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A new two-dimensional lattice hydrodynamic model considering the turning capability of cars is proposed. Based

on this model, the stability condition for this new model is obtained by using linear stability analysis. Near the critical

point, the modified KdV equation is deduced by using the nonlinear theory. The results of numerical simulation indicate

that the critical point ac increases with the increase of the fraction p of northbound cars which continue to move along

the positive y direction for ¢ = 0.3, but decreases with the increase of p for ¢ = 0.7. The results also indicate that the

cars moving along only one direction (eastbound or northbound) are most stable.
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1. Introduction

Traffic problems, especially traffic jams, are seri-
ous problems in modern society. To understand the
dynamics of traffic flow and to investigate the proper-
ties of traffic jams, many traffic models!' 3! have been
proposed by many scholars.

Previous studies indicate that traffic jams oc-
cur and propagate like density waves. Kerner and
Konhéuser!¥ discovered the single-pulse density wave
based on a hydrodynamic model. The single-pulse
density wave was proved to be a soliton by Kurtze and
Hong.l”! The modified KAV (mKdv) equation, which
is used to describe the kink density wave, was de-
rived by Komatsu and Sasal from the optimal veloc-
ity model. Muramatsu and Nagatanil” further proved
that the solitonary density wave appears only near the

neutral stability line. i(8:9]

Nagatan proposed a lat-
tice hydrodynamic model, and obtained the mKdV
equation from that model in terms of the nonlinear
theory. He also generalized the one-dimensional lat-
tice hydrodynamic model to two dimensions,'? two-
lane traffic flow,['') and a high-dimensional model.[*?]
From then on, many extended lattice hydrodynamic
models!'3~22] have been proposed to investigate the

vehicular traffic. Tian,?3 Xue,?4 Wen,[?®! and their
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coauthors extended the two-dimensional lattice hydro-
dynamics model to study pedestrian flow.

As we know, in realistic traffic, a driver or a
walker is likely to change his or her direction to an-
other stochastically independent of other vehicles or
other walkers. A driver’s or a walker’s path from origi-
nation to destination is not always a straight line. The
driver or walker is likely to save time by turning and
taking shortcuts. Cuesta et al.l?’l and Nagatanil?7-2%]
have taken the turning capability of cars into account
to study traffic in the Biham-Middleton-Levine model.

In this paper, a new two-dimensional lattice hy-
drodynamic model considering the turning capability
of cars is proposed in Section 2. The linear stability
analysis is carried out in Section 3 and the nonlin-
ear analysis is conducted in Section 4. In Section 5,
computer simulation is performed to explore the char-
acteristics of the two-dimensional traffic flow. The last
section provides a conclusion.

2. Model

According to the idea thought of by Cuesta et

27,28]

al.?% and Nagatani,! and based on the two-

dimensional lattice hydrodynamic model proposed by
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[10] we construct a new model in which the

Nagatani,
role of turning is considered. The model is described

by means of the following differential-difference equa-

tions:
0P 1 + P20 Fjm — Fj—1.m] = 0, (1)
0P + PyolGim — Gjm—1] =0, (2)
O Fjm = algpzoV (pjt1,m)
( Q)pyOV(pJ m+1)] ijmv (3)
9Gjm = alppyoV (pjm+1)
+ (1 =p)peoV(pjt1,m)] — aGjm,  (4)

where 0; = 9/0t; pj ,,, and pjy-,m are the local density
of eastbound cars (moving along the positive = direc-
tion) and northbound cars (moving along the positive
y direction) on site (j,m) at time ¢, respectively; 1/pz0
and 1/pyo denote the average headway of eastbound
cars and northbound cars, respectively; F} ,, and G
are the local flux of eastbound cars and northbound
cars on site (j,m) at time t; ¢ denotes the fraction
of the eastbound cars which continue to move along
the positive x direction; p denotes the fraction of the
northbound cars which continue to move along the
positive y direction; a(= 1/7) is the sensitivity of a
driver, with 7 being the delay time.

Equations (3) and (4) are the evolution equa-
tions of the local flux of eastbound and northbound
cars, respectively. The local flux Fj ,,(t) of eastbound
cars at time ¢,
qpz0V (pjt1.
and (1—q)pyoV (pjm+1) at site (j, m+1); the local flux
G m(t) of northbound cars at site (j,

is adjusted by the optimal current
m) with a delay time 7 at site (j + 1,m)

m) at time ¢, is
adjusted by the optimal current ppyoV (pjm+1) with
delay time 7 at site (j,m+1) and (1 —p)pzoV (0j+1,m)
at site (j + 1, m).

The optimal velocity function V' (p(7,
10]

m)) is given
as follows:!

V(p(j,m)) = tanh <2 _pdm) 1)

where p. is the critical density, and pg is the total av-
erage density. By eliminating F' and G in Egs. (1) and
(2), we obtain the following density equations:

0705 1 + a0ip5 o+ qapiolV(pjs1m) — V(psm)]

+ (1= q)apzopyolV(pjm+1) = V(pjm)]

=0, (6)
oY + adip’ + papio[V(pjme1) — V(pjm)]

+ (1 =p)apzopyolV (pj+1,m) — V(pjm)]

= 0. (7)

Let pyo = cpo and pyo = (1 — ¢)po, where c is the
fraction of eastbound cars at time ¢ = 0. Then, on
site (7, m) at time ¢, the expression of the local total
density is: pj.m = 7, —i—p;{m. Consequently, the local

total density equation on site (4, 7) reads

07 pjm + a0ipjm + qac® [V (pj+1,m) = V(pjm)]
+ pa(l = o)’p3[V (pjm+1) = V(pjm)]
+ ac(l —c)(1 — )3V (pjms1) —

(pj m)]
+ ac(l = e)(1 = p)pg[V(pj41,m) = V(pjm)]
— 0. (8)

When p = 0 and ¢ = 0, Eq. (8) is the density equation
of the two-dimensional traffic flow.
3. Linear stability analysis

Now we carry out the linear stability analysis on
Eq. (8). = po + Yjm, where y; , is a
small deviation from the steady-state solution. Then,

Suppose pj.m
the linear equation is obtained from Eq. (8) as

O Yjm + adyjm + qac® o3V [Yj11.m — Yjm)

+ pa(l = &) o5V [Yjms1 — Yjuml

+ ac(1 = )1 = Q)paV' [Yjm+1 — Yj—1,m41]

+ ac(1—¢)(1 _p)ngyOV/[Z/j-i-l,m - Z/j+1,m—1]
— 0, )

where V'(po) = [dV/dp][o=p,-
By using the Fourier-mode expansion y; ., (t) =
B explik(j + m) + zt], the above equation becomes

22 + az + qac?piV'(e'* — 1)
+ pa(l = ¢)?p2V'(e'* — 1)
+ ae(l =1 = V(e
+ ac(l —c)(1 —p)paV' (et —1) =0. (10)

Substituting z = 2 (ik) + 22(ik)? + - - - into Eq. (10),
the first- and second-order terms of ik become

72 = =V'[g +p(1 —c)* +c(1—c)(2—p—q)ps, (11)
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A Vi +p( - +c(1-)2-p—qlsf

Z9 = — p D) (12)

\

When zy < 0, the uniformly steady-state flow

becomes unstable for long-wavelengths. The uniform As shown in Fig. 1, the unstable region expands
flow is stable if zo > 0. Thus the neutral stable con- more and more with increasing rate p when ¢ = 0.3,
dition is given by but shrinks more and more with increasing p when
¢=0.7. In Fig. 1(a), ¢ = 0.3 indicates that the num-
a= -2V [qcz +p(1 - 0)2 ber of the eastbound cars is less than that of the north-
+c(1=¢)(2—p—q)ps. (13)  bound cars, initially. If the northbound cars change
their drive directions and move eastwards (p = 0.0),
For small disturbances with long wavelengths, the uni-  {},¢ stability of traffic flow can be enhanced. When
form traffic is unstable if the number of eastbound cars is larger than that of

;o ) northbound ones at the beginning, keeping the north-

a < =2V'[qc" +p(1—¢)
bound cars move northwards (p = 1) can help enhance

2

+e(l=c)2—=p—q)lpp (14)  the stability, as shown in Fig. 1(b). That is to say, if

] the cars on the high-density road change their drive
Figure 1 shows the parameter space (p,a) for

¢ = 0.3 and 0.7 with ¢ = 0.9. The solid lines rep-
resent the neutral stability lines and the dashed lines

direction and move along the low-density road, the
stability of traffic flow can be enhanced.

correspond to the coexisting lines. The apex of each

curve at p = p. and a = a. is a critical point. If 4. Nonlinear analysis

a > ac, the uniform flow is always stable irrespective

of density. From Eq. (13), we find that when ¢ = 0.5, The traffic behaviors of long-wavelength modes
the sensitivity a = —p2V". are investigated by virtue of the long-wave expansion
near the critical point (pc,7.). We define a slow vari-

1.4 = able X (T') in place of space variables j and m (time
a
stable _ variable t) as follows:!’]

X =c(j+m+bt), T=2¢e, (15)

where 0 < € < 1, and b is a constant determined later.

06l We define the density as

unstablg

p=02 pim(t) = pe + e R(X,T). (16)

0%. 4 By expanding Eq. (8) to the fifth order of € by using
P Egs. (15) and (16), one obtain the following nonlinear
partial differential equations:
2vl
ag?(b + fp2V")OxR+ 3(b* + af”; V0% R
2V/ 2V///
° + ac'(OrR + f”g O3 R + prG dx R%)
-+ 55 (2b8T8XR
2V/ 2V///
+ afpc 831(R+afpc ag(-R?):O7 (17)
24 6
0.14 0.18 0.22 0.26 where
p

V' =[dV(p)/dpllp=p., V" =1d*V(p)/dp’]lp=p.

and f = qc®+p(1—c)?+c(1—c)(2—p—q). By defining
b= —fp2V’, the second-order term of ¢ is eliminated

Fig. 1. Phase diagrams in the (p, a) plane for (a) ¢ = 0.3
and (b) ¢ = 0.7, respectively, with ¢ = 0.9. The solid lines
and dashed lines correspond to the neutral stability curves
and the coexisting curves.
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from the above equation. Near the critical point ac,
we have

R (18)

Gc

By inserting Eq. (18
Eq. (17), we obtain

) into the third-order terms in

2vl
b2 +afpc

2
By inserting Eq. (18) into Eq. (17), we obtain

fp2 V/ fp2 V///
6

2
= =2¢, (19)

OrR = dx R?

O3 R—
AL

+8(4(:8§(R— OxR

VA valll
- fpgag(z-?) = 0. (20)

Using the following transformations:

—foV'
6

T/

T,

—fo2V’
f 2V///

R(X,T") = R(X,T'), (21)

we obtain the regularized equation as follows:

orR = 0% R — 0xR?

3 1 /
—e [38%}1%’ + Zagl(R’ - 535(3 3} =0. (22)
It is exactly the mKdV equation if we ignore the O(e)

term in the above equation. The kink-antikink solu-
tion of the mKdV equation is given by

R{(X,T") = \/ptanh \/g(X —pT"), (23)

We take
into account the O(e) correction by assuming that
R(X,T") = R{(X,T")+eRy(X,T"). In order to deter-
mine p for the kink solution, the solvability condition

where p is the propagation velocity.

is necessary to be satisfied
+oo
(R MiRg) = [ AxROMIR =0, (20

where M[R})] = 30%R' + 30%R'/4 — 8% R'3/2. Per-
forming the integration, we obtain the selected veloc-
ity (p = 5) and the solution of the mKdV equation

T).(25)

Replacing variables X and T with original vari-

Foave

_ 2Y// 217/
RX,T) = | 2PV h5(X+5f'°6¢V

ables j, m, and ¢, we obtain the following solution:

“5(2f 2V + a)
pim(t) = pe & \/WVW

5(2fp2V' 4+ a)

tanh
X tan 4fng”/

5a — 2fp2V’
x<j+m+a1§pct>. (26)

5. Simulation

Computer simulations have been carried out for
the two-dimensional lattice hydrodynamic model con-
sidering the turning capability by Eq. (8). The fourth-
order Runge-Kutta method and the periodic bound-
ary are applied. The initial conditions are chosen as
follows:

01, j=L/2,m=L/2,
03, j=L/2—1,m=L/2—1,

Pj.m

0.2, otherwise,

Oipjm = —ap3[V (pj41,m) = V(pjim)]
—p(1 =) o3[V (pjms1) = V(pjm)]
—c(1 = o)1 = @)p3[V(pjm+1) = V(pjm)]
—c(1 =) (1 =p)Ag[V (pjs1m)
—V(pjm); (27)

where the system size L = 140, po = p. = 0.2, and
the time step is 0.12.

The phase diagram of (p,
Fig. 1.
and the neutral stability line (solid line) divide the

a)-space is given in
Obviously, the coexisting line (dashed line)

traffic flow into three regions. The traffic flow at the
region above each neutral stability line is stable, which
means that the jam will not appear. However, the
traffic flow at the region below each neutral stability
line is unstable and the jam emerges. The region be-
tween the neutral stability line and the coexisting line
is meta-stable. The coexisting lines are obtained from
the solution of the mKdV equation (Eq. (27)).

Figure 2 is the evolution of traffic patterns for
q = 0.6 and 0.8. The traffic jam is indicated by gray
color which means that the density is higher than
po = 0.2 in this region. Jams occur within a small
region at the beginning, and then spread to the whole
System.

Figure 3 shows the traffic patterns on the single-
horizontal road at y = 50, and on the single-vertical
road at x = 50. The gray color indicates the traffic
density is higher than py = 0.2. The time evolution
3(a) and 3(c),
and the patterns for ¢ = 0.8 are shown in Figs. 3(b)

patterns for ¢ = 0.6 are shown in Figs.

and 3(d). The gray jammed regions propagate back-
ward.
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Fig. 2. Traffic patterns for different time-step numbers. (a), (e) 7' = 100; (b), (f) T = 500; (c), (g) T = 2000;
(d), (h) T'= 10000. ¢ = 0.6 for (a), (b), (c), and (d); ¢ = 0.8 for (e), (f), (g), and (h). ¢ = 0.7, p = 0.9. The
gray area indicates that the density is higher than pg = 0.2.
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Fig. 3. Traffic patterns on the horizontal road at y = 50, and on the vertical road at x = 50. The gray area
indicates that the traffic density is higher than pg = 0.2. (a), (¢) ¢ = 0.6; (b), (d) ¢ = 0.8.

Figure 4 shows the time evolutions of the density
after 20000 time steps under the different traffic turn-
ing probability with the sensitivity a = 0.8 for ¢ = 0.7.
Figures 4(a) and 4(c) show the time evolution of the
density for ¢ = 0.6, where y = 50 for Fig. 4(a) and
x = 50 for Fig. 4(c). Figures 4(b) and 4(d) are the
time evolution of the density for ¢ = 0.8, y = 50, and

x = b0, respectively. The density evolution is very

25¢ (2) ‘

20000

Density
o o o
= b
SR

20300
20200

X
[SA]
= O
o
o

20100

similar to the solution of the mKdV equation.

Figure 5 shows the density profile obtained at
time step T' = 15000 with the sensitivity a = 0.8 for
¢ = 0.7, ¢ = 0.6 and 0.8, respectively. Figures 5(a)
and 5(c) are density profiles for ¢ = 0.6, y = 50, and
x = 50, respectively. Figures 5(b) and 5(d) are density
profiles for ¢ = 0.8, y = 50, and x = 50, respectively.

20300
50 20200
20100

20000

Fig. 4. Profiles of density after 20000 time steps for a = 0.8. (a) ¢ = 0.6, Y = 50; (b) ¢ = 0.8, Y = 50; (c)

q=06, X =50; (d) ¢ =0.8, X = 50.
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Fig. 5. Density profiles at T' = 15000 for ¢ = 0.7, p = 0.9, and a = 0.8. (a) ¢ = 0.6, Y = 50; (b) ¢
Y =50; (c) ¢ = 0.6, X = 50; (d) ¢ = 0.8, X = 50.

0.8,

Figure 6 shows plots of the critical sensitivity a. against the parameters ¢ and p. From Fig. 6, the critical
sensitivity a. is minimum when ¢ = 1.0, p = 0.0 for ¢ = 0.3, but ¢ = 0.0, p = 1.0 for ¢ = 0.7. That is to say, the

cars moving along only one direction (east or north) are most stable.

Fig. 6. Plots of the critical sensitivity ac against the parameters ¢ and p. (a) ¢ =0.3; (b) ¢ =0.7.

Figure 7 presents the plot of the critical sensitivity
ac against the value of fraction ¢ with different values

of ¢ and p. When ¢ =0.4, p=10.2 or ¢ = 0.4, p = 0.4,

the critical sensitivity a. firstly increases and then de-

070505-7

creases with increasing c¢. When ¢ = 0.4, p = 0.9 or
qg=p=0.70r q=0.7p=0.9, the critical sensitiv-
ity a. decreases at the beginning and then increases

with increasing ¢. When ¢ = 0.7, p = 0.2, the criti-
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cal sensitivity a. decreases with increasing value of c.
However, there is a common focal point at ¢ = 0.5.

1.8 %&g. —+—q=04,p=02
16 T, —o—q=04,p=04
. o":;o.' —e—q=04,p=09
\ —s—q=0.7,p=02
145, =
—=—q=0.7,p=0.7 (220

128 T e, e

Q¢

1.0

0.8 ¢

0.6

0.4 1 1 1 1

Fig. 7. Plot of the critical sensitivity a. against the value
of fraction ¢ with different values of ¢ and p.

6. Conclusion

We have proposed a new two-dimensional lattice
hydrodynamic model with the turning capability of
cars. We have investigated the jamming transition
between the freely moving phase and the jammed
phase both numerically and analytically. Based on
this model, the stability condition and the mKdV
equation describing the density wave of traffic con-
gestion are obtained by using the linear stability the-
ory and the nonlinear analysis method, respectively.
There exist kink—antikink density waves in dense traf-
fic. The numerical simulation is performed. It can
also be found that the critical point of a. increases
with the increase of the fraction p of the northbound
cars which continue to move along the positive y direc-
tion for ¢ = 0.3, but the critical point of a. decreases
with the increase of the fraction p of the northbound
cars for ¢ = 0.7. The results indicate that the cars
moving along only one direction (east or north) are
most stable.

References

il

Chowdhury D, Santen L and Schadschneider A 2000 Phys.
Rep. 329 199

Helbing D 2001 Rev. Mod. Phys. 73 1067

Nagatani T 2002 Rep. Prog. Phys. 65 1331

Kerner B S and Konhauser P 1993 Phys. Rev. E 48 2335
Kurtze D A and Hong D C 1995 Phys. Rev. E 52 218
Komatsu T and Sasa S 1995 Phys. Rev. E 52 5574
Muramatsu M and Nagatani T 1999 Phys. Rev. E 60 180
Nagatani T 1998 Physica A 261 599

Nagatani T 1999 Physica A 264 581

[10] Nagatani T 1999 Phys. Rev. E 59 4857

[11] Nagatani T 1999 Physica A 265 297

[12] Nagatani T 1999 Physica A 272 592

[13] Xue Y 2004 Acta Phys. Sin. 53 25 (in Chinese)

[14] Ge H X, Dai S Q, Xue Y and Dong L Y 2005 Phys. Rev.
E 71 066119

[15] Ge H X and Cheng R J 2008 Physica A 387 6952
[16] Zhu H B 2009 Chin. Phys. B 18 1322

[17] Tang T Q, Huang H J and Xue Y 2006 Acta Phys. Sin.
55 4026 (in Chinese)

[18] Peng G H 2010 Acta Phys. Sin. 59 108 (in Chinese)

[19] Sun D H, Tian C and Liu W N 2010 Chin. Phys. B 19
080514

[20] Peng G H, Cai X H, Liu C Q and Cao B F 2011 Phys.
Lett. A 375 2153

[21] Sun D H and Tian C 2011 Acta Phys. Sin. 60 068901 (in
Chinese)

[22] Tian J F, Jia B, Li X G and Gao Z Y 2010 Chin. Phys.
B 19 040303

[23] Tian H H, He H D, Wei Y Y, Xue Y and Lu W Z 2009
Physica A 388 2895

[24] Xue Y, Tian H H, He H D, Lu W Z and Wei Y F 2009
FEur. Phys. J. B 69 289

[25] Wen J, Tian H H and Xue Y 2010 Acta Phys. Sin. 59
3817 (in Chinese)

[26] Cuesta J A, Martines F C, Molera J M and Sanchez A
1993 Phys. Rev. E 48 R4175

[27] Nagatani T 1994 J. Phys. Soc. Jpn. 63 1228
[28] Nagatani T 1995 J. Phys. Soc. Jpn. 64 1421

LIS T EE N

=)

070505-8



