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We present exact solutions for the Klein—-Gordon equation with a ring-shaped oscillator potential. The energy

eigenvalues and the normalized wave functions are obtained for a particle in the presence of non-central oscillator

potential. The angular functions are expressed in terms of the hypergeometric functions. The radial eigenfunctions

have been obtained by using the Laplace integral transform. By means of the Laplace transform method, which is

efficient and simple, the radial Klein—Gordon equation is reduced to a first-order differential equation.
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1. Introduction

The solutions of the Klein—Gordon, the Dirac, and
the Duffin-Kemmer—Petiau equations with various
potentials have great importance in nuclear physics
and high energy physics. These equations are the
most frequently used wave equations for the descrip-
tion of particle dynamics in the relativistic quantum
mechanics.[!] Many studies have focused on solving the
equations with physical potentials. An increasing in-
terest in the study of the Klein—Gordon equation with
various potentials, such as five-parameter exponential-

(2l pseudoharmoic oscillator,® and

(4]

type potentials,
ring-shaped oscillator,!* has occured in recent years.
Different methods, such as supersymmetry,® the
Nikiforov-Uvarov (NU) method, ) and the asymptotic
iteration method (AIM),[”) have been used to solve the
Klein—Gordon equation.

In this paper, we study relativistic solutions for a
particle in the presence of noncentral potential. In the
spherical coordinates, the noncentral oscillator poten-

tial is given by
1 2,2 /
V(r,0) = SHwT + V'(r,0), (1)

where g is the rest mass, and w is the angular fre-
quency of the oscillator. The first term is the oscillator
potential, and the second term is the noncentral term.
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A ring-shaped oscillator potential is defined by!®!

1
V(r,0) = -puw’r* +

: 2

r2sin? 6’
where a is a constant. Recently, the Klein-Gordon
equation with the double ring-shaped oscillator po-
tential has been solved by using the AIM.[79]

In this paper, we introduce the Laplace inte-
gral transform method to solve the radial Klein—
Gordon equation. The Laplace transform method
has been used to obtain exact solutions of the
Schrédinger equation with the Morse potential,l'% the
N-dimensional harmonic oscillator,™!] and the two-
dimensional Coulomb potential.['213 A very power-
ful technique for solving differential equations is the
Laplace transform, which literally transforms the orig-
inal differential equation into an elementary algebraic
equation.!*

The rest of this paper is organized as follows.
In the next section, the Klein—Gordon equation with
equal scalar and vector potentials is shown. Further-
more, the separation of the Klein—Gordon equation
with the ring-shaped potential is presented. In the
following sections, the angular and the radial parts of
the Klein-Gordon equation have been solved. Namely,
the normalized wave functions and the energy eigen-
values have been obtained in the next sections. The
last section is devoted to a summary and conclusion.
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2. The

with equal scalar and vector

Klein—Gordon equation

potentials

The Klein—Gordon equation with vector and
scalar potentials can be written as

[ — R2AV? + (;wQ + %S(r, 0, @))2
(E;VW&WOT¢Uﬁw)Q (3)

where p and E are the rest mass and the energy of
the particle, respectively, A is the reduced Planck con-
stant, ¢ is the velocity of light, S(r, 0, ¢) and V(r, 0, )
are scalar and vector potentials, respectively. For the
case of equal scalar and vector potentials, the exact
solutions of the Klein—-Gordon equation are possible
to be obtained only for certain potentials. We assume
that the scalar and the vector potentials are equal to
each other.[7] For the case of S(r,8,¢) = V(r,0, ),
in the spherical coordinates, the Klein—Gordon equa-
tion for a particle in the presence of a general non-
central potential is given by

Lo (a0, 1 0 (. . 0
r2 Or " or r2sin 6§ 00 sin 00

1 0 E + pc?
* r2sin 6 0p? ( h2c? ) Vi)
E2 _ 204

To separate the angular and the radial parts of the
wave function ¥ (r, 0, ¢), the wave function is written
as

U(r,0,¢) = u(r)H(O)2(p). ()

The above wave function and the ring shaped oscilla-
tor potential are inserted into Eq. (4), the separated
equations of the Klein-Gordon equation are

d?u(r) = 2 du(r) E? — 2t
dr? * r o dr * { ( h2¢? >
E+pc?\1 5, (({+1) _
_ < = ) SHw T = . u(r) =0, (6)

1 d sin@dH(e) C[[(E+p\ a
sin 6 df de h2c? sin” 0

1)+ S?fg] H() =0, (7)
d2¢(§0) - 2
T = () (8)

where m? and £(£ + 1) are separation constants. It is
well known that Eq. (8) leads to

_ eimga’

V2w (
The solutions of Eqgs. (7) and (6) will be obtained in
the next sections.

m=0,+1,+2,43,...). (9)

3. Solutions of the angular equa-
tion

If we define a variable @ = cosf + 1/2, equa-
tion (7) becomes

[12(1 — x)zd—z +z(1—-2)(1 - 2:::)i

da? dz
+0(0+ 1)zl —2) — AQ] H(x) =0, (10)
where
1 (E + pc)a]'?

Considering the boundary conditions at # = 0 (x = 1)
and 0 = 7 (z = 0), we can write the wave function as

(1 = 2))* f(2). (12)
0), the

H(z) =

When this wave function is inserted into Eq. (1
second-order differential equation becomes
2

Pl 2) 2 +[2A 1) ~2024 + 1)a] ©

+L0l4+1)—2AR2A+1)| f(x)=0. (13)
This equation is known as the hypergeometric differ-

ential equation. The solution of Eq. (13) is the hyper-

geometric function

f(x) = 2F1(a, By v; %), (14)
where

a=2A—-¢, [B=2A+0+1, ~v=2A+1. (15)

Since Re(a + 8 — ) = 24 > 0, the hypergeometric

function diverges at the point x = 1 except zero and

negative integer values [15:16]

a=24A—-(=-n', (n=0,1,2,...). (16)

Thus, equations (11) and (16) give

{=n' +\/m2

(E + pc?)a

 R2e2 (17)
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The angular wave function can be written as

H(9)

—C <0089—|—1>A (1 —cos@)A
2 2

0+1
x2F1(—n’,4A+1+n’;2A+1;COS+),(18)

2

where C,,/,, is determined from the orthogonality con-
dition of the hypergeometric functions. The normal-
ization condition of the angular wave function is
/ [H(#))?sinfdf = 1. (19)

0

As the orthogonality condition of the hypergeometric

functions is!6]

1
/ 271 = 2)* 7 9F (<, a + n;y; x) de
0

B n! F(y)T(n+a—vy+1) (20)
- (2n+a) F'n+a)l(n+7v)
the normalization constant is determined to be
2n' +4A+1)I'(n' +4A+1
Cn/m = ( n ) ( 2 ) (21)
2n/1I'"(4A + 1)

Consequently, we have obtained the normalized angu-
lar wave functions

Hn’m(o)

@+ AAL )T +4A+1) (1—cos20\”
- 2/ IT(4A + 1)2 4

0+1
x oFy <—n’,4A +1+n;24+1; COS2+) . (22)

4. Solutions of the radial equa-
tion

If we use the following abbreviations:

_ E2 _'u204 2 1/2
"= he uw?(E + pc?) ’

2 [P (E + pc®)]Y? 5
&= e ; (23)

and we define a new variable p = £2r2, equation (6)
can be arranged as

2 3d 1 0e+1)
pdT)ZJr K—p— —=

2 4z =0. (24
sap T P u(p) = 0. (24)
Considering the asymptotic behavior of the radial

wave function at p — 0 and p — oo, physically we
should have

u(p) = p?e "2 f(p). (25)

If we use this physically acceptable solution, then
Eq. (24) can not be reduced to a first-order differential
equation by the means of Laplace transform. There-
fore, instead of this physically acceptable solution,we
take the wave function of the form

u(p) = p ¢(p).

where ¢ is a constant, and ¢(p) = p*/2 e P/2f(p).
Inserting Eq. (26) into Eq. (24), we obtain

a2 3 d 1 0e+1)
— Z4) — 4+ = S
{pdp2+<2+€>dp+4(ﬁ g p

+W>}¢(p) =0.

(26)

(27)

(£+1) and 42’(2’;1)+6£'7
then the Laplace integral transform can be carried out.

If we eliminate the terms with £

So we should have

_fF1

=
2 9

(28)

and consequently Eq. (27) leads to

d? 3 N d  k—p -

4.1. Energy eigenvalues

The Laplace transform of function ¢(p) is!**!
2o = v = [ oo 30
0

Applying the Laplace transform to Eq. (29), we obtain
the first-order differential equation as

Z + <2€/ - ;) S] y(s). (31)

This equation can be easily solved to obtain

1\ B/ 1/4 1\ /A 174
v =¢(s-3) (s+3) 52

where C' is an integration constant. If /440 —1/4 is

a positive integer, then s = 1/2, and the wave function
is square-integrable, since its asymptotic form con-
tains e~#/2, namely, y(s) has no singularity at s = 1/2.
So we must have

1
EJrE/ff:n,

1 1 (n=0,1,2,3,...),

(33)

where n is the radial quantum number. This condition
gives the energy spectrum

Kp =4n — 40 + 1. (34)
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If Egs. (23) and (28) are inserted into Eq. (34), the
energy spectrum becomes

(ERm — #2ch) (Bnm — pc?) 3
i —(N+2) hw
\/ o +2) hw, (35)
where
(Bnm + pc?)a
N=2n4+n \/m2 —ma
(n,n’,|m| =0,1,2,...). (36)

4.1.1. The nonrelativistic limit

For the case a = 0, the ring-shaped oscillator po-
tential reduces to the 3D harmonic oscillator potential.
In the case of 3D harmonic oscillator, N in Eq. (36)

are integers
N=2n+n"+m|, (N=0,1,2,...). (37)

In the nonrelativistic limit, applying the following

transformation:
Em— ucQ — FEn, Enm+ ,u02 — 2u02,

and inserting this transformation into Eq. (35) yield
3
Ey = (N+2> hw, (N=0,1,2,...). (38)

It is well known that Eq. (38) represents the energy
spectrum of the 3D harmonic oscillator.

4.2. Radial eigenfunctions

The corresponding radial eigenfunctions can be
determined by using the Laplace transform. We use
the following abbreviations:

g:n—2e’+%- (39)

Inserting Eqgs. (33) and (39) into Eq. (32), we can write
function y(s) as

A=—n,

v = (s ) (1) = cnemts. w)

yi(s) = (S— ;>_A, ya(s) = (84—;)_(.

The inverse Laplace transform determines function
@(p). The inverse Laplace transform of function ¢(p)
is found by using the convolution theorem.!'* We con-
sider that

L7 ()] =), L7 pe(s)] =u2(t) (41)

in this instance, the convolution integral is

o(p) = (—1)”016‘”/2/0ptA‘1<p —t)Stetdt, (42)

where C is a constant. The integral representation is
expressed by

u
/ 2V Hu — x)1 P dx
0

_ F<q)r(l/> qg+v—1
= Tei0)" LU (v g4 v, Bu),  (43)

where 1 F1 (v, g+, fu) is the confluent hypergeometric
function.'”l So Eq. (42) becomes

¢(p) = (=
X 1F1 (—m —26/ + ;,p) . (44)

1)nc2e—p/2p—2€’—%

When this function is inserted into Eq. (26), the phys-

ically wave function is obtained as

Unnrm (1) = (=1)"Co€~trle ¢ /2

><1F1( n,f+ — ,52 Q)v (45)

where C5 is the normalization constant determined
from [ r?|u(r)[*dr = 1. The confluent hypergeomet-
ric function can be written in terms of the Laguerre

polynomiall'®]

nlD(a+1+n)

Fi(— 1 =
1Fi(—n,a+1,2) Tat1)

Ly (z). (46)
By applying the orthogonality condition of Laguerre
polynomials, the normalization constant is determined

as

263(n + £ + 1/2)!]1/2, n

C2 = [ nl(f+1/2)2

and therefore the radial wave function is obtained as

a2 e 127
wanvm(r) = (=1) [ nl(0+1/2)12 }

x rle= € ALE/2(62,2), (48)

5. Conclusion

In this study,
of the Klein—Gordon equation for a ring-shaped oscil-

we have investigated the solutions

lator potential under the condition of equal vector and
scalar potentials. The exact solutions of both angu-
lar and radial equations have been obtained. For the
angular equation, we have presented normalized wave

functions in terms of the hypergeometric functions.
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Likewise, for the radial equation, we have obtained

energy eigenvalues and normalized wave functions by

using the Laplace integral transform, which is a use-

ful and simple method. When a = 0, the ring-shaped

oscillator potential is reduced to the 3D harmonic os-

cillator potential, therefore, we have derived the en-

ergy spectrum for the 3D harmonic oscillator in the

nonrelativistic limit. By means of a Laplace integral

transform, the second-order differential equation can

be reduced to the first-order differential equation.
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