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We construct, through a further extension of the tanh-function method, the matter-wave solutions of Bose–Einstein

condensates (BECs) with a three-body interaction. The BECs are trapped in a potential comprising the linear magnetic

and the time-dependent laser fields. The exact solutions obtained include soliton solutions, such as kink and antikink

as well as bright, dark, multisolitonic modulated waves. We realize that the motion and the shape of the solitary wave

can be manipulated by controlling the strengths of the fields.
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1. Introduction

The achievement of Einstein’s predictions on the

condensation of bosons has triggered a tremendous

number of works in this new field of research. Many

spectacular phenomena on nonlinear excitations of the

atomic matter waves,[1,2] like Josephson oscillations,

macroscopic quantum tunnelling,[3] as well as the for-

mation and propagation of waves such as bright,[4]

dark,[1] grey,[5] and gap[3] solitons, vortices,[6,7] vor-

tex lattices,[8−10] and Faraday waves,[11] have been

predicted and observed in experiments. In cosmol-

ogy, since it is thought that the (unknown) dark mat-

ter which constitutes the expanding universe could

be BEC, this has also become a relevant subject of

investigation.[12] A suitable model, which is based on

the description of these various phenomena, is pro-

vided by the Gross–Pitaevskii (GP) mean-field the-

ory. Since the BEC is attained in a magneto–optical

trap, and due to the nonlinearities arising from the

interatomic interactions, most of the time, the Gross–

Pitaevskii equation is easily solved by means of nu-

merical methods. However, some exact solitonic so-

lutions of this equation have been found for partic-

ular interatomic interactions and trapping potential

strengths.[13−19] In this paper, we use a further exten-

sion of the tanh-function method to obtain exact soli-

tonic solutions of the cubic–quintic Gross–Pitaevskii

equation with a time-dependent potential induced by

a bias magnetic field and a laser field.

2. Model and solutions

The dynamics of trapped quasi-one-dimensional

(1D) cigar-shaped Bose gases in the presence of two-

and three-body interatomic interactions can be de-

scribed in the framework of a variant of the cubic–

quintic nonlinear Schrödinger (CQ-NLS) equation.

The 1D GP equation is written in the following nor-

malized form:[3,19−22]

iψt = −cψxx + x[λ+ ε sin(ωt)]ψ + g|ψ|2ψ
+χ|ψ|4ψ, (1)

where space coordinate x and time t are measured

in the units of ς = 1 µm (the characteristic length

unit in this type of experiment) and mς2/~, respec-
tively, with m being the mass per particle.[23,24] The
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parameter of cubic nonlinearity g represents the two-

body interatomic interaction coefficient, while the pa-

rameter of quintic nonlinearity χ accounts for the

three-body interatomic interaction. The ψ(x, t) is the

normalized macroscopic wave function of the conden-

sate. Parameters λ and ε are the strengths of the lin-

ear magnetic field and the time-dependent laser field,

respectively.[23] The intensity of the laser light field is

periodically modulated in time with modulation fre-

quency ω.

Equation (1) includes both the two- and the three-

body interactions between the atoms of the conden-

sate. Though in most practical experiments, the

three-body interaction term is weak or dropped, it can

be roughly of the same magnitude and range as the

two-body term.[25] In some regimes, the three-body in-

teraction can even become dominant,[26] for instance,

in the cases of higher densities and Efimov resonance.

A very useful tool in the experiments with ultracold

atomic gases is the control of strengths of interpar-

ticle interactions. The widely encountered case con-

cerns the two-body interaction, which is manipulated

through an external magnetic field near the Feshbach

resonance.[27,28] The recent works have proposed the

possibility of controlling the strength of the three-

body interaction between atoms independently from

the control of the two-body collisions.[29,30] These find-

ings have triggered numerous works on BECs with

three-body interactions based on the CQ-NLS.[31−34]

Some exact solutions of the GP equation with bias

magnetic and time-dependent laser fields have been

obtained in Refs. [35], [24], and [23] through the gener-

alized (G′/G)-expansion method, the inverse scatter-

ing method, and the extended tanh-function method,

respectively. In contrast to the model considered in

those works, we here take into account the effect of

the three-body atom–atom interaction.

In this paper, we follow the ideas of Ref. [23] and

seek the exact solitonic solutions of Eq. (1) with the

extended tanh-function method. For this, we need to

introduce the sixth-order auxiliary equation

u′ 2 = c0 + c2u
2 + c4u

4 + c6u
6, (2)

where u′ = du/dζ, ζ = ζ(x, t), and c0, c2, c4, c6 are

some real constants. Let a and m be two arbitrary

real constants. We can verify that equation (2) ad-

mits the following solutions. (i) When c0 = 0, c2 =

m2, c4 = −m2, c6 = (1/4)m2, then

u(ζ) = ± 2√
2 + a exp(2mζ)

. (3)

(ii) When c0 = −m2, c2 = −m2, c4 = m2, c6 = m2,

then

u(ζ) = ±i
tanh(m

√
2 ζ + a)√

2− tanh(m
√
2 ζ + a)2

. (4)

(iii) When c0 = m2, c2 = m2, c4 = −m2, c6 = −m2,

then

u(ζ) = ± tan(m
√
2 ζ + a)√

2 + tan(m
√
2 ζ + a)2

. (5)

(iv) When c0 = 0, c2 = m2, c4 = 0, c6 = −m2, then

u(ζ) = ±δ
√
sech(mζ + a), δ = 1, i. (6)

Let ζ(x, t) = p(t)x+ q(t) and use the transforma-

tion

ψ(x, t) = [f(t) + h(t)u(ζ)] e i[k(t)x+φ(t)]. (7)

We substitute Eqs. (2) and (7) into Eq. (1), and

set the real and the imaginary parts of the resulting

equation to zero. Then collecting coefficients of pow-

ers of xnun
′
(n = 0, 1; n′ = 0, 1, 2, 3, 4, 5) and setting

each of them to zero, we obtain the following set of

partial differential equations:

f ′ = 0, h′ = 0, hp′ = 0,

h(q′ + 2cpk) = 0,

h[k′ + λ(t) + ε sin(ωt)] = 0,

f [k′ + λ(t) + ε sin(ωt)] = 0,

h(2c p2c4 − gh2 − 10χf2 h2) = 0,

fh2(−3g − 10χf2) = 0,

h(3c p2c6 − χh4) = 0,

−5χf h4 = 0,

f(φ′ + c k2 + gf2 + χf4) = 0,

h(φ′ + c k2 + 3gf2 + 5χf4 − c p2c2) = 0.

In the above set of equations, the prime stands for the

derivative with respect to time t. Solving the set of

equations, we come to the following results:

f(t) = 0,

p(t) = p ≡ A2
s ,

h(t) = ±
(
3c
p2

χ
c6

)1/4

= ±
(
2c
p2

g
c4

)1/2

,

k(t) =
ε

ω
cos(ωt)− λt+ k0,

q(t) = −2cp

[
1

ω2
ε sin(ωt)− 1

2
λt2 + k0t

]
+ q0,

φ(t) = c

(
p2c2 − k20 −

1

2ω2
ε2
)
t+ cλk0 t

2 − 1

3
cλ2 t3
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− 2
c

ω2
ε(k0 − λt) sin(ωt) + 2

c

ω3
ελ cos(ωt)

− c

4ω3
ε2 sin(2ωt) + φ0,

c6 =
4χcp2

3g2
c24.

It should be noted that the latter relation implicitly

assumes gc4 > 0 and χc6 > 0 in view of the above ex-

pressions of h(t). Furthermore, the purely cubic case

(χ = 0) requires c6 = 0 and the purely quintic case

(g = 0) demands c4 = 0 to obtain a finite and nonzero

value for the amplitude coefficient h. Thus, we may

let χ = 1
η c6 with η being a positive parameter, and

write g = ±
√
4cp2c24/3η.

Hence the solution of Eq. (1) is given by

ψ(x, t) = ±
(
3c
c6
χ

)1/4

As u(ζ) e
i[k(t)x+φ(t)], (8)

where u(ζ) is the solution of Eq. (2). The exact solu-

tion (8) contains some interesting dynamical proper-

ties and features. In the case where equation (8) de-

scribes a soliton, the center-of-mass dynamics of the

quasi-particle is obtained by taking ζ(x, t) = 0. So the

center-of-mass position, the velocity, and the acceler-

ation of the soliton are respectively

x = 2c

[
1

ω2
ε sin(ωt)− 1

2
λt2 + k0t

]
− q0

p
,

ẋ = 2c

[
1

ω
ε cos(ωt)− λt+ k0

]
,

ẍ = −2c [λ+ ε sin(ωt)]. (9)

Parameters ω, λ, and ε, as well as m and η, have some

captivating effects on the solution. The center of mass

of the macroscopic wave packet behaves like a classi-

cal particle, and allows us to manipulate the motion

of the soliton by controlling the external trapping po-

tential. In the following we consider some examples to

demonstrate the dynamics of kink and antikink soli-

tary waves in the BEC system with different compo-

nents of the trapping potential.

For a weak laser field (ε = 0), the wave packet

moves in the (x, t) space along a parabolic trajectory,

with acceleration −2cλ similar to the one associated

with the gravity. When the bias magnetic field is weak

(λ = 0), the trajectory is sinusoidal. For the sake

of simplicity, we choose q0 = k0 = 0 in most cases,

and set the initial position and speed of the soliton at

x0 = 0 and ẋ0 = 0, respectively.

In order to express the solutions of Eq. (1), we

consider the following four cases.

1) When u(ζ) is given by Eq. (3), the three-body

interaction is repulsive, since χ > 0. The parameters

of quintic and cubic nonlinearities read χ = m2/4η

and g = ±
√
4cp2m4/3η, respectively. We obtain

through Eq. (8) the families of kink-shaped solitons

(m < 0) and antikink-shaped solitons (m > 0) ex-

pressed as

ψ(x, t) = ±2As(3ηc)
1/4 exp{i[k(t)x+ φ(t)]}√

2 + a exp[2mpx+ 2mq(t)]
. (10)

The dynamics of this wave in the absence of the

laser field is shown in Figs. 1 and 2. The kink and the

antikink solitons travel in the −x direction for λ > 0

and in the +x direction for λ < 0. In both cases,

the motion is uniformly accelerated, and the acceler-

ation is proportional to the magnetic field strength

λ. Meanwhile, we have observed that the width of

the soliton is inversely proportional to parameter |m|.
Moreover, for a given value ofm, the height of the soli-

ton decreases when the quintic parameter increases.

So the three-body interaction is responsible for the

compression of the soliton.
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Fig. 1. (colour online) Evolution of an antikink soliton

given by Eq. (10) under the effect of bias magnetic field.

The parameters are λ = 0.25, ε = 0, As = 1, a = 1,

m = 2, c = 0.5, η = 0.5, ω = π, p = 1, q0 = 0, and k0 = 0.
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Fig. 2. (colour online) Evolution of a kink soliton given

by Eq. (10) under the effect of bias magnetic field. The

parameters are the same as those in Fig. 1 except for

λ = −0.25 and m = −2.

In the absence of the bias magnetic field, the

center of mass of the kink soliton oscillates be-

tween xmin = −2cε/ω2 and xmax = 2cε/ω2 due
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to the temporal periodic modulation of the poten-

tial. Similar conclusions have been obtained for

a BEC under a quadratic magnetic field obtained

through the Darboux transformation method.[36]

These oscillations are rather obvious around the line

x = k0t when the initial speed of the wave packet

is nonzero. The dynamics of the oscillating soliton is
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Fig. 3. (colour online) Evolution of an antikink soliton

given by Eq. (10) with zero initial speed under the effect

of laser field. The parameters are the same as those in

Fig. 1 except for λ = 0 and ε = 4.0.
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Fig. 4. (colour online) Evolution of an antikink soliton

given by Eq. (10) with nonzero initial speed under the ef-

fect of laser field. The parameters are the same as those

in Fig. 3 except for k0 = 0.75.
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Fig. 5. (colour online) Evolution of an antikink soliton

given by Eq. (10) with zero initial speed under the com-

bined effect of bias magnetic and laser fields. The param-

eters are the same as those in Fig. 1 except for ε = 4.0.

shown in Figs. 3–5. Let us note in passing that though

parameter ω is the frequency of the wave oscillation, it

seriously modifies the oscillation amplitude. Indeed,

the wave amplitude increases with the decrease of the

frequency.

2) When u(ζ) is given by Eq. (4), the three-

body interaction is also repulsive. The parameters

of quintic and cubic nonlinearities read χ = m2/η

and g = ±
√
4cp2m4/3η, respectively. We obtain for

Eq. (1) the family of dark solitons

ψ(x, t)

= ±i(3ηc)1/4
As tanh(

√
2mpx+

√
2mq(t) + a)√

2− tanh(
√
2mpx+

√
2mq(t) + a)2

× exp{i[k(t)x+ φ(t)]}. (11)

This dark soliton presents a similar dynamical behav-

ior to the previous kink soliton. It oscillates under the

action of the laser field and undergoes the parabolic

motion in the (x, t) space because of the linear mag-

netic field. Figures 6 and 7 display the temporal evo-

lution of the wave.
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Fig. 6. (colour online) Evolution of a dark soliton given

by Eq. (11) with zero initial speed under the effect of laser

field. The parameters are the same as those in Fig. 3 ex-

cept for ω = π/2.
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Fig. 7. (colour online) Evolution of a dark soliton given

by Eq. (11) with zero initial speed under the combined

effect of bias magnetic and laser fields. The parameters

are the same as those in Fig. 6 except for ε = 4.0.
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3) When u(ζ) is given by Eq. (5), the three-body

interaction is attractive, since χ < 0. The parameters

of quintic and cubic nonlinearities read χ = −m2/η

and g = ±
√
4cp2m4/3η, respectively. We obtain the

family of multisolitonic modulated waves

ψ(x, t)

= ±
(
3ηc

)1/4 As tan(
√
2mpx+

√
2mq(t) + a)√

2 + tan(
√
2mpx+

√
2mq(t) + a)2

× exp{i[k(t)x+ φ(t)]}. (12)

The dynamics of this wave is portrayed in Figs. 8 and

9. The laser field creates a pattern made up with wells

separating solitonic peaks, and the number of peaks

depends on the value of m. This pattern is the mul-

tisolitonic wave with a modulated envelope.[19] When

there is no linear magnetic field, each solitonic peak

oscillates around its initial position. When the mag-

netic field is switched on, the pattern is drifted from its

initial position through an accelerated motion. This

drift has already been predicted in the previous works

through a numerical analysis.[33] Along its trajectory,
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Fig. 8. (colour online) Evolution of a multisolitonic mod-

ulated wave given by Eq. (12) with zero initial speed under

the effect of laser field. The parameters are the same as

those in Fig. 3 except for ε = 4.0.
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Fig. 9. (colour online) Evolution of a multisolitonic wave

given by Eq. (12) with zero initial speed under the com-

bined effect of bias magnetic and laser fields. The param-

eters are the same as those in Fig. 8 except for λ = 0.25.

the density of each solitonic peak of the pattern re-

mains a constant. Meanwhile during the propaga-

tion, the distances between neighboring solitons do

not change.

4) When u(ζ) is given by Eq. (6), the three-body

interaction is also attractive. The parameters of quin-

tic and cubic nonlinearities read χ = −m2/η and

g = 0, respectively. This is the case where the non-

linearity is purely quintic. We obtain the family of

bright solitons

ψ(x, t) = ±δ
(
3ηc

)1/4
As

√
sech(mpx+mq(t) + a)

× exp{i[k(t)x+ φ(t)]}, (13)

where δ = 1 or i. The motion of the bright soliton

presents the oscillations induced by the laser field.

These oscillations are obvious around the parabolic

trajectory created by the linear magnetic field. Fig-

ures 10 and 11 display the space–time evolution of the

wave.
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Fig. 10. (colour online) Evolution of a bright soliton given

by Eq. (13) with zero initial speed under the effect of bias

laser field. The parameters are the same as those in Fig. 6.
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Fig. 11. (colour online) Evolution of a bright soliton given

by Eq. (13) with zero initial speed under the combined ef-

fect of bias magnetic and laser fields. The parameters are

the same as those in Fig. 7.

3. Conclusion

In summary, we have considered the GP equation

with cubic and quintic nonlinearities, which describes
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the dynamics of the BEC matter waves in a time-

dependent linear potential induced by a bias magnetic

field and a time-dependent laser field. With the help

of the extended tanh-function method, we have pre-

sented the kink and the antikink solitary wave solu-

tions of the BEC system with a three-body interpar-

ticle interaction. The other families of matter waves,

such as dark solitons, bright solitons, and multisoli-

tonic waves, have also been obtained. The dynamics

of these solutions imply that controlling the magnetic

and the laser fields may provide a way to generate

and manipulate the motion and the shape of different

types of solitary waves in the BEC systems.
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