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Area and entropy spectra of black holes
via an adiabatic invariant*
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By considering and using an adiabatic invariant for black holes, the area and entropy spectra of static spherically-

symmetric black holes are investigated. Without using quasi-normal modes of black holes, equally-spaced area and

entropy spectra are derived by only utilizing the adiabatic invariant. The spectra for non-charged and charged black

holes are calculated, respectively. All these results are consistent with the original Bekenstein spectra.
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1. Introduction

The quantization of area and entropy is an im-
portant aspect of studying the quantum properties of
a black hole. Initially, by studying particles emitted
from a black hole or those absorbed by it, the famous
Bekenstein conjecture that the entropy of a black hole
is proportional to its horizon area and quantization
was proposed.[!! The minimum increase of horizon
area can be obtained by absorbing a test particle and
is expressed as!*?]

(AA),_. = 8rh, (1)

min
where the unit that ¢ = G = 1 is used, h is Planck’s
constant, c¢ is the speed of light, and G is Newton’s
constant. Bekenstein further proved that the hori-
zon area of black holes is an adiabatic invariant.[>—5)
That is, the area of black holes changes very slowly
compared with the variation of external perturbations.
According to the Ehrenfest principle, any classical adi-
abatic invariant corresponds to a quantum quantity
with a discrete spectrum. Thus, black hole area and
entropy can be quantized and the area quantum (1)
was presented.

The quantization of black holes was also proposed
via the quasi-normal modes (QNMs) of black holes.
Based on Bohr’s correspondence principle, Hod[®7 ar-
gued that highly damped black hole QNMs should be
identical to the quantum transition of the correspond-
ing system and the real part of asymptotic QNMs
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should be equal to the quantum transition frequency.
If the variation of black hole energy equals the radia-
tion energy, the area spectrum of black holes could
be obtained. Later, the important progress of re-
lating the QNM to the quantization of black holes
was made. Maggiorel® suggested that the quantum
levels corresponding the transition frequency of black
holes should be identical to the absolute values of the
QNMs as a set of complex frequencies. For highly-
excited black holes, the imaginary part of QNMs is
much larger than the real part and a proper frequency
comes from the imaginary part. Moreover, the proper
frequency from the imaginary part of QNMs was men-
tioned earlier in Ref. [9]. Combining the proposal
that the horizon area of black holes is an adiabatic
invariant with the method of relating the QNMs to
the quantization of black holes, Kunstatter presented
an adiabatic invariant formula for black holes.[!?) Tt
was showed that, for a system with energy E and
vibrational frequency w (E), there is a natural adia-

dE/w(E).

cal limit, a black hole with transition frequency can

batic invariant I = As a semiclassi-
be considered as a classical system of periodic mo-
tion with the vibrational frequency from the QNMs.
Then, following the Bohr—Sommerfeld quantization
rule I = nh, the area and entropy spectra of black
holes were produced.'~12] By using the adiabatic in-
variant and the QNMs of black holes, many other
studies have been made of black-hole quantization and
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the quantum spectra in different spacetimes have been
provided.[13—27]

In addition, motivated by Bekenstein’s proposal
that the black-hole area is an adiabatic invariant,
different adiabatic invariants have been proposed to
obtain the quantum spectra of black holes.28735] In
Refs. [28]-[32], using some basic properties of Eu-
clidean black-hole thermodynamics, a method for
studying the quantization of black holes was put
forward, where the mass and charge of black holes
are treated as canonical conjugates and the time is
FEuclideanized. Then, by quantizing the action of
black holes, quantum spectra of different black holes
were derived without using the QNMs of black holes.
In Ref. [33],

was proposed given that the outgoing particles pass
33]

an adiabatic invariant for black holes

through the event horizon. It can be written asl

1= /piin
Di
=/ dp;dg;
0
Po Pr
:/ dpédqo+// dp;.dgy, (2)
0 0

where p; is the conjugate momentum of the coordinate
¢i, o = 7 with 7 being the Euclidean time, and ¢, = r
is the radial coordinate. Then, following the Bohr—
Sommerfeld quantization rule, the quantum spectrum
that is the same as area (1) for a static spherically-
symmetric non-charged black hole was given. Similar
to Refs. [28]-[32], the significant feature of Ref. [33]
is that the quantization of black holes can be derived
without using the QNMs of black holes.

In this paper, we investigate the area and entropy
spectra of black holes by considering and rewriting
an adiabatic invariant for black holes. Using some
basic properties of Euclidean black-hole thermody-
namics and applying the Bohr—Sommerfeld quanti-
zation rule to the rewritten adiabatic invariant, the
equally-spaced area and entropy spectra of black holes
are derived without using the QNMs of black holes.
The quantization of static spherically-symmetric non-
charged and charged black holes are discussed, respec-
tively. The quantization of area that is the same as

area (1) is obtained.

2. Invariance and quantization of
black holes

In this section, we introduce an adiabatic invari-
ance of black holes and present the area and entropy
spectra of Schwarzschild black holes. By means of the
radiation of black holes, the adiabatic invariant for
black holes reads

Pi
I = fpidqz:f/ dp;dg;, (3)
0

where ¢; is the dynamic freedom degree in Euclidean
coordinates, the integral path encircles and is very
close to the event horizon. It should be pointed that
the adiabatic invariant is expressed by Eq. (2) and
inspired by other methods and perspectives in black-
hole thermodynamics. First, Hawking radiation of a
black hole comes from the vacuum fluctuation near the
event horizon and there are two directions for parti-
cles across the horizon.6:371 That is, when a pair of
particles is spontaneously created just inside the hori-
zon, the positive-energy particle can tunnel out of the
horizon to infinity. On the other hand, the negative-
energy particle remains behind the horizon and ef-
fectively lowers the mass of the black hole. Accord-
ingly, when a pair of particles is created just outside
the horizon, the negative-energy particle can tunnel
through the horizon inward and the positive-energy
particle remains outside the horizon and goes to in-
finity. Second, it has been proposed3:39 that in the

radiation process of black holes, the quantity / prdr

is not invariant under canonical transformations, but
7{ prdr is a canonical invariant. In fact, invariant (3)

is also motivated by the tunneling paradigm of Hawk-
ing radiation.[**=%2] In the paradigm, to obtain the

emission rate of tunneling particles, the action / prdr

for outgoing particles is calculated and discussed. In
addition, as will be seen in Section 3, the present adi-
abatic invariant can be applied to the charged black
hole.
Now, let us discuss the quantization of a
Schwarzschild black hole by using the adiabatic in-
variant (3). The Schwarzschild black hole is described

by one parameter of mass M; and the element is

-1
ds? = — <12Mt> de? + (12Mt> dr?

r r
+r2d 2 (4)

By using the transformation ¢t — —ir, the Euclidean
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metric can be obtained as

: . -1
ds® = (121MT) dr? + (121MT) dr?

r r
+ r2d 22, (5)

where M, is the Euclidean mass3132 and
M, — iM,. (6)

For the non-charged static spherically-symmetric
spacetime, the only dynamic freedom degree can be
denoted as ¢, = r and the adiabatic invariant quan-
tity (3) becomes

Pr
I= fprqu :}1{ dpl.dr. (7)
0

To proceed with an explicit computation on the
adiabatic invariant (7), we replace the momentum p,
by energy and apply Hamilton’s equation

o dr_dH'_dMy
Tdr o dp

(8)

where the radial path 7 is determined by the (7 — r)
sector of Eq. (5) with d2? = 0, H' = M. is the en-
ergy of the black hole after the radiation with energy
w = M, — M. Then, substituting Eq. (8) into Eq. (7)

yields
H H/ M.,-
I:j{/ d _ dr:%/ dM!dr. (9)
o dr 0

Next, in order to perform the integral over time,

the basic characteristics of the event horizon can be
used. It has been pointed out that the period of

Euclidean time of a loop about the event horizon

is[31-33,37]
2
f dr =, (10)

Kr

where k. is the surface gravity of black holes. Based
on Eq. (10), equation (9) becomes

M, !
I= 27r/ it (11)
0

!
KT

Since the Hawking temperature of the black hole (5)
is

T — hk,
2T
ho. —g™ 1 09""
= —— lim [
dwr—ry\| g7T ¢7T Or
h
- 12
StM,.’ (12)

where ¢g"" and ¢”" are the inverter metric components
corresponding to r and 7, respectively. Then the adi-
abatic invariant reads

M /

~dM
pon [
0 T‘r

M,
= / —8r M. d M.
0
= —4nM?2. (13)

The event horizon area is

A= —167M?2, (14)
and then the adiabatic invariant of the black hole is
written as

A
I=—. 15
. (15)

As the present canonical invariant corresponds to
one dynamic freedom degree g,., the Bohr—Sommerfeld
quantization rule can be used as

I = 2mnh, (16)

where n = 1,2, .... Thus, from Egs. (13) and (16), we

obtain the area spectrum for the Schwarzschild black
hole

A, =4I = 8tnh. (17)
Accordingly, the area quantum is
ANA = A, — A, =87h. (18)

It is seen that the present area spectrum is equally
spaced and is the same as Bekenstein’s original result
(1).

Next, we use the following Bekenstein—-Hawking
formula for the Schwarzschild black hole in Einstein
theory:

A
Son = 77 (19)

Then, from Egs. (17) and (18), we obtain the entropy
spectra

An

Sbh(n) = ah = 27n, (20)
AA

ASbh = E = 2. (21)

Similar to the area spectrum, the obtained entropy
spectrum is also equally spaced.

In addition, for the black hole (5), we consider the
first law of black hole thermodynamics

dH'

o = dSpp; (22)
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the adiabatic invariant (13) can be written as
Sbh
I= h/ S}, = hSun. (23)
0

Then, according to the Bohr—Sommerfeld quantiza-
tion formula (16), the entropy spectrum of black holes
can be obtained as

I,
Sbh(n) = f = 27n, (24)
ASph = Spr(n+1) = Sbh(n) = 27 (25)

Thus, the entropy spectrum formulae (20) and (21)
can be reproduced more directly.

Again, we use the Bekenstein-Hawking area law
(19). Then, from the entropy spectrum formulae (24)
and (25), the area spectra of black holes can be ob-
tained as

An = 4thh(n) = 87'('7’177/7 (26)
AA = 4hASpy, = 87h. (27)

Thus, the area spectrum formulae (17) and (18) are
derived again.

3. The area and entropy spectra
of a charged black hole

In this section, using the adiabatic invariant for-
mula (3), we discuss the quantization of a static
spherically-symmetric black hole with two dynamic
degrees of freedom. In Einstein—Maxwell theory, the
static charged black hole is described as the Reissner—
Nordstrom metric

2
1 = - (1-20 1 ) e
r

r2

2\ —1
+ (1—2Mt + Qt) dr? + r2d0?, (28)
T T

where the dynamic parameters M; and @); are the
mass and electric charge of a black hole, respectively.
The event horizon r; and the inner horizon r_ of the
black hole are

re = Myty/ MZ — Q3. (29)

The area of the event horizon is

A= 4mr?. (30)

For the electromagnetic field, the electromagnetic po-
tential is

A, = <—%,0,0,0> . (31)

Implementing the transformation ¢ — —irt, we
obtain the Euclidean metric of Reissner—Nordstrom
black hole as

: 2
ds?® = (1—21MT — QT) dr?

r 72

. -1

+ (1—21MT - Qj) dr? + r2d Q2 (32)
r r

where M, and @, are the Euclidean mass and electric

charge, respectively, My — iM,, and Q; — iQ.

It should be noted that the metrics of Eqs. (28)
and (32) describe the outside geometry but not the
interior metric of the Reissner—Nordstrom black hole.
However, the integral path of Eq. (3) encircles the
event horizon and we should consider both the inside
and outside regions of the black hole. In addition, the
black hole radiation is a quantum effect arising from
the region very close to the event horizon and the in-
tegral path is very close to the horizon. Furthermore,
if the interior metric is smoothly connected to the ex-
terior metric through the event horizon, the interior
metric near the horizon may be identified to be the
same as the exterior metric near the horizon.[*3! Then,
the interior metric near the horizon can be given by
Eq. (32).

In addition, when we calculate the adiabatic in-
variant (3) in charged black holes, the effect of elec-
tromagnetic field should be taken into account. That
is, we should consider the matter—gravity system con-
sisting of the black hole and the electromagnetic field.
For the electromagnetic field in Reissner—Nordstrom
spacetime, from Eqgs. (31) and (32), it is seen that the
non-zero component of electromagnetic potential is

@7

r

The Lagrangian function for the matter—gravity sys-

tem is
L=L,+L,, (34)

where Ly, is the Lagrangian function of the mat-
ter field, and L, is the Lagrangian function of the
electromagnetic field corresponding to the general-
ized coordinates A,.*4 As L. described by A, is
—F,vF" /4, it is seen that the generalized coordinate
A; in Eq. (33) is an ignorable coordinate. To elimi-
nate this degree of freedom completely, the action of
the matter—gravity system can be written as

S— }{ (Ldt — padA.), (35)
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where p4, is the canonical momentum conjugate to
A,. Then, we write the adiabatic invariant quantity
for Reissner—Nordstrom black hole as

I= %(prdQT — DA, dAT)
Di
= 7{/ (dp,.dr — dp/y_dA;)
0
Pi .
- 7{/ (dp;f“— dp;,TAT) dr,  (36)
0

where r= dr/dr and AT: dA./dr.
For an explicit computation of Eq. (36), we apply
Hamilton’s equation

. dH’ dm,’
r:(d/> T Ay (37)
Pr/ (r:Arpay) pr
A= ( A’ ) = dibf (38)
i dp’ dp/, ’
Ar 7 (Arirpr) Ar

where Eb represents the energy of the electromagnetic
field corresponding to black hole with electric charge
Q. and

dE, = —idEp, = fir—J:dQ;. (39)

Substituting Eqs. (38) and (39) into Eq. (36), we have

(M7,Q-)
I= ]f/ (dM] — dEy,_) dr. (40)
(0,0)

By switching the order of integral and finishing the in-
tegral over time by using Eq. (10), Eq. (40) becomes

(Mr.Qr) dM] — dEy,
I= 27r/ —l (41)
(

/
0,0) KT

For spacetime (32), the Hawking temperature is

s
y
2T
ho. —g™ 1 09™"
= —— m —_—
47Tr—r+ g‘r‘r gTT 8r
h —r_
S P (42)
dr oy

Then, substituting Egs. (42), (39), and (6) into
Eq. (41), we have

(M~,Q-) dM! — dEb

I=h
(0,0) 7
(M,Q1)  frp'2 /
= / — (sz - Qﬁd@@) - (43)
(0,0) ry —T_ ry

By means of the identity

1
T’+th—Qtth= §(T+—T_) dT+, (44)

equation (43) becomes

T+
I= / mdr’?. (45)
0
In view of Eq. (30), the adiabatic invariant is obtained
as
A
I=mr}="-. (46)
4
By applying the Bohr—Sommerfeld quantization
formula I = 27nh to the adiabatic invariant (46),

the area spectrum and area quantum of the Reissner—
Nordstrom black hole are obtained, i.e.,

A, = ARI = 8mnh, (47)

AA= Ay — A, = 8. (48)

According to the Bekenstein—Hawking formula
(19) and Egs. (47) and (48), the entropy spectra of
a Reissner—Nordstrom black hole are derived as

An
Sbh(n) = E = 2mn, (49)
AA

It is the same as the Schwarzschild black hole
in that the area and entropy spectra of a Reissner—
Nordstrom black hole are equally spaced and consis-
tent with Bekenstein’s original spectrum.

In addition, for the Reissner-Nordstrom black
hole (32), we can apply the first law of black hole
thermodynamics

dM; — dEg, =T/dS" (51)
From Eq. (41), the adiabatic invariant is written as
Sbh
. n/ dS’ = hSu. (52)
0

Thus, according to the Bohr-Sommerfeld quantization
formula I = 27nh, the entropy spectra of the black
hole can be obtained as

I,
Sbn(n) = # = 2mn, (53)
ASph = Sph(n+1) = Sbh(n) = 27. (54)

That is, the entropy spectrum formulae (49) and (50)
can be reproduced more directly.
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Again, we use the Bekenstein-Hawking area law
(19). Then, from the entropy spectrum formulae (53)
and (54), the area spectrum of the black hole can be
derived as

An = 4thh(n) = 8’]‘(71757
NA = 4hASbh = 8rh.

Thus, the area spectrum formulae (47) and (48) are
obtained again.

4. Discussion and conclusion

To investigate the quantization of black holes, we
discuss and rewrite an adiabatic invariance of black
holes by considering black-hole radiation. Two direc-
tions of radiation particles going out and into black
holes are considered and the rewritten adiabatic in-
variant has canonical invariance. By using some ba-
sic properties of Euclidean black hole thermodynam-
ics and applying the Bohr-Sommerfeld quantization
rule to the adiabatic invariant, the quantum spectra
for static spherically-symmetric black holes are dis-
cussed. Without using the QNMs of black holes, the
equally spaced area and entropy spectra are derived by
only taking advantage of the adiabatic invariant. The
spectra for a Schwarzschild black hole and a Reissner—
Nordstrom black hole are investigated, respectively.
All these results are consistent with Bekenstein’s orig-
inal spectrum (1). For supporting the universality of
black hole spectroscopy, the present discussion pro-
vides an illustration via considering and using the
adiabatic invariance of black holes. In addition, the
present adiabatic invariant can be applied to not only
Further-
more, the present discussion on black-hole quantiza-

non-charged but also charged black holes.

tion can be extended to other types of black hole.
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