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By using the Faddeev–Senjanovic path integral quantization method, we quantize the composite fermions in

quantum electrodynamics (QED). In the sense of Dirac’s conjecture, we deduce all the constraints and give Dirac’s

gauge transformations (DGT). According to that the effective action is invariant under the DGT, we obtain the Noether

theorem at the quantum level, which shows the fractional charges for the composite fermions in QED. This result is

better than the one deduced from the equations of motion for the statistical potentials, because this result contains both

odd and even fractional numbers. Furthermore, we deduce the Noether theorem from the invariance of the effective

action under the rotational transformations in 2-dimensional (x, y) plane. The result shows that the composite fermions

have fractional spins and fractional statistics. These anomalous properties are given by the constraints for the statistical

gauge potential.
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1. Introduction

Despite the successes of the effective-field-theory

(EFT) model of the fractional quantum Hall effect

(FQHE),[1] it is still important to discuss the sym-

metries of the EFT model to understand the physi-

cal properties of the fractional charge and the frac-

tional spin. An important step in the direction that

the EFT model is used to illustrate the FQHE[1] was

taken by Prange and Girvin[1] and by Girvin and

MacDonald,[2], who proposed a field-theory model

containing a complex scalarfield ϕ coupled to a vec-

tor field (A0,A) with a Chern–Simons term. The

Chern–Simons term is deduced from the invariance of

an action under a statistical gauge transformation,[3]

in which the statistical gauge fields can not describe

any physical variable. Though the quantum flux Φ0

introduced into the Chern–Simons term endows the

statistical gauge potential to have the physical prop-

erties of the U(1) electromagnetic gauge potential, in

fact the statistical gauge potential aµ still can not

be substituted by the electromagnetic potential Aµ
totally.[4,5] The physical meanings of the statistical

gauge potential aν were discussed clearly by Zhang

et al.[4,5] and Jain.[6−9] Zhang et al. gave a result

that the statistical gauge potential makes the vor-

tex with a unit flux have fractional charge e/(2p+ 1),

where p = 0, 1, 2, . . .. Jain supplied a new parti-

cle with anomalous fluxes, which is called the com-

posite fermion, to describe the FQHE. Actually, the

two results are equivalent. The former averages a

unit charge to several vortexes with a unit flux, and

the latter confines two or more fluxes to an electron.

As the use of the EFT to describe the FQHE has

been discussed widely, the quantum symmetries have

been widely discussed in the system with a singular

Lagrangian and Chern–Simons term,[10−18] and even

with the Maxwell–Chern–Simons term.[19−22] In most

papers, the statistical gauge potential was taken as

the U(1) electromagnetic gauge potential.
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In this paper, we consider the composite fermions

in quantum electrodynamics (QED) (the spinor fields

coupled with Maxwell–Chern–Simons fields) in (2+1)-

dimensional space. In Section 2, we quantize the

composite fermions in QED by using the Faddeev–

Senjanovic path integral quantization formalism. In

this process, the statistical gauge potential aµ and

the electromagnetic potential Aµ are introduced by

gauge conditions respectively, and are discussed sepa-

rately. In Section 3, in the sense of Dirac’s conjecture,

we deduce all constraints and separate them into first

and second classes. According to the first-class con-

straints, we give the generator of the gauge transfor-

mations, and deduce the gauge transformations. Un-

der the gauge transformations, the invariance of the

effective action gives the Noether theorem at the quan-

tum level, which shows that the fractional charge is

confined to a vortex with many unit fluxes. This re-

sult is better than the one in Ref. [4]. It contains

not only odd fractional charges, but also even frac-

tional charges. In Section 4, the Noether theorem at

the quantum level is discussed again under the ro-

tational transformations in the 2-dimensional (x, y)

plane. There are two terms which contribute frac-

tional spins to the composite fermions in QED.

2. Quantization of composite fer-

mions in QED

We consider the composite fermions in QED in

(2+1)-dimensional space, which has the Lagrangian

density

L = ψ̄[iγµ(∂µ − eAµ − eaµ)−m]ψ

− 1

4
FµνF

µν +
eπ

2θΦ0
εµνρaµ∂νaρ, (1)

where ψ = ψ(x) and ψ̄(x) = ψ+(x)γ0 are singular ele-

ments in Grassmann’s algebra, e is the unit charge, Φ0

is the unit quantum flux, θ is the gauge parameter for

the Chern–Simons fields, Fµν = ∂µAν − ∂νAµ are the

electromagnetic tensors, Aµ are the electromagnetic

potentials, aµ are the statistical gauge potentials, γµ
are the Dirac matrices (γ0 = σ3, γ1 = iσ1, γ2 = iσ2,

σ is the Pauli matrix), and εµνρ is the Levi–Civita

three-order antisymmetry tensor. We also have set

c = ~ = 1. On the right-hand side of Eq. (1), the first

term describes the spinor fields in the statistical gauge

fields and the electromagnetic fields, the second term

is the free electromagnetic fields, and the third is the

Chern–Simons gauge fields.

In the Faddeev–Senjanovic path integral quanti-

zation formalism, the canonical momenta conjugated

to the field variables ψ̄, ψ,Aµ, aν are

πψ̄ =
δL

δ ˙̄ψ
= 0, πψ =

δL

δψ̇
= iψ̄γ0,

πAi =
δL

δȦi
= −F 0i,

πai =
δL

δȧi
=

eπ

2θΦ0
εijaj , πA0 =

δL

δȦ0

= 0, (2)

respectively, where ε0ij = εij . Using the Legendre

transformation, according to Eq. (1), we can give the

canonical Hamiltonian density as

HC = πψ̄
˙̄ψ + πψψ̇ + πAµȦµ + πaµ ȧµ − L

=
1

2
π2
Ai

+
1

4
FijF

ij −A0∂iπ
Ai − iψ̄γi∂iψ +mψ̄ψ

− eπ

θΦ0
εija0∂iaj + eψ̄γµψAµ + eψ̄γµψaµ. (3)

It is easy to check that the primary constraints in

Eq. (2) are

ϕ01 = πψ̄ ≈ 0, (4)

ϕ02 = πψ − iψ̄γ0 ≈ 0, (5)

ϕ03 = πai −
eπ

2θΦ0
εijaj ≈ 0, (6)

ϕ04 = πA0
≈ 0. (7)

As for the constrained system, in the sense of

Dirac’s conjecture, the canonical Hamiltonian should

be replaced by the total Hamiltonian including all

primary constraints. Thus, for system (1), the total

Hamiltonian density is

HT = HC + λ1ϕ
0
1 + λ2ϕ

0
2 + λ3ϕ

0
3 + λ4ϕ

0
4

=
1

2
π2
Ai

+
1

4
FijF

ij −A0∂iπAi − iψ̄γi∂iψ +mψ̄ψ

− eπ

θΦ0
εija0∂iaj + eψ̄γµψAµ + eψ̄γµψaµ

+λ1ϕ
0
1 + λ2ϕ

0
2 + λ3ϕ

0
3 + λ4ϕ

0
4, (8)

where λi(x) (i = 1, 2, 3, 4) are Lagrange multipliers

with respect to the primary constraints ϕ0i . The to-

tal Hamiltonian can be integrated by using the total

Hamiltonian density as

HT =

∫
S

d2xHT. (9)

Based on the total Hamiltonian, the stationarity

of the primary constraint ϕ01, {ϕ01,HT} ≈ 0, leads to

the equation

iλ2γ
0 = eγµψAµ + eγµψaµ − (iγi∂i −m)ψ. (10)

Obviously, Lagrange multiplier λ2 can be determined

from the above equation.
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The stationarity of constraint ϕ02, {ϕ02,HT} ≈ 0,

gives

iγ0λ1 = ψ̄(iγi∂i −m)− eψ̄γµAµ − eψ̄γµaµ. (11)

From Eq. (11), Lagrange multiplier λ1 can be solved

as well.

The stationarity of the primary constraint ϕ03,

{ϕ03,HT} ≈ 0, defines Lagrangian multiplier λ3 by the

following equation:

λ3
eπ

2θΦ0
= −eψ̄γiψ. (12)

However, the stationarity of constraint (7) gives

birth to a new constraint

ϕ11 = −{ϕ04,HT} = ∂iπAi + eψ̄γ0ψ ≈ 0. (13)

Furthermore, its stationarity can not give any new

constraint.

In this constrained system, there are four pri-

mary constraints (ϕ01, ϕ
0
2, ϕ

0
3, ϕ

0
4) and a secondary con-

straint ϕ11. In the sense of Dirac’s conjecture, the

total Hamiltonian density HT should be replaced

by the extended Hamiltonian density containing the

secondary constraint.[23] But there are some differ-

ent points on this topic. It is argued that the to-

tal Hamiltonian should not be substituted by the ex-

tended Hamiltonian[24−33] under certain conditions.

The main cause is that the secondary constraints

might lead to the broken invariance of the canonical

action under the Dirac’s gauge transformation (DGT).

In other words, the secondary constraints might lead

to the loss of the equivalence between the canonical

equations and the Euler–Lagrangian equations. And

this point has been proved in different constrained sys-

tems. However we do not think so. This problem can

be discussed from the principle of the least action. In

system (1), the extended Hamiltonian is equivalent to

the total Hamiltonian entirely, because the secondary

constraint does not give a variance to the canonical

action.

As usual, the first-class constraints are denoted

by Λ, and the second-class by θ. In system (1), the

two second-class constraints are given by θ1 = πψ̄ ≈ 0

and θ2 = πψ − iψ̄γ0 ≈ 0, and the three first-class con-

straints are expressed as Λ1 = πA0 ≈ 0, Λ2 = πai −
(eπ/2θΦ0)ε

ijaj ≈ 0, and Λ3 = ϕ11− ie(−ϕ01ψ̄+ϕ02ψ) =

∂iπAi − ie(πψψ − πψ̄ψ̄) ≈ 0. It is easy to check that

{Λ1, Λ2} ≈ 0, {Λ2, Λ3} ≈ 0, {Λ1, Λ3} ≈ 0, (14)

{Λ1, θ1} ≈ 0, {Λ1, θ2} ≈ 0, (15)

{Λ2, θ1} ≈ 0, {Λ2, θ2} ≈ 0, (16)

{Λ3, θ1} = −ieθ1 ≈ 0, {Λ3, θ2} = −ieθ2 ≈ 0, (17)

{θ1, θ2} = iγ0. (18)

Hence, constraints Λ1, Λ2, and Λ3 are first-class,

while constraints θ1 and θ2 are second-class. In the

Faddeev–Senjanovic path integral quantization for-

malism, for each first-class constraint, we must choose

a gauge condition. Simply, we consider the radiation

gauge and the Coulomb gauge

Ω1 = A0 ≈ 0, (19)

Ω2 = ∂iai ≈ 0, (20)

Ω3 = ∂iAi ≈ 0 (21)

as the gauge conditions with respect to the first-class

constraints Λ1, Λ2, and Λ3.

Based on the previous discussion, in the phase

space, the generating functional of the Green function

for singular Lagrangian (1) can be given as

Z[J ] =

∫
DφαDπα det |{Λa, Ωb}|

3∏
a=1

δ(Λa)δ(Ωa)

×
2∏
l=1

δ(θl) det |{θi, θj}|1/2

× exp

[
i

∫
d3x(παφ

α − HC + Jαφ
α)

]
, (22)

where πα = (πψ̄, πψ, πAµ , πaµ), φ
α = (ψ̄, ψ,Aµ, aµ),

and Jα are exterior source variables with respect

to φα. It is easy to check that det |{Λa, Ωb}| and

det |{θi, θj}| do not depend on any canonical variables

ϕα or their canonical momenta πα. Thus we can sim-

plify the above generating functional (22) as

Z[J,K,U ] =

∫
DφαDπαDλfDC̄aDCb

× exp

[
iIPeff + i

∫
d3x(Jαφ

α

+Kαπα + Uλ)

]
, (23)

where

IPeff =

∫
d3xL P

eff =

∫
d3x(L P + Lm), (24)

L P = παφ̇
α − HC, (25)

Lm = λaΛa + λbΩb + λlθl. (26)

Here we introduce exterior sources Jα with respect to

canonical variables φα, Kα with respect to canonical

momenta πα, and U with respect to Lagrange multi-

pliers λ = (λa, λb, λl).
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3. Fractional charges for compos-

ite fermions in QED

According to Dirac’s conjecture that all first-class

constraints are generators of gauge transformations,

the generator of the gauge transformations can be ex-

pressed as[34,35]

G =

∫
d2x[ω1(x)Λ1 + ω2(x)Λ2 + ω3(x)Λ3]

=

∫
d2x

{
ω1(x)πA0 + ω2(x)

(
πai −

eπ

2θΦ0
εijaj

)
+ω3(x)[∂iπAi − ie(πψψ − πψ̄ψ̄)]

}
. (27)

From the master equation ∂G/∂t + [G,HT] ≈
0,[36,37] we can obtain

δλ1 = ieψ̄ω̇3, δλ2 = −ieψω̇3,

δλ3 = ω̇2, δλ4 = ω̇1, ω̇3 − ω1 = 0. (28)

It is obvious that ω1 = ω̇3. Generator (27) can be

simplified as

G =

∫
d2x(ω̇Λ1 + ω2Λ2 + ωΛ3), (29)

where ω3 = ω. According to δF = [F,G] (F is an ar-

bitrary function depending on canonical variables and

momenta), from generator (29), we can deduce the

gauge transformations in the sense of Dirac’s conjec-

ture as

δψ̄ = iωeψ̄, δψ = −iωeψ,

δA0 = ω̇, δAi = ω∂iδ(x− y),

δai = ω2, δπψ̄ = −iωeπψ̄,

δπψ = iωeπψ, δπai = −ω2eπ

2θΦ0
εji,

δλ1 = ieψ̄ω̇, δλ2 = −ieψω̇,

δλ3 = ω̇2, δλ4 = ω̈, (30)

the other variable variances are zeros, that is δa0 =

δπA0 = δπA0 = δπAi = δπa0 = 0. For simplicity, we

will call transformations (30) as Dirac’s gauge trans-

formations (DGT) in the following. Under DGT (30),

according to the Noether theorem at the quantum

level, we obtain two conserved charges as

Q1 =

∫
S

d2x

[
eπ

2θΦ0
εijaj

]
= const., (31)

and

Q2 =

∫
S

d2x[−eψ̄γ0ψ − F 0iδi(x− y)] = const., (32)

where the effective factor θ is[2]

θ = (2p+ 1)π, (p = 0, 1, 2, . . .), (33)

and ψ̄γ0ψ is the density of fermions.

From Eqs. (31) and (33), we can obtain

Q1 = − ne

2(2p+ 1)

1

nΦ0

∫
d2xεijaj , (34)

which implies that each vortex with a unit quantum

flux can have ne/2(2p+ 1) fractional charge.[4]

From the equation of motion derived from

Eq. (23)–(26), we can obtain an equation for a0 as

j0 ≡ δS

δa0
=

eπ

θΦ0
εij∂iaj =

e

(2p+ 1)

b

Φ0
, (35)

where

b = εij∂iaj . (36)

So the total charge carried by the vortex with n unit

quantum fluxes is

Qv =

∫
d2xj0 = ± e

(2p+ 1)

∫
d2xb

Φ0
. (37)

If the introduced gauge field b is assumed to have the

fundamental properties of the electromagnetic field,

we can obtain fractional charge

Qv = ± ne

(2p+ 1)
(38)

for the vortex with a unit flux.[4]

The results in Eqs. (34) and (38) both give odd

fractional charge for the vortex with a unit flux, how-

ever Eq. (34) also contains an even fractional charge,

which is better than Eq. (38). In other words, the Noe-

hter theorem at the quantum level shows more physi-

cal properties than the equation of motion for the con-

strained system. According to the previous discussion,

we know that when unit flux Φ0 is introduced into the

Chern–Simons term, the statistical gauge potential aµ
has the properties of electromagnetic potential Aµ.

4. Fractional spins for composite

fermions in QED

Under the rotational transformations in the 2-

dimensional plane, the fractional spins and the frac-

tional statistics have been deduced for the compos-

ite bosons.[18] In this section, we will discuss the con-

servation law of angular momenta for the composite

fermions in QED under the rotational transformations

in the (x, y) plane.
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It is well known that the Lorentz transformations

are 
∆xµ = εµνxν ,

∆Aγ =
1

2
εµνS

µν
γsAs,

∆ψµ =
1

2
εµνT

µν
γs ψs,

(39)

where εµν is an antisymmetric matrix, Aµ are (3+1)-

dimensional vector fields, ψµ are spinor fields, Sµνγs =

δγµδsν − δγνδsµ, and T
µν
γs = (1/4)(γµγν − γνγµ)γs =

i/σµν . According to the Noether theorem at the quan-

tum level, we obtain the conserved charge as

Q =

∫
d2x[π(∆ϕ− ϕ,i∆xi)−Heff∆x0] = const., (40)

where ϕ,i = ∂ϕ/∂xi. When rotational transforma-

tions (39) are pressed in the 2-dimensional plane, ∆x0
is zero. Then the above conserved charge (40) can be

simplified as

Q =

∫
d2x[π(∆ϕ− ϕ,i∆xi)] = const. (41)

Substituting Eqs. (2) and (39) into Eq. (41), we

obtain ∫
d2x

[
iψ̄µγ0

(
1

2
Tµνγs ψ

ν − ψµ,ixi

)]
−

∫
d2x

[
F 0i

(
1

2
SµνγsAν − ∂iAµxi

)]
+

∫
d2x

[
eπ

2θΦ0
εijaj

(
1

2
Sµνγs aν − ∂iaνxi

)]
= const. (42)

The above equation can be expanded as∫
d2x

[
i

8
ψ̄γγ0(γµγν − γνγµ)γsψ

s

]
−

∫
d2x(iψ̄γ0ψ,ixi)−

∫
d2x

(
1

2
F 0iSµνγsAν

)
+

∫
d2x(F 0i∂iAµxi) +

∫
d2x

(
eπ

4θΦ0
εijajS

µν
γs aν

)
−

∫
d2x

(
eπ

2θΦ0
εijaj∂iaµxi

)
= const. (43)

In the left-hand side of Eq. (43), the first term is

the total angular momentum of the spinor fields, the

second term is the orbital angular momentum of the

spinor fields, the third and the forth terms are the or-

bital angular momenta of the electromagnetic fields,

and the fifth and the sixth terms are the sources

for the appearance of the fractional spins. The two

terms are generated by the Chern–Simons gauge fields

entirely. They are produced by the interaction be-

tween the orbital motion of the fluxes attached to

the fermions through the statistical gauge transforma-

tions. These results offer illustrations of the appear-

ance of the fractional spins for the composite fermions

in QED. Furthermore, the fractional spins of the com-

posite fermions in QED are endowed only by the intro-

duction of the statistical gauge potential, that is the

Chern–Simons gauge fields, and the QED term makes

no difference. The statistical gauge fields provide two

contributions to the fractional spins of the composite

fermions in QED. But for the bosons, there is only a

normal spin term.[38,39]

Following the discussion in Ref. [18], we can ob-

tain ∫
d2x

eπ

2θΦ0
εijaj∂iaj′xj′ =

π

2θ
eΦ0. (44)

We can define an operator Â for the anomalous spin

term (44) as

Â =
π

2θ
eΦ̂0, (45)

and another operator Ŝ for the composite fermions in

QED as

Ŝ =
eπ

4θΦ0

∫
d2xεijakŜ

kl
ij al. (46)

Assuming a one-particle state with 1/2 spin denoted

as |1/2, 1⟩any, we then take the above two terms to act

on the state and obtain

e iαŜ−iβÂ

∣∣∣∣12 , 1
⟩

any

= e iα π
4θ−iβ π

2θ

∣∣∣∣12 , 1
⟩

any

, (47)

where α is the spin-rotation parameter, and β is the

rotation parameter. Since θ = (2p + 1)π (p =

0, 1, 2, . . .), we can obtain the eigenvalues of the two

operators Ŝ and Â as

s =
1

4(2p+ 1)
, (48)

and

a =
1

2(2p+ 1)
, (49)

respectively. For the composite fermions in QED with

the Chern–Simons term, their anomalous spins can be

calculated as

sT = ±1

2
+

1

4(2p+ 1)
− 1

2(2p+ 1)

= ±1

2
− 1

4(2p+ 1)
. (50)

Under the rotational transformations in the 2-

dimensional space, the invariance of the effective ac-

tion supplies the fractional spins for the composite
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fermions in QED. In this way, for an arbitrary state,

we can give corresponding anomalous results. Ob-

viously, as parameters α, β and coefficient θ in the

Chern–Simons term take special values, we obtain fac-

tor e iαs−iβa = 1,−1, and the others. If it is 1, the

system is consisted of bosons; if it is −1, the system

is consisted of fermions; and if it is a fractional num-

ber, the system is consisted of anyons.[40,41] This result

shows that the quantum fluxes attached to particles

can change the statistics of the particles. The result of

Eq. (50) does not agree with the one given in Ref. [18].

When the vortex with a unit flux is defined as a par-

ticle with fractional charge, the fractional spins (48)

brought by the interactions between the spins and the

statistical gauge potentials can vanish from Eq. (50),

and then Eq. (49) is replaced by n/4(2p+ 1). This

result proves to a certain extent that the inherent con-

straints define some symmetries. Furthermore, the

subsidiary constraints introduced into a constrained

system can change the system’s symmetries.

5. Conclusion

In conclusion, we have considered the compos-

ite fermions in QED, and quantized them by us-

ing the Faddeev–Senjanovic path integral quantization

method. We have separately considered the statis-

tical gauge potential and the electromagnetic poten-

tial, and introduced gauge conditions for them, re-

spectively. By using the Dirac–Bergmann method,

we have deduced all constraints, and given the DGT.

Under the DGT, the invariance of the effective ac-

tion has given the Noether theorem at the quantum

level, which has endowed fractional charge to the vor-

tex with a unit flux. The result is better than that in

Ref. [4]. The Noether theorem has also been reconsid-

ered under the rotational transformations in the (x, y)

plane. A new result has been given that if we want

to have a result agreeing with that in Ref. [18], the

fractional charge brought by the inherent constraints

should be regarded as the inherent property of the

vortex with a unit flux. It has proved to a certain

extent that the constraints can define the symmetries

of the constrained system. So subsidiary constraints

can be used to change the symmetries of a constrained

system. The constrained systems with subsidiary con-

straints have been discussed recently.[42,43] What the

Mei symmetries[44] are in this system needs to be stud-

ied further.
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