Chin. Phys. B Vol. 21, No. 7 (2012) 070501

Fractional charges and fractional spins for composite
fermions in quantum electrodynamics*

Wang Yong-Long( k)Pt Lu Wei-Tao(J5{5¥%)2P),  Jiang Hua(# #)>P),

Xu Chang-Tan(K1#)®, and Pan Hong-Zhe(#&ut#)»)P)

a) Department of Physics, School of Science, Linyi University, Linyi 276005, China
b)Institute of Condensed Matter Physics, Linyi University, Linyi 276005, China

©) Center for Theoretical Physics, Laboratory for Nuclear Science, Massachusetts Institute of Technology,
Cambridge, MA 02139, USA

(Received 31 December 2011; revised manuscript received 20 February 2012)

By using the Faddeev—Senjanovic path integral quantization method, we quantize the composite fermions in
quantum electrodynamics (QED). In the sense of Dirac’s conjecture, we deduce all the constraints and give Dirac’s
gauge transformations (DGT). According to that the effective action is invariant under the DGT, we obtain the Noether
theorem at the quantum level, which shows the fractional charges for the composite fermions in QED. This result is
better than the one deduced from the equations of motion for the statistical potentials, because this result contains both
odd and even fractional numbers. Furthermore, we deduce the Noether theorem from the invariance of the effective
action under the rotational transformations in 2-dimensional (z,y) plane. The result shows that the composite fermions
have fractional spins and fractional statistics. These anomalous properties are given by the constraints for the statistical
gauge potential.
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1. Introduction

Despite the successes of the effective-field-theory
(EFT) model of the fractional quantum Hall effect
(FQHE),[” it is still important to discuss the sym-
metries of the EFT model to understand the physi-
cal properties of the fractional charge and the frac-
tional spin. An important step in the direction that
the EFT model is used to illustrate the FQHE! was
taken by Prange and Girvinl and by Girvin and
MacDonald,[?!, who proposed a field-theory model
containing a complex scalarfield ¢ coupled to a vec-
tor field (Ag, A) with a Chern-Simons term. The
Chern—Simons term is deduced from the invariance of
an action under a statistical gauge transformation, !
in which the statistical gauge fields can not describe
any physical variable. Though the quantum flux @,
introduced into the Chern—Simons term endows the
statistical gauge potential to have the physical prop-
erties of the U(1) electromagnetic gauge potential, in
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fact the statistical gauge potential a, still can not
be substituted by the electromagnetic potential A,
totally.[#®] The physical meanings of the statistical
gauge potential a, were discussed clearly by Zhang
et al.*? and Jain.5=% Zhang et al. gave a result
that the statistical gauge potential makes the vor-
tex with a unit flux have fractional charge e/(2p + 1),
where p = 0,1,2,.... Jain supplied a new parti-
cle with anomalous fluxes, which is called the com-
posite fermion, to describe the FQHE. Actually, the
two results are equivalent. The former averages a
unit charge to several vortexes with a unit flux, and
the latter confines two or more fluxes to an electron.
As the use of the EFT to describe the FQHE has
been discussed widely, the quantum symmetries have
been widely discussed in the system with a singular
Lagrangian and Chern-Simons term,'%~18 and even
with the Maxwell-Chern-Simons term.!'=22l In most
papers, the statistical gauge potential was taken as
the U(1) electromagnetic gauge potential.
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In this paper, we consider the composite fermions
in quantum electrodynamics (QED) (the spinor fields
coupled with Maxwell-Chern—Simons fields) in (2+1)-
dimensional space. In Section 2, we quantize the
composite fermions in QED by using the Faddeev—
Senjanovic path integral quantization formalism. In
this process, the statistical gauge potential a, and
the electromagnetic potential A, are introduced by
gauge conditions respectively, and are discussed sepa-
rately. In Section 3, in the sense of Dirac’s conjecture,
we deduce all constraints and separate them into first
and second classes. According to the first-class con-
straints, we give the generator of the gauge transfor-
mations, and deduce the gauge transformations. Un-
der the gauge transformations, the invariance of the
effective action gives the Noether theorem at the quan-
tum level, which shows that the fractional charge is
confined to a vortex with many unit fluxes. This re-
sult is better than the one in Ref. [4].
not only odd fractional charges, but also even frac-

It contains

tional charges. In Section 4, the Noether theorem at
the quantum level is discussed again under the ro-
tational transformations in the 2-dimensional (x,y)
plane. There are two terms which contribute frac-

tional spins to the composite fermions in QED.

2. Quantization of composite fer-
mions in QED

We consider the composite fermions in QED in
(24+1)-dimensional space, which has the Lagrangian

density
& = &[i'y“(@u —eA, —eay,) —mly
1 v e .
— ZFNVFM + %El 'oauayap, (1)

where ¢ = () and 9 (x) = T (2)7° are singular ele-
ments in Grassmann’s algebra, e is the unit charge, @
is the unit quantum flux, 6 is the gauge parameter for
the Chern—Simons fields, F},, = 0,4, — 0, A, are the
electromagnetic tensors, A, are the electromagnetic
potentials, a,, are the statistical gauge potentials, v,
are the Dirac matrices (70 = 03, 4! = io!, 42 = i0?,
o is the Pauli matrix), and £**? is the Levi-Civita
three-order antisymmetry tensor. We also have set
¢ = h = 1. On the right-hand side of Eq. (1), the first
term describes the spinor fields in the statistical gauge
fields and the electromagnetic fields, the second term
is the free electromagnetic fields, and the third is the

Chern—Simons gauge fields.

In the Faddeev—-Senjanovic path integral quanti-
zation formalism, the canonical momenta conjugated
to the field variables 1,1, A,,, a, are

0L 0L -
71-1;:7;:07 7¢:7-:i¢707
5¢ o9
0L ,
Ty, = — = —F%,
LTS A,
0L em 0L
w = = “Ta,, =—=0, (2
T = Sa 200, 0 T T 54, ®
respectively, where £ = £¥. Using the Legendre

transformation, according to Eq. (1), we can give the
canonical Hamiltonian density as

He = mz/j + sz/} + WA“A# + T, Gy — L

1 1 ~ .
- 57@17‘, + o Ful - Apdim ™ — 1y 0¢p + mipy
e .. _ _
— goeanda; + el pA, + by ba,. (3)
0

It is easy to check that the primary constraints in
Eq. (2) are

qb(l) =5 ~0, (4)
¢y =1y — iy’ =0, (5)
em i
(bg:wai—w@osﬂajzo, (6)
¢2 =TA, = 0. (7)

As for the constrained system, in the sense of
Dirac’s conjecture, the canonical Hamiltonian should
be replaced by the total Hamiltonian including all
primary constraints. Thus, for system (1), the total
Hamiltonian density is

S = A+ MG + Aoy + A3d3 + Ao
1 1 . _ _
374, T FaFY = Aodima, — 197 0i¢p + mipy)

- %aijaoaiaj + eqﬁ'y“z/}AM + ez/}y”wa#
0

+ 107 + A2y + X385 + A, (8)

where A\;(z) (i = 1,2,3,4) are Lagrange multipliers
with respect to the primary constraints ¢?. The to-
tal Hamiltonian can be integrated by using the total
Hamiltonian density as

Hy = / A%z . (9)
S

Based on the total Hamiltonian, the stationarity
of the primary constraint ¢?, {¢9, Hr} = 0, leads to
the equation

iy’ = eyt A, + ey va, — (iviai —m)y. (10)

Obviously, Lagrange multiplier Ay can be determined
from the above equation.
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The stationarity of constraint ¢9, {#3, Ht} =~ 0,
gives

79N\ = ¥(i7'0; — m) — evy* A, — eyt a,. (11)

From Eq. (11), Lagrange multiplier A can be solved
as well.

The stationarity of the primary constraint ¢9,
{99, Hr} =~ 0, defines Lagrangian multiplier A3 by the
following equation:

em Sy
A3—— = —epy"1. 12
359 oy ey (12)

However, the stationarity of constraint (7) gives

birth to a new constraint

o1 = —{¢3, Hr} = O;ma, + ey’ =~ 0. (13)

Furthermore, its stationarity can not give any new
constraint.

In this constrained system, there are four pri-
mary constraints (49, ¢9, ¢3, ¢9) and a secondary con-
straint ¢1.

total Hamiltonian density 474 should be replaced

In the sense of Dirac’s conjecture, the

by the extended Hamiltonian density containing the
secondary constraint.[?3] But there are some differ-
It is argued that the to-
tal Hamiltonian should not be substituted by the ex-

ent points on this topic.

tended Hamiltonian?4=33] under certain conditions.
The main cause is that the secondary constraints
might lead to the broken invariance of the canonical
action under the Dirac’s gauge transformation (DGT).
In other words, the secondary constraints might lead
to the loss of the equivalence between the canonical
equations and the Euler-Lagrangian equations. And
this point has been proved in different constrained sys-
tems. However we do not think so. This problem can
be discussed from the principle of the least action. In
system (1), the extended Hamiltonian is equivalent to
the total Hamiltonian entirely, because the secondary
constraint does not give a variance to the canonical
action.

As usual, the first-class constraints are denoted
by A, and the second-class by 6. In system (1), the
two second-class constraints are given by ¢4 = m; ~ 0
and 0y = Ty — iypy% ~ 0, and the three first-class con-
straints are expressed as Ay = w4, = 0, A2 = 7,4, —
(em/20®g)e a; ~ 0, and Az = ¢1 —ie(—¢P +d30) =
dima, — ie(my) — mz1) ~ 0. It is easy to check that

{A1, A2} = 0, {A2,43} =0, {A;,A3}~0, (14)

{Alael} %07 {A1792} %07 (15)
{A2,01} =0, {As,02} =0, (16)

{A3,91} = —ief =~ O7 {A3,92} = —iefy =~ 0, (17)
{61,605} = ir°. (18)

Hence, constraints Ay, As, and Az are first-class,
while constraints 6; and 6, are second-class. In the
Faddeev—Senjanovic path integral quantization for-
malism, for each first-class constraint, we must choose
a gauge condition. Simply, we consider the radiation
gauge and the Coulomb gauge

.Ql = Ao ~ 0, (19)
.QQ = 82»@1' ~ 0, (20)

as the gauge conditions with respect to the first-class
constraints Ay, Ag, and As.

Based on the previous discussion, in the phase
space, the generating functional of the Green function
for singular Lagrangian (1) can be given as

3
21] = / 9% Do det [{ Ay 2 T 5(40)5(24)
a=1

x []6(60) det [{6:, 0,3/

=1

X exp {i / dgaf(ﬂ'a@a — A+ Ja@a)} (22)

where 7o, = (75, Ty, TA,,Ta,), P* = (W, 0, Apsay),
and J, are exterior source variables with respect
It is easy to check that det|[{A,, 2} and
det [{6;,6;}| do not depend on any canonical variables

to ¢“.

¢ or their canonical momenta m,. Thus we can sim-
plify the above generating functional (22) as

Z[J,K,U] = / D Do DNt DCo 20,
X exp [i]fﬁc +i/d3x(Jagpa
+ K%y + U)\)] , (23)

where

I = / B Ll = / Br(LT + L), (24)
gP = ﬂasba - %7 (25)
L = Ao + A2 + N0, (26)

Here we introduce exterior sources J, with respect to
canonical variables p®, K® with respect to canonical
momenta 7,, and U with respect to Lagrange multi-
pliers A = (Ag, Ap, Ar)-
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3. Fractional charges for compos-

ite fermions in QED

According to Dirac’s conjecture that all first-class
constraints are generators of gauge transformations,
the generator of the gauge transformations can be ex-

pressed as[3435]

G = /de[wl(x)Al + wa(x) A2 + ws(x) As]

- /dzx{wl(l')WAo + wa(z) (ﬂ'ai - Zggos“a]—)
ren(0)lorma, ~ielmoy - medll ). (@)

From the master equation 0G/0t + [G,Hr| =~

0,36:37 we can obtain

6)\1 SAQ = —ied)d}g,

@3 — W1 = 0. (28)

ie?/_’w&

dAz =wq, A =uwy,

It is obvious that wy = ws. Generator (27) can be
simplified as

G= / d*2 (A1 + wads + wAs), (29)

where ws = w. According to 0F = [F, G| (F is an ar-
bitrary function depending on canonical variables and
momenta), from generator (29), we can deduce the
gauge transformations in the sense of Dirac’s conjec-

ture as
3 = iwer, 8 = —iwer),
dAp =w, O0A; =wdid(x —vy),
da; = wsz, dmy = —iwemy,
. woeT .
dmy = lwemy, Omg, = —20@05”,
6/\1 = iezﬂo&, 5)\2 = —iezbob,
O3 =wsy, OdA\p =0, (30)

the other variable variances are zeros, that is dag =
Oma, = Oma, = 04, = dm,, = 0. For simplicity, we
will call transformations (30) as Dirac’s gauge trans-
formations (DGT) in the following. Under DGT (30),
according to the Noether theorem at the quantum
level, we obtain two conserved charges as

@1 :/ d%{QZ; Eijaj} = const., (31)
s 0

and

Q2= /S d*z[—ey — F"8;(x — y)] = const., (32)

where the effective factor 6 is[?!

6=02p+Dm, (p=0,1,2,...), (33)

and 1y is the density of fermions.
From Egs. (31) and (33), we can obtain

ne 1

@ = T 2(2p+ 1) ndy

/ d?zeay, (34)

which implies that each vortex with a unit quantum
flux can have ne/2(2p + 1) fractional charge.!!
From the equation of motion derived from

Eq. (23)-(26), we can obtain an equation for ag as

65 e .. (& b
-057:71931..:7— 35
7 5a0 9@05 a; (2p T 1) @0 ) ( )
where
b=¢c"0;a;. (36)

So the total charge carried by the vortex with n unit
quantum fluxes is

0 :/dejO L ¢ J d2zb

(2p+1) & (87)

If the introduced gauge field b is assumed to have the
fundamental properties of the electromagnetic field,
we can obtain fractional charge

ne

R CTESY)

(38)
for the vortex with a unit flux.*

The results in Eqgs. (34) and (38) both give odd
fractional charge for the vortex with a unit flux, how-
ever Eq. (34) also contains an even fractional charge,
which is better than Eq. (38). In other words, the Noe-
hter theorem at the quantum level shows more physi-
cal properties than the equation of motion for the con-
strained system. According to the previous discussion,
we know that when unit flux @q is introduced into the
Chern—Simons term, the statistical gauge potential a,,
has the properties of electromagnetic potential A,,.

4. Fractional spins for composite

fermions in QED

Under the rotational transformations in the 2-
dimensional plane, the fractional spins and the frac-
tional statistics have been deduced for the compos-
ite bosons.[*8l In this section, we will discuss the con-
servation law of angular momenta for the composite
fermions in QED under the rotational transformations
in the (z,y) plane.
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It is well known that the Lorentz transformations
are

Az, = €py,

1

AA, = 5eWS YA, (39)
1

Awu = §€WT§‘:%7

where €, is an antisymmetric matrix, A, are (34+1)-
dimensional vector fields, 1, are spinor fields, S¥y =
Sy 85y, and THY = (1/4) (V7" — 7"7")ys =
i/o,.. According to the Noether theorem at the quan-

5wésv -
tum level, we obtain the conserved charge as
Q= / d?z[r(Ad — ¢.iAx;) — Heg Azo] = const., (40)

where ¢; = 0¢/0x;.
tions (39) are pressed in the 2-dimensional plane, Azg

When rotational transforma-

is zero. Then the above conserved charge (40) can be
simplified as

Q= / d*z[r(A¢ — ¢ ;Ax;)] = const. (41)

Substituting Eqgs. (2) and (39) into Eq. (41), we

obtain
/d2x [iz/?”’y()(;Tfy‘s” v w*;:clﬂ

2 e ij W ) )
+/d x{%@oe a](25’vsay 8Zayx,>}

= const. (42)

The above equation can be expanded as
i
/ d*z {1/)770(7//)/1/ - ’Yl/’Y;L)’yﬂ/)S}
/d2 1¢70¢ ;) /d2 ( FO’S‘“’A )
2 0i 2 T v
+ /d o(F70;Aux;) + /d (49@ gﬂajSijsa,,>

— /de(2Z;OE a;0; a#xz> = const. (43)

In the left-hand side of Eq. (43), the first term is
the total angular momentum of the spinor fields, the

second term is the orbital angular momentum of the
spinor fields, the third and the forth terms are the or-
bital angular momenta of the electromagnetic fields,
and the fifth and the sixth terms are the sources
The two
terms are generated by the Chern—Simons gauge fields

for the appearance of the fractional spins.

entirely. They are produced by the interaction be-
tween the orbital motion of the fluxes attached to
the fermions through the statistical gauge transforma-
tions. These results offer illustrations of the appear-
ance of the fractional spins for the composite fermions
in QED. Furthermore, the fractional spins of the com-
posite fermions in QED are endowed only by the intro-
duction of the statistical gauge potential, that is the
Chern—Simons gauge fields, and the QED term makes
no difference. The statistical gauge fields provide two
contributions to the fractional spins of the composite
fermions in QED. But for the bosons, there is only a

normal spin term.[38:39]
Following the discussion in Ref. [18], we can ob-
tain
o em ™
/d 1'294505 Jajaiaj/xj/ = 2*96@0. (44)

We can define an operator A for the anomalous spin
term (44) as

A= —ed 45
296 0 (45)
and another operator S for the composite fermions in

QED as

S = 4;;0 /dgxa akSklal (46)

Assuming a one-particle state with 1/2 spin denoted

as |1/2, 1)any, we then take the above two terms to act
on the state and obtain
1

,1> = el¥ir~1F3 1,1> . (47)
2 any 2 any
where « is the spin-rotation parameter, and S is the

@p+r (p =
.), we can obtain the eigenvalues of the two

elaS—lﬁA

rotation parameter. Since 6 =
0,1,2,..
operators S and A as

1

i) (48)
and
1
TR ()

respectively. For the composite fermions in QED with
the Chern—Simons term, their anomalous spins can be
calculated as

1 1 1
ST = =-+ —
T 2 4(2p+1) 2(2p+1)
. ! (50)
T2 4(2p+1)

Under the rotational transformations in the 2-
dimensional space, the invariance of the effective ac-

tion supplies the fractional spins for the composite
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fermions in QED. In this way, for an arbitrary state,
we can give corresponding anomalous results. Ob-
viously, as parameters «, § and coefficient 6 in the
Chern—Simons term take special values, we obtain fac-
tor e'®s=ife — 1 _1 and the others. If it is 1, the
system is consisted of bosons; if it is —1, the system
is consisted of fermions; and if it is a fractional num-
ber, the system is consisted of anyons.!*%*1] This result
shows that the quantum fluxes attached to particles
can change the statistics of the particles. The result of
Eq. (50) does not agree with the one given in Ref. [18].
When the vortex with a unit flux is defined as a par-
ticle with fractional charge, the fractional spins (48)
brought by the interactions between the spins and the
statistical gauge potentials can vanish from Eq. (50),
and then Eq. (49) is replaced by n/4(2p +1). This
result proves to a certain extent that the inherent con-
straints define some symmetries. Furthermore, the
subsidiary constraints introduced into a constrained

system can change the system’s symmetries.

5. Conclusion

In conclusion, we have considered the compos-
ite fermions in QED, and quantized them by us-
ing the Faddeev—Senjanovic path integral quantization
method. We have separately considered the statis-
tical gauge potential and the electromagnetic poten-
tial, and introduced gauge conditions for them, re-
spectively. By using the Dirac-Bergmann method,
we have deduced all constraints, and given the DGT.
Under the DGT, the invariance of the effective ac-
tion has given the Noether theorem at the quantum
level, which has endowed fractional charge to the vor-
tex with a unit flux. The result is better than that in
Ref. [4]. The Noether theorem has also been reconsid-
ered under the rotational transformations in the (z,y)
plane. A new result has been given that if we want
to have a result agreeing with that in Ref. [18], the
fractional charge brought by the inherent constraints
should be regarded as the inherent property of the
vortex with a unit flux. It has proved to a certain
extent that the constraints can define the symmetries
of the constrained system. So subsidiary constraints
can be used to change the symmetries of a constrained
system. The constrained systems with subsidiary con-

straints have been discussed recently.[*243] What the

Mei symmetries[*¥ are in this system needs to be stud-
ied further.
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