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Symmetry of the Lagrangians of holonomic

nonconservative system in event space∗
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This paper analyzes the symmetry of Lagrangians and the conserved quantity for the holonomic non-conservative

system in the event space. The criterion and the definition of the symmetry are proposed first, then a quantity caused

by the symmetry and its existence condition are given. An example is shown to illustrate the application of the result

at the end.
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1. Introduction

The symmetry principle is one of the top-level

principles in physics. There are mainly three kinds

of symmetries, i.e., Noether symmetry, Lie symmetry,

and Mei symmetry, for the mechanical system. In re-

cent years, some important results have been obtained

for symmetries and conserved quantities in dynamical

systems.[1−6] It was in the starting investigation about

a dynamical system in event space that Synge estab-

lished the parameter equations of conservative holo-

nomic dynamical systems in 1960[7] and Rumyantsev

gave the Lagrangian with multipliers for the conser-

vative non-holonomic dynamical system in 1982.[8] A

great deal of attention has been paid to the dynami-

cal system in event space.[9−13] And in 1997, Zhang[14]

discussed the differential variational principle of a dy-

namical system in event space.

In 1966, Currie and Saletan studied the prob-

lem of equivalent Lagrangians for the single-degree-

of-freedom mechanical system and pointed out that

there exist conserved quantities in this case.[15] Ref-

erence [16] extended the result to the general multi-

degree-of-freedom systems in 1981. Zhao and Mei[17]

named the equivalence of Lagrianians the symmetry

of the Lagrianians. In addition, many other impor-

tant results on the symmetry of Lagrianians have been

obtained.[18−24] This paper extends the symmetry of

Lagrianians to the holonomic non-conservative me-

chanical system in event space.

2. Symmetry of Lagrianians

Consider a holonomic mechanical system, whose

configuration space is determined by n generalized co-

ordinates qs (s = 1, 2, . . . , n). Transform the configu-

ration space to the event space, in which the point is

determined by generalized coordinates q and time t,

and introduce signals

x1 = t, xs+1 = qs, (s = 1, 2, . . . , n). (1)

All variables xα (α = 1, 2, . . . , n+ 1) can be regarded

as known functions of a certain parameter τ , namely,

xα = xα(τ). Let

dxα

dτ
= x′

α, (α = 1, 2, . . . , n+ 1), (2)

and they are not equal to zero at the same time, we

obtain

ẋα =
dxα

dt
=

x′
α

x′
1

, (α = 1, 2, . . . , n+ 1). (3)

Then the Lagrangian and the non-potential general-

ized forces of the system in the event space can be

respectively written as[14]

Λ(x,x′) = x′
1L

(
x,

x′
2

x′
1

, . . . ,
x′
n+1

x′
1

)
, (4)
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P ′′
α =



−
n∑

s=1
x′
s+1Q

′′
s

(
x,

x′
2

x′
1

, . . . ,
x′
n+1

x′
1

)
,

(α = 1),

x′
1Q

′′
s

(
x,

x′
2

x′
1

, . . . ,
x′
n+1

x′
1

)
,

(α = s+ 1), (s = 1, . . . , n),

(5)

where Q′′
s is the non-potential generalized force in the

configuration space. The differential equation of mo-

tion of the system is

d

dτ

∂Λ

∂x′
α

− ∂Λ

∂xα
= P ′′

α , (α = 1, 2, . . . , n+ 1). (6)

There are two groups of dynamical functions, Λ,

P ′′ and Λ̄, P̄ ′′. Let

Λα =
∂2Λ

∂x′
α∂x

′
β

x′′
β +

∂2Λ

∂x′
α∂xβ

x′
β − ∂Λ

∂xα
− P ′′

α

= Wαβx
′′
β +

∂2Λ

∂x′
α∂xβ

x′
β − ∂Λ

∂xα
− P ′′

α , (7)

Λ̄α =
∂2Λ̄

∂x′
α∂x

′
β

x′′
β +

∂2Λ̄

∂x′
α∂xβ

x′
β − ∂Λ̄

∂xα
− P̄ ′′

α

= W̄αβx
′′
β +

∂2Λ̄

∂x′
α∂xβ

x′
β − ∂Λ̄

∂xα
− P̄ ′′

α , (8)

where

Wαβ =
∂2Λ

∂x′
α∂x

′
β

,

W̄αβ =
∂2Λ̄

∂x′
α∂x

′
β

. (9)

Definition 1 For system (6), if we can obtain

Λα = 0, (α = 1, 2, . . . , n+ 1) (10)

from

Λ̄α = 0, (α = 1, 2, . . . , n+ 1), (11)

and vice versa, then it is called the symmetry of La-

granians.

In the light of Eq. (8), x′′
β is obtained from

Eq. (11) as

x′′
β = W̄−1

γβ

(
∂Λ̄

∂xγ
− ∂2Λ̄

∂x′
γ∂xχ

x′
χ + P̄ ′′

γ

)
= Ūβγ

(
∂Λ̄

∂xγ
− ∂2Λ̄

∂x′
γ∂xχ

x′
χ + P̄ ′′

γ

)
, (12)

where

W̄αβŪ
βγ = δγα. (13)

Substituting Eq. (12) into Eq. (10) yields

WαβŪ
βγ

(
∂Λ̄

∂xγ
− ∂2Λ̄

∂x′
γ∂xχ

x′
χ + P̄ ′′

γ

)

=
∂Λ

∂xα
− ∂2Λ

∂x′
α∂xβ

x′
β + P ′′

α ,

(α = 1, 2, . . . , n+ 1), (14)

then there exists the following criterion.

Criterion 1 If two groups of dynamical func-

tions Λ, P ′′ and Λ̄, P̄ ′′ satisfy Eq. (14), then the cor-

responding symmetry is the symmetry of Lagrangians

of system (6).

3. Conserved quantity deduced

from the symmetry of La-

grangians

For system (6), there is a proposition in the fol-

lowing about the symmetry of Lagrangians.

Proposition 1 If the two groups of non-potential

generalized force P ′′ and P̄ ′′ satisfy the condition

∂P̄ ′′
γ

∂x′
ε

= Aα
γ

∂P ′′
α

∂x′
ε

, (15)

then the symmetry of the Lagrangians of system (6)

will lead to a conserved quantity

IL = Tr(Am) = const., (16)

where

Aα
γ = W̄γβU

βα, WαγU
γβ = δβα. (17)

Proof Equating Eqs. (7) and (14) yields

Λα = Wαβx
′′
β −WαβŪ

βγ

(
∂Λ̄

∂xγ
− ∂2Λ̄

∂x′
γ∂xχ

x′
χ + P̄ ′′

γ

)
= WαβŪ

βγ

(
W̄γχx

′′
χ +

∂2Λ̄

∂x′
γ∂xχ

x′
χ − ∂Λ̄

∂xγ
− P̄ ′′

γ

)
= WαβŪ

βγΛ̄γ . (18)

Immediately, we obtain

Λ̄γ = Aα
γΛα. (19)

By virtue of formula (17), there is

W̄γβ = Aα
γWαβ . (20)

Taking the partial derivative of Eq. (20) with respect

to x′
ε, we obtain

∂W̄γβ

∂x′
ε

=
∂3Λ̄

∂x′
γ∂x

′
β∂x

′
ε

=
∂Aα

γ

∂x′
ε

Wαβ +Aα
γ

∂Wαβ

∂x′
ε
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=
∂Aα

γ

∂x′
ε

Wαβ +Aα
γ

∂3Λ

∂x′
α∂x

′
β∂x

′
ε

, (21)

namely,

∂W̄γε

∂x′
β

−Aα
γ

∂Wαε

∂x′
β

=
∂Aα

γ

∂x′
ε

Wαβ . (22)

Taking the partial derivative of Aα
γWαε with respect

to x′
β gives

∂(Aα
γWαε)

∂x′
β

=
∂Aα

γ

∂x′
β

Wαε +Aα
γ

∂Wαε

∂x′
β

. (23)

Substituting Eq. (17) into Eq. (23) yields

Aα
γ

∂Wαε

∂x′
β

=
∂W̄γε

∂x′
β

−
∂Aα

γ

∂x′
β

Wαε. (24)

Contrasting Eqs. (22) and (24), we obtain

∂Aα
γ

∂x′
β

Wαε =
∂Aα

γ

∂x′
ε

Wαβ . (25)

Taking the partial derivative of Eq. (14) with respect

to x′
ε gives

∂3Λ̄

∂x′
γ∂xχ∂x′

ε

x′
χ +

∂2Λ̄

∂x′
γ∂xε

− ∂2Λ̄

∂xγ∂x′
ε

−
∂P̄ ′′

γ

∂x′
ε

=
∂Aα

γ

∂x′
ε

(
∂2Λ

∂x′
α∂xβ

x′
β − ∂Λ

∂xα
− P ′′

α

)
+ Aα

γ

(
∂3Λ

∂x′
α∂xβ∂x′

ε

x′
β +

∂2Λ

∂x′
α∂xε

− ∂2Λ

∂xα∂x′
ε

− ∂P ′′
α

∂x′
ε

)
. (26)

In view of Eqs. (7) and (10), we have

Wαβx
′′
β =

∂Λ

∂xα
− ∂2Λ

∂x′
α∂xβ

x′
β + P ′′

α . (27)

Taking Eq. (27) into Eq. (26), we can write Eq. (26)

as

∂2Λ̄

∂x′
γ∂xε

− ∂2Λ̄

∂xγ∂x′
ε

−
∂P̄ ′′

γ

∂x′
ε

= −
∂Aα

γ

∂x′
ε

Wαβx
′′
β − ∂W̄γε

∂xβ
x′
β +Aα

γ

∂Wαε

∂xβ
x′
β

+ Aα
γ

(
∂2Λ

∂x′
α∂xε

− ∂2Λ

∂xα∂x′
ε

− ∂P ′′
α

∂x′
ε

)
. (28)

By virtue of formula (24), there is

−∂W̄γε

∂xβ
x′
β +Aα

γ

∂Wαε

∂xβ
x′
β = −

∂Aα
γ

∂xβ
Wαεx

′
β . (29)

Considering Eqs. (25) and (29), we can express

Eq. (28) as

∂2Λ̄

∂x′
γ∂xε

− ∂2Λ̄

∂xγ∂x′
ε

−
∂P̄ ′′

γ

∂x′
ε

= −
∂Aα

γ

∂x′
β

Wαεx
′′
β −

∂Aα
γ

∂xβ
Wαεx

′
β

+ Aα
γ

(
∂2Λ

∂x′
α∂xε

− ∂2Λ

∂xα∂x′
ε

− ∂P ′′
α

∂x′
ε

)
. (30)

As the independent variables of dynamical equations,

Λ and Λ̄ do not include τ , hence

dAα
γ

dτ
=

∂Aα
γ

∂x′
β

x′′
β +

∂Aα
γ

∂xβ
x′
β . (31)

From Eqs. (30) and (31), we can obtain

∂2Λ̄

∂x′
γ∂xε

− ∂2Λ̄

∂xγ∂x′
ε

−
∂P̄ ′′

γ

∂x′
ε

= Aα
γ

(
∂2Λ

∂x′
α∂xε

− ∂2Λ

∂xα∂x′
ε

− ∂P ′′
α

∂x′
ε

)
− (Aα

γ )
′
Wαε. (32)

Introduce seven n× n matrices A, T , T̄ , W , W̄ , U ,

and Ū whose elements are respectively

A = (Aj
i ), T =

(
∂2Λ

∂x′
i∂xj

− ∂2Λ

∂xi∂x′
j

)
,

T̄ =

(
∂2Λ̄

∂x′
i∂xj

− ∂2Λ̄

∂xi∂x′
j

)
,

W = (Wij), W̄ = (W̄ij),

U = (U ij), Ū = (Ū ij). (33)

Substituting Eqs. (15) and (33) into Eq. (32) yields

A′ = ATU − T̄U . (34)

Considering the facts that T and T̄ are antisymmet-

ric, U and W̄ are symmetric, and A = W̄U , then for

any positive integer m, we have

A′Am−1 = (ATU − T̄U)Am−1

= W̄UTU(W̄U)m−1

− T̄U(W̄U)m−1. (35)

Due to the properties of the trace of matrix,

Tr[W̄UTU(W̄U)m−1] = 0 and Tr[T̄U(W̄U)m−1] =

0, namely,

Tr(A′Am−1) = 0, (36)

at the same time

dAm

dτ
= mA′Am−1. (37)

Equating Eqs. (36) and (37), we have Tr[dAm/dτ ] =

0. Then equation (16) is obtained, and Proposition 1

is verified.
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4. Illustrative example

One example is shown to illustrate the above re-

sult. In the configuration space, the Lagrangian of a

system is

L =
1

2
q̇2 exp(−γt), (γ = const.). (38)

The corresponding Lagrangian of the system in the

event space can be expressed as

Λ =
1

2
x′
1

(
x′
2

x′
1

)2

exp(−γx1). (39)

Let two kinds of non-potential generalized forces be

P ′′
1 = −γ

2

(
x′
2

x′
1

)
x′
2 e

−γx1 − 3

4

(
x′
2

x′
1

)2
x′′
1

x′
1

e−γx1 ,

P ′′
2 = 0. (40)

Considering Eq. (7), we can obtain

Λ1 =
1

4

(
x′
2

x′
1

)2
x′′
1

x′
1

e−γx1 − x′
2

(x′
1)

2
x′′
2 e

−γx1 − P ′′
1 ,

Λ2 = − x′
2

(x′
1)

2
x′′
1 e

−γx1 +
x′′
2

x′
1

e−γx1

− γx′
2 e

−γx1 − P ′′
2 . (41)

Substituting Eq. (40) into Eq. (41), we have

Λ1 =

(
x′
2

x′
1

)2
x′′
1

x′
1

e−γx1 − x′
2

(x′
1)

2
x′′
2 e

−γx1

+
γ

2

(
x′
2

x′
1

)
x′
2 e

−γx1 ,

Λ2 = − x′
2

(x′
1)

2
x′′
1 e

−γx1 +
x′′
2

x′
1

e−γx1

− γx′
2 e

−γx1 . (42)

Choose the other Lagrangian and non-potential gen-

eralized forces

Λ̄ =
1

2
x′
1

(
x′
2

x′
1

)2

exp(−γx2), (43)

P̄ ′′
1 = 0,

P̄ ′′
2 = γx′

2 e
−γx2 − 3

2

(x′
2)

2

x′
1

γ e−γx2 , (44)

taking Eq. (8) into account, from Eqs. (42)–(44), we

have

Λ̄1 =

(
x′
2

x′
1

)2
x′′
1

x′
1

e−γx2 − x′
2

(x′
1)

2
x′′
2 e

−γx2

+
γ

2

(
x′
2

x′
1

)2

x′
2 e

−γx2

=
e−γx2

e−γx1
Λ1,

Λ̄2 = − x′
2

(x′
1)

2
x′′
1 e

−γx2 +
x′′
2

x′
1

e−γx2 − γx′
2 e

−γx2

=
e−γx2

e−γx1
Λ2. (45)

Then from Eq. (45), we immediately obtain the fol-

lowing formula:

A1
1 = A2

2 =
exp(−γx2)

exp(−γx1)
= exp(γx1 − γx2). (46)

As the non-potential generalized forces (40) and (44)

satisfy Eq. (15), from Proposition 1, we can obtain the

conserved quantity

IL = A1
1 +A2

2

= 2
exp(−γx2)

exp(−γx1)

= 2 exp(γx1 − γx2)

= const. (47)

5. Conclusion

In this paper, we discuss the symmetry of La-

grangians for the holonomic non-conservative system

in the event space. The criterion, the conserved quan-

tity, and the condition under which the symmetry

leads to the conserved quantity are given. The gener-

alized coordinates and the time are equivalent in the

event space, so the parameter can be chosen flexibly

to establish relatively simple mechanical equations. If

xα is treated as the generalized coordinate in the con-

figuration space and τ = t, the results in the event

space will become the ones in the configuration space.
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