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This paper analyzes the symmetry of Lagrangians and the conserved quantity for the holonomic non-conservative

system in the event space. The criterion and the definition of the symmetry are proposed first, then a quantity caused

by the symmetry and its existence condition are given. An example is shown to illustrate the application of the result

at the end.
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1. Introduction

The symmetry principle is one of the top-level
principles in physics. There are mainly three kinds
of symmetries, i.e., Noether symmetry, Lie symmetry,
and Mei symmetry, for the mechanical system. In re-
cent years, some important results have been obtained
for symmetries and conserved quantities in dynamical
systems.[!~6] Tt was in the starting investigation about
a dynamical system in event space that Synge estab-
lished the parameter equations of conservative holo-
nomic dynamical systems in 19607 and Rumyantsev
gave the Lagrangian with multipliers for the conser-
vative non-holonomic dynamical system in 1982.18] A
great deal of attention has been paid to the dynami-
cal system in event space.®~13] And in 1997, Zhang'¥
discussed the differential variational principle of a dy-
namical system in event space.

In 1966, Currie and Saletan studied the prob-
lem of equivalent Lagrangians for the single-degree-
of-freedom mechanical system and pointed out that
there exist conserved quantities in this case.!'5) Ref-
erence [16] extended the result to the general multi-
degree-of-freedom systems in 1981. Zhao and Meil'”]
named the equivalence of Lagrianians the symmetry
of the Lagrianians. In addition, many other impor-
tant results on the symmetry of Lagrianians have been
obtained."8=24 This paper extends the symmetry of
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Lagrianians to the holonomic non-conservative me-
chanical system in event space.

2. Symmetry of Lagrianians

Consider a holonomic mechanical system, whose
configuration space is determined by n generalized co-
ordinates g5 (s = 1,2,...,n). Transform the configu-
ration space to the event space, in which the point is
determined by generalized coordinates q and time ¢,
and introduce signals

T =1 Ts11=¢s, (5=1,2,...,n). (1)

All variables z, (& =1,2,...,n+ 1) can be regarded
as known functions of a certain parameter 7, namely,
Ty = To(T). Let

d
t=al, (@=12..,n+1), 2)
and they are not equal to zero at the same time, we
obtain
. dz, 2’
Ta =, :,QT?’ (a=1,2,...,n+1). (3)

Then the Lagrangian and the non-potential general-
ized forces of the system in the event space can be
respectively written as(!4

/ !
Az, 2') = 2 L <mx2x”+1) , (4)

!
Ty Ty
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n 2! !
- les+1 /s, <$7/2, ) nj_1>7
s= 1 Ty
(a=1)
P = x’; o (5)
Q" x, =, ..., 2
1Qs < 7.13/1’ ) x,l > )
(a=s+1), (s=1,...,n),

where @ is the non-potential generalized force in the
configuration space. The differential equation of mo-
tion of the system is

d oA oA

aroal,  dwa e

(a=1,2,....,n+1). (6)

There are two groups of dynamical functions, A,
P’ and A, P". Let
oA, o2A oA
o P//
dx(, 0y ot 0z, 0z 8 Oq «
oA, oA
o o P//
Ox!,0xp ol 0z, o’
oi ., oA, oA .
— o P//
0xl0xy, " dxlows P wa 0 ©
" ?A oA

o o p//
Ozl 0z BT Bz, @ ®

Ay =

= Waﬂxg +

(7)

where

0?4
Oz, 0xly’
- 0?1
Wes = gur0ur,

Wap =

(9)
Definition 1 For system (6), if we can obtain
Aa=0, (a=1,2,...,n+1) (10)
from
Aa=0, (a=1,2,...,n+1), (11)

and vice versa, then it is called the symmetry of La-

granians.
In the light of Eq. (8), xj is obtained from
Eq. (11) as
- oA 0?A _
" _ W71 Il !/ P//
T8 7B (3I»Y 3x;8:cxxx+ A’)
- oA 0?A _
= ( ! +P;’>, (12)

- x
! X
Ox,  Oxl0zy

where
WosUPY =60, (13)
Substituting Eq. (12) into Eq. (10) yields
oA 9?4

7 ,B’Y e !/ _PN
WaplU (63:7 0!, 0z Tt 7)

oA ?A

- - 7 P//
0r,  Oxl,0xg o+ Fa
(a=1,2,...,n+1), (14)

then there exists the following criterion.

Criterion 1 If two groups of dynamical func-
tions A, P” and A, P" satisfy Eq. (14), then the cor-
responding symmetry is the symmetry of Lagrangians
of system (6).

3. Conserved quantity deduced
from the symmetry of La-
grangians

For system (6), there is a proposition in the fol-
lowing about the symmetry of Lagrangians.

Proposition 1 If the two groups of non-potential
generalized force P” and P” satisfy the condition

OP" _ .OPL
orl "7 oz’

(15)

then the symmetry of the Lagrangians of system (6)
will lead to a conserved quantity

I;, = Tr(A™) = counst., (16)
where
A2 = W,5UP, Wo, U =65 (17)

Proof Equating Egs. (7) and (14) yields

. oA 9?A _
A, = Woga!l — W08 [ 22 'y P
b8 U <8x7 Ox!, 0, Px Tt 7)
- _ 0?1 oY/
_ By " e A P//
WaplU <vaxx + D, O Ly oz, 7)
= WasUMA,. (18)
Immediately, we obtain
Ay = ASA,. (19)

By virtue of formula (17), there is

Wyg = AsWag. (20)

Taking the partial derivative of Eq. (20) with respect
to z., we obtain

W, 23A
ozl Ozl Oxy 0.
0AS o« OWap
- 8xZ Wag + 4y ox’.
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AL 03A
- w
e Wap + 4y ox! 8x63x” (21)
namely,
e jdWoe 043 .

oryy, 7 Ox, | oal

Taking the partial derivative of A?;VVQE with respect

to a5 gives
I(ASWae) 0A?; o0 OWae
o, o, Wae + AT o, (23)
Substituting Eq. (17) into Eq. (23) yields
OWae OW. HA2
A = T Ty 24
7 Oz O &TB (24)
Contrasting Egs. (22) and (24), we obtain
HA2 HA2
B 7Wa5 = o 7Wa (25)
Taking the partial derivative of Eq. (14) with respect
to x. gives
23A - 0?1 0?4 oP!
T _ _
0xl,0x\ 0zl % Oxl0r. Ov,dx.  Ox,
_ A5 9?A o — oA _pr
Ozl ax;axﬂ O g, o
A A Ly %A
o’ axgaz Ox!, 0%,
0?A oP!
_ ~_a 2
Ox,0z.  Oxl ) (26)
In view of Egs. (7) and (10), we have
2
Wapx)y = 04 o4 + P (27)

— - —2x
Or Oxldxg P

Taking Eq. (27) into Eq. (26), we can write Eq. (26)
as

0?1 0?1 oP!
Oz, Oz, a 0z, 0z’ - ol
0A% 8W ow,
7 // e a ag
T B, oS T g, To T A g
024 0?4 OP!
AL - - —=. 2
A <8x{15)x5 Oz o0 8:16’5) (28)
By virtue of formula (24), there is
8VV,Y ow., 0AY
5 Aa g / — Y e / . 9
915 T By BT o, Veets (29)
Considering Egs. (25) and (29), we can express
Eq. (28) as
0?A %A oP!
Oxl 0x.  Ow,0xl  Oxl

0A% 0A2
Yy "o Y /
~ 5w ; Waety 25 Waet
92/ 9?A oP!
AY -—=.
* <8x dr.  Or,0x. 8x’8> (30)

As the independent variables of dynamical equations,
A and A do not include 7, hence

dAS 8A” 0A%
Y o Yo
. 1
dr 8% CL‘ + a$g x’B (3 )

From Egs. (30) and (31), we can obtain

9*A 9*A oP!
Oxl 0x.  Ow,0xl  Ox
_ go o )
- 7\ 0zl 0z, Or,0x. Ozl
— (A3) Wae. (32)

Introduce seven n x n matrices A, T, T, W, W, U,
and U whose elements are respectively

N
-\ 0zjox;  Ox0x; )’

T 9%*A B 921
-~ \ 02]0z; Ox;0x’; ’

W = (W), W =(Wy),
U= (UY), U= UY). (33)

A= (4],

Substituting Eqgs. (15) and (33) into Eq. (32) yields
A = ATU - TU. (34)

Considering the facts that T and T are antisymmet-
ric, U and W are symmetric, and A = WU, then for
any positive integer m, we have

A'A™ = (ATU - TU)A™ !
= WUurtTu(wu)™ !
—-TUWU)™ L. (35)

Due to the properties of the trace of matrix,
Te(WUTU (WU)™ 1] =0 and TT[TU(WU)™ "] =
0, namely,

Tr(A’A™ 1) =0, (36)

at the same time

dAm

A A™ 1
dr (37)

Equating Egs. (36) and (37), we have Tr[dA™/d7] =
0. Then equation (16) is obtained, and Proposition 1
is verified.
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4. Illustrative example

One example is shown to illustrate the above re-
sult. In the configuration space, the Lagrangian of a
system is
(v = const.). (38)

1.
L= §q2 exp(—nt),

The corresponding Lagrangian of the system in the
event space can be expressed as

L ()
A= 51 o exp(—yz1). (39)
3

Let two kinds of non-potential generalized forces be

/ N2
pr— (T2 e _ 3 (P2} T e
- ) xae 7 ;€ )

2 \z} 4 \z7) =

Py =0. (40)

Considering Eq. (7), we can obtain

2
1 Jj/ x// x/
2 1 — 2 -
Alzf — 7/6 T 7 2],‘/2/6 ’Yzl—Pll/,
4\ Ty (z1)

1

! _ T
AQ:— 22{E/1l 7114—7/26

(z71) Ty

! -z 1

— yx5e - Py (41)

—7T1

Substituting Eq. (40
l,/ xl/ l,/

Al = </2> L e T — /2213,2/6
) @ (z1)

L2 /2) e~
!
2 xh

//
e —YZ1

) into Eq. (41), we have

—YT1

A = — .T 77131 + ==
’ (%)2 ie )

— yrhe 7T (42)

Choose the other Lagrangian and non-potential gen-
eralized forces

i=ly (“é)zem 123) (43)
=71 (= | exp(—yx2),
27\ )
p’//lzo7

/1\2
_ §(m2) ye w2, (44)

S) !/ =T
P”QZ’VLCQQ Y2 f
2z

taking Eq. (8) into account, from Eqs. (42)—(44), we

have
I\ 2 m ’
T Lo Ty Lo -
Al = (/) — € T2 7 233/2/6 Y2
L1 T (z1)
!
v [z
+ —= —,2 xhe 72
2 \ 7}
e %2
= e—T1 L

!

7
— X
2 — 2 /-
A2 = —— 2931 “/51?2+ ; “/3027,}@26 YT2
(1) 1
e_’Y:E2
= As. (45)
e~ 7T

Then from Eq. (45), we immediately obtain the fol-
lowing formula:

exp(—vyx2)
exp(—vyz1)
As the non-potential generalized forces (40) and (44)

Af = A3 = = exp(yr1 — y72). (46)

satisfy Eq. (15), from Proposition 1, we can obtain the

conserved quantity
I, = Ap + A3
e
exp(—vyz1)
= 2exp(yx; — y22)
= const. (47)

5. Conclusion

In this paper, we discuss the symmetry of La-
grangians for the holonomic non-conservative system
in the event space. The criterion, the conserved quan-
tity, and the condition under which the symmetry
leads to the conserved quantity are given. The gener-
alized coordinates and the time are equivalent in the
event space, so the parameter can be chosen flexibly
to establish relatively simple mechanical equations. If
2 is treated as the generalized coordinate in the con-
figuration space and 7 = ¢, the results in the event
space will become the ones in the configuration space.
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