0.05, and A = 0.0, 0.1, 0.2, and 0.5,
respectively. Figure 3 shows the spatiotemporal evo-
lution of density waves after a sufficiently long time
t = 10* s with v = 0.0. The traffic flow appears un-
stable since the parameters in Fig. 3 do not satisfy
the stability condition (17). Thus, the disturbance
will evolve into congested flow, but the scale of den-
sity waves is weakened as A increases. In Fig. 5 where
the parameters are the same as those in Fig. 3 except
v = 0.1, the initial disturbance is amplified in pat-
terns (a), (b), and (c), but is absorbed quickly. The

traffic flow is uniform across the whole space in pat-
tern (d). These simulation results demonstrate that
both the FDE and the lane changing can stabilize the
traffic flow. In addition, the backward kink—antikink
density waves can be observed clearly with the evo-
lution of time. The amplitude of density waves de-
creases with increasing A. It should be noted that the
smaller the amplitude is, the more stable the traffic
flow becomes. Therefore, based on the analytical and
simulation results, we can conclude that the traffic
jam can be suppressed effectively by taking FDE into
account. Figures 4 and 6 show the density profiles ob-
tained at ¢ = 10* s, which correspond to Figs. 3 and
5, respectively.
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(a) ﬂ (b)
0.3 0.3
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@)
0.2 U 0.2
0.1 * * ’ ’ 0.1
0 20 40 60 80 100 0 20 40 60 80 100
Lattice site Lattice site
0.4 0.4
(e) (d)
0.3 0.3
z B
0 ‘0
: : W
A A
0.2 0.2
0.1 0.1
0 20 40 60 80 100 0 20 40 60 80 100
Lattice site Lattice site
Fig. 4. Density profile for (a) A = 0.2 and (b) 0.5 with v = 0.0 and Ap = 0.05 at t = 10 s.
z z
= =
g g
o) A

80
0 60 40 o9
Lattice site

60 40
Lattice site

Fig. 5. (colour online) Spatiotemporal evolution of density wave for (a) A =0, (b) 0.1, (c) 0.2, and (d) 0.5 with v = 0.1

and Ap = 0.05 at t = 10* s.
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0.4 0.4
(a) (b)

0.3 1 0.3
7 @
g g
A A
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Lattice site Lattice site
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(c) (d)

0.3 0.3
z ey
2 i
%) )
A A

0.2f. 0.2

0.1 0.1

0 20 40 60 80 100 0 20 40 60 80 100
Lattice site Lattice site

Fig. 6. Density profile for (a) A =0, (b) 0.1, (c) 0.2, and (d) 0.5 with v = 0.1 and Ap = 0.05 at t = 10% s.

Secondly, we investigate whether density waves
appear in a metastable region or not when different
disturbances are added to the traffic flow. We select
two points in a metastable region: one lies in low-
density region with pg = 0.2 and a = 0.9; the other
lies in high-density region with pg = 0.3 and a = 0.9.

As is shown in Fig. 7, in a low-density metastable
region, when a disturbance is lower than the criti-
cal value, the small disturbance (Ap < 0.3) will be
absorbed and the traffic flow is uniform. When dis-
turbance is equal to or larger than the critical value
(Ap = 0.3), the soliton density waves appear suddenly
and propagate backward. The shape and amplitude of 0'0 86 66 I
soliton density waves will not change with the growing Lattice ‘é?te 20 0
size of disturbance. Figure 8 shows the density profile :
at t = 10* s, which corresponds to that in Fig. 7.

In the high-density metastable region (shown in
Fig. 9), when the disturbance (Ap) is lower than 0.12,

Density
oL

> o
the disturbance dissolves and the traffic flow is sta- é 8% .
ble in whole space. As is shown in Fig. 7, when the A 014 . : -
100 go 60 10 0

disturbance reaches a critical value (Ap = 0.13), kink Late: 20
attice site

density waves arise and the traffic flow becomes un-
stable. In addition, the kink density waves propagate

backward and its shape will not change with the dis- Fig. 7. (colour online) Spatiotemporal evolution of den-

. . . sity wave for (a) Ap = 0.02, (b) 0.03, and (c) 0.1 in a
turbance. Figure 10 is the profile of Fig. 9. low-density metastable region with pg = 0.2 at t = 10% s.
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Density

0 20 40 60 80 100
Lattice site

Fig. 8. Density profile for (a) Ap = 0.02, (b) 0.03, and
(c) 0.1 in a low-density metastable region with pg = 0.2
at t = 10% s.
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Fig. 9. (colour online) Spatiotemporal evolution of den-
sity wave for (a) Ap = 0.12, (b) 0.13, and (c) 0.2 in a
high-density metastable region with pg = 0.3 at t = 10% s.
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Fig. 10. Density profile for (a) Ap = 0.12, (b) 0.13, and
(¢) 0.2 in a high-density metastable region with po = 0.3

at t = 10% s.

The simulation of different disturbances in a
metastable region conforms with the general theory of
metastable systems, i.e., a small disturbance decays
over time. When a disturbance surpasses a critical
value, the disturbance will evolve into unstable traffic

state.

6. Conclusion

In this paper, a new two-lane lattice traffic model
taking the FDE into account is proposed. With linear
and nonlinear analysis methods, the traffic behaviors
are investigated analytically. Theoretical results show
that the FDE can improve the stability of traffic flow,
which are also reproduced by the numerical simula-
tion.

Furthermore, investigation of the evolution laws
under different disturbances in the metastable region
shows that the soliton density wave occurs at low den-
sity, while the kink density wave arises at high density.
It coincides with the evolution law of metastable traf-

fic flow.
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