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Based on the modified Sawada—Kotera equation, we introduce a 3 X 3 matrix spectral problem with two potentials

and derive a hierarchy of new nonlinear evolution equations. The second member in the hierarchy is a generalization

of the modified Sawada—Kotera equation, by which a Lax pair of the modified Sawada—Kotera equation is obtained.

With the help of the Miura transformation, explicit solutions of the Sawada—Kotera equation, the Kaup—Kupershmidt

equation, and the modified Sawada—Kotera equation are given. Moreover, infinite sequences of conserved quantities of

the first two nonlinear evolution equations in the hierarchy and the modified Sawada—Kotera equation are constructed

with the aid of their Lax pairs.
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1. Introduction

It is well known that the two important fifth-order
nonlinear evolution equations, the Sawada—Kotera
(SK) equation! 3]

G = G5z + 59G30 + 5GxGes + 56y (1)

and the Kaup-Kupershmidt (KK) equation(*?!
T = 75z + 10773, + 257,700 + 20777, (2)

have been studied extensively, see Refs. [6]-[13], just
to mention a few. The research has been conducted
on their Hamiltonian structures, Lax pairs, Backlund
transformations, bilinear transformations, soliton so-
lutions, and other properties. Equations (1) and (2)
are fundamentally different despite of their evident du-
ality. Another fifth-order nonlinear evolution equation

v = sy — (BUzUss + 5002 4 502040 — 0°)e  (3)

possesses a close connection with Egs. (1) and (2). If
v is a solution of Eq. (3), then functions ¢ and r de-
termined by the Miura transformations

1
q = vy — 02, 7':71)175’[}2 (4)
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satisfy SK Eq. (1) and KK Eq. (2), respectively. Equa-
tion (3) is called the modified SK equation. During
the recent decades, the study of soliton equations has
been one of the most prominent events in the field
of nonlinear science. Especially, finding explicit solu-
tions and conservation laws of the soliton equations is
an important way to investigate the properties of the
soliton equations.!*4~23]

In this paper, we introduce a 3 x 3 matrix spectral
problem, from which a hierarchy of new nonlinear evo-
lution equations is derived. The first typical member

in the hierarchy is

Up = Ugy + 2uty — 2(UV)y — 2044,

Vg = —Ugg + 200, — 2(u0)z + 2Ugy, (5)

and the second member is reduced to the modified
SK Eq. (3) with u = 2v. Based on these results, a
Lax pair of the modified SK equation is given. The
explicit solutions of the SK equation, the KK equa-
tion, and the modified SK equation are obtained with
the help of the Miura transformation. Moreover, infi-
nite sequences of conserved quantities of the first two
nonlinear evolution equations in the hierarchy and the
modified SK equation are constructed with the aid of
their Lax pairs.
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2. Nonlinear evolution equations

In this section, we derive a hierarchy of new non-
linear evolution equations. We first introduce a 3 x 3
matrix spectral problem

(bl ulO0
¢I:U¢7 ¢: ¢2 ) U = 0v A ) (6)
s 100

where u and v are two potentials, and X is a constant
spectral parameter. In order to derive the hierarchy of
nonlinear evolution equations associated with spectral
problem (6), we solve the stationary zero-curvature
equation with the help of the approach introduced in
Refs. [24] and [25]

V,—[U,V]=0, V =(Vij)sxs, (7)

which is equivalent to

Vitg + Vis = Va1 =0,

Vige + (v —uw)Vig + Vip — Vag =0,

Viz,e + AVig —uViz — Voz = 0,

Vagz + Va1 — AVap =0,

Voi,0 + (u—v)Vaq + Vaz — AV =0,

Voz.e — vVag + A(Vaz — Va3) =0,

Va1o +uVs + Vaz — Vi1 =0,

Vage +0Vay + Va1 — Vig =0,

Vaz,e + AVza — Vi3 = 0, (8)

where each entry V;; = Vj;(4, B,C, D) is a function
of A, B, C, and D

Vii = (0 +u)B — (9% 4+ 0v + ud + uwv) A + AC,
Via=B, Vis=AA+09C), Vo =D,

Voo = (204 v)B — (82 + 0v+ ud +uwv)A + AC,
Vaz = A0 — u)A + AB + \(0* — ud)C,
Vs1=B—(04+v)A, Vi =A4, Vi=XC, (9)

with d = 0,. Substituting Eq. (9) into Eq. (8) yields

(20 +v —u)A+ (0 —ud)C + (0 +u—v)D =0,
(Ou + ud + 0v + vd)A — 30B
— (8% — 0ud — v9* + uwd)C = 0,
(0% 4+ 0u)B — (0% + 0*v + Oud + Juv) A
+ AM20C+A—-D) =0,
(20% + 0v)B — (9% + 9*v + Oud + duv) A
+ XM0C — A+ D) =0. (10)

Functions A, B, C, and D are expanded into a Lau-
rent series of A

A=>"ANT7, B=Y BT,

Jj=0 720
C=> Cx7, D= Dx7. (1)
j=0 j=0

Substituting Eq. (11) into Eq. (10) and comparing co-
efficients for the same power of A yield the recursion
equations (j > 0)
20Cy + Ag — Dy =0, 0Cy— Ao+ Dy =0,
(20 +v — u)A; + (9> — ud)C;
+ (0+u—v)D; =0,
(Ou + ud + dv + v0)A; — 30B;
— (0% — Qud — v9? + wwd)C; = 0,
(0 4 0u)B; — (0% + 9%v 4 0ud + duv) A;
+ 20Cj41 +Aj1 — D1 =0,
(20 + Ov)B;j — (0° + 0*v + Oud + Ouv) A;
+0C;11 —Ajr1+Djpq =0. (12)
Then Aj, B;, C;, and D; are recursively determined

by using Eq. (12).
solved successively to deduce the results

The recursion Eq. (12) can be

1
Ag = Dy = «ay, B0:§ao(u+v)+a17 Coy = Bo,
1
C, = §a0(—3um +3u, —u? —0v* 4+ 4uv)
1
—gal(u+v)+61,
1
Al = §a0 QUpr — Vgz + 200 — UV — UV,
4 2
— —(u® 4+ 03) + = (uv? + u?v)
9 3
1 2 2
— 5041(73% +u” +v° — w) + as,
1
Dy = §ozo — Ugy — Vg + 2Uly — 20V, — ULV + UV,

4 2
- §(u3 +v%) + g(uv2 + uzv)]
— §a1(3vx — 3uy + u? + 0% — w) + ao,

1
B = 5700 [3(u — V)gazz + 34— 0) (U — V) ge
— (2u® + 20% 4+ wv)(u — v), + uZ + v2

1
— Tugv, + —uv? + §uv(u2 +v?%)
3 9
7 1
_ §(u4 + '1)4):| + §a2(u + ’U)

1 95, 3 3
77 [B(U +0°) = 3(u+ )y
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+3(u+v)(u—v)y — uv® —u?v| + o, (13)

where «; and ; (j = 0,1,2) are arbitrary constants.
We now assume that ¢ satisfies spectral problem
(6) and the auxiliary problem

bi,, = VM, (14)

where each entry Vig.m) = V;;(Am) pm) cm) pim))
in matrix V(™) is a polynomial of the spectral param-
eter A\ with

A =N A T B =N B,
§=0 =0

ctm =3 "cami, DM =3 "D (15)
j=0 j=0

Then the compatibility condition of Egs. (6) and (14)
yields the zero-curvature equation, Uk — vim 4
[U,V™)] = 0, which is equivalent to a hierarchy of
new nonlinear evolution equations

Ut,, = (32 + 0u) By, — (33 + 0% + Oud + Ouv) A,
vy, = (20° + Ov) By, — (0 + 9°v + 0ud + Ouv) A,y
m > 0. (16)

The first nontrivial member in hierarchy (16) is

Qg

Uty = ?[urm + 2uuy — 2(’&1))1; - 2’09595] + a1y,
Vg = %[—’UIQ7 + 2’0’UI — Q(U'U)x + QUmI] + Vg, (17)

which is just Eq. (5) with ap = 3 and a3 = 0. And
the second one is

uy, = %ao[fﬁf’ + 20utv — 15u3v? — 10uv3
+ 5uvt — 5(2u® 4 20® — 3u?v — 3uv?
+ v, — YU, ) (U — 20),
+45(u? + 0% — uv + up + Ve ) Uy
+45u(u? — v2) — 2TUsrrw]es

vy, = ao[—Tv° + 200ty — 15v3u? — 100%u?

243
+ 5vu* — 5(2u® + 2v% — 3u?v — 3uv?

—uv, — gy )(2u — v),
+45(u® + 0% — wv — Uy — V) Van

— 45’0(11% — Uz) - 271}11193]27 (18)

c1 sinh(azx + a®t + &y) + ¢ cosh(az + a®t + dg)

with a3 = ay = B2 = 0 for the sake of simplicity. It
is easy to find that equation (18) is exactly reduced
to the modified SK Eq. (3) if we choose u = 2v and
ap = —9.

3. The Lax pair of the modified
Sawada—Kotera equation and

conservation laws

In this section, we construct a Lax pair for the
modified SK Eq. (3) and discuss infinite sequences of
conserved quantities of Eqgs. (3), (5), and (18). Based
on the above result, we deduce the Lax pair given by
spectral problems

Ly =X, ¢y =B, (19)

where L and B are two differential operators given by

L = 9% — 300% + 2(v* — v,)0,
B = —99° + 4500* + 75(v, — v?)9?
+ (60v,, — 16500, + 450%)9?
+ (200300 — 4502 — TOVV,,
+ 7002w, — 50%)0. (20)

A direct calculation shows that the Lax equation,
L; = [B, L], gives rise to the modified SK Eq. (3). As-
sume that v is a solution of the modified SK Eq. (3),
then functions g and r determined by the Miura trans-
formation (4) (see Ref. [26]) satisfy the SK Eq. (1) and
the KK Eq. (2), respectively. In fact, a direct calcula-
tion gives

4t — (gse + 59432 + 542Gex + 597 42)
= (0 — 2v)[vy — Vsg + 5(VeVgs
+ 002 + %00 )0 — S0, (21)
e — (152 + 1003, + 257,74, + 20r%7,)
= —(0+v)[vy — vsz + 5(V3V50
+ 002 + 0% 00) 2 — SV, (22)

With the help of the transformation introduced
in Ref. [26], we obtain two explicit solutions of the
modified SK Eq. (3)

(23)

V=—qa

1 cosh(az + abt + dg) + ca sinh(az + a5t + §g)’
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and

c1 sin(ax + a®t + §o) + co cos(ax + a’t + &g)
v=a . ) (24)
c¢1 cos(ax + adt + 0g) — co sin(ax + a®t + dp)

where a, ¢1, ¢a, and &y are arbitrary constants, and a > 0. Under the Miura transformation (4), the functions
given by Eqgs. (23) and (24) correspond to trivial solutions ¢ = +a? of the SK Eq. (1) and two nontrivial
solutions of the KK Eq. (2)

_ 2a*(c} — 3) — a?[ey sinh(ax + a®t 4 0g) + 2 cosh(ax + a®t + 6))?

25
2[ey cosh(ax + abt + &g) + co sinh(ax + a®t + §p)]? ) (25)
and

2a%(c? + 3) + a?[ey sin(az + a®t + §g) + o cos(ax + a®t + &p)]?
2[cy cos(ax + a®t + §p) — ca sin(ax + a®t + §g)]?

r=—

(26)

In the following, we derive infinitely many con-
servation laws for Egs. (3), (5), and (18). We first
eliminate ¢; and ¢ from Eq. (6) by writing the col-
umn vector ¢ in components as ¢ = (¢1, ¢2, ¢3)T to
get a single equation for ¢ = ¢3, namely,

wzzz - (U + ’U)/IZ}II + (U'U - um)¢x - M/J =0. (27)

If we set p = (In), in Eq. (27), it is clear that p
satisfies

paz + 30pz + p° — (u+0)(pe + p°)

+ (W —ug)p—A=0. (28)

Then the corresponding ¢ evolution of i) implies a con-
servation law for p, which is

Pt :9I7

0=V p+ V™ (pa + p° — up) + V™. (29)

Case 1 In order to get conservation laws for
Eq. (5), we choose Vg(lo) = u — 2v, V3(20) = 3, and
V})(??) = 0. In this case, § can be written as

0= —2(u+v)p+3(ps + p?). (30)

In Egs. (28) and (30), functions p and 6 each can be
expanded as a series in powers of A\ with the coeffi-
cients called conserved densities (A = 7%)

p=n+y pm,
j=0

0=30"+> 0;n.
=0

(31)

Substituting the above expansions into Egs. (28) and
(30) and comparing the same powers of A yield two

infinite sequences of conserved quantities for Eq. (5).
The first densities and currents are given by

1
po = 3(ut),
1
pL = §(u2—|—v2—uv—3vw),
1
P2 = g[Q(uaj — ) (20 — u) + 9(20 — ) gy

—3uv(u +v) + 2(u® + %)),

1
p3 = 2—7[1@ + 402 — Tugv, + (02 — 2u® + 2uv)uy
+ (u? — 20 4 2uv)v, + (U — 50) gy
+ (4v — 2u)vgy + 3(u — V) gze)]s

1

729
— (u 4 v)(2uv? + Yuvv, + 45u,v,)

[—2(u® + v°) + (u® + v*)(6v, — Yu, + Suw)

— u(4u’ — 8V — Ngag + 6Vzas)

4+ 9u(8u2 — 4v2 + 3v400) 4+ 27(V — 2U) pras
+9(5u? — v* — Buv + 180, )tz

+9(50% — u? — buv — 21v, + 15Uy )V,

1
0y = g(u2 + 02 — duv + 3uy — 3vg),

1
01 = 2—7[4(u3 +03) — 6uv(u + v) + 27vu,

+9(u — 20)vg + 9(v — 2u) 4] (32)
The recursion relations for p; and 6; (j > 0) are

3pj+2 = —3pj+12 + 2(u+0)pjr1 — Plaa

+(u+v)pja — (w0 — uz)p;
-3 Z PiPr — Z [3Piﬂk,m
itk=j+1, it+k=j,
i k20 i1k >0
—(utv)piprl = > piprpr,  (33)
it+k+l=j,
ik >0

070205-4
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and

2u+v)p;+3 Y pipr- (34)

it+k=j,
i,k>0

0j = 6pj+1+3pja —

Then the first two conservation laws for Eq. (5) are

(u+v) = (u? + 02
(u? + v?

— duv + 3uy — 3vy)q,

—uv — 3v,)¢
1
= 5[4(713 + %) — 6uv(u +v)

+2Tvuy + 9(u — 20)vy + 9(V — 2u) gale.  (35)

Case 2 Next we will give the conservation laws
for Eq. (18) by choosing

2
0 = [— gao(u—i-v)p—l—ao(pw +p?) + Cl])\

+[B1 = (0 +v+u)Aip+ Ai(ps +p%), (36)

where Ay, By, C1, and «p have appeared in Eq. (13),
and functions p and 6 are expanded as (A = 1?)

oo
p=n+y_ pin,
=0

0 = aon® + Zﬁjn_j.

=0

(37)

Similar to Case 1, we can obtain the first densities and
currents, which are

1
Po = g(u+v)a
1
P = §(u2—|—v2—uv—3vz),

1
P2 = 8—1[9(u1

—3uv(u +v) + 2(u® +v?)),

V) (20 — u) + 9(20 — U) 3

1
p3 = 27[u + 402 — Tugv, + (v — 20 + 2uv)u,

+ (u? — 20% + 2uv)v, + (u —

+ (4v — 2u) vy, + 3(u

1
pPe = 799
— (u + v)(2u?v? + Juvv, + 45u,v,)

— 9v(4u? — 802 — Nuyay + 6Vees)
+ 9u(8u? — 4v2 + 3vpps) + 27(v
+9(5u® — v?
+9(50% — u? — buv — 21v, + 15Uz )V,

50) gy
- U)IQZLE]?

[—2(u® + v°) + (u® + v*) (60, — Yu, + Suw)

— buv + 180, ) Uy

2

1
——ap[-T(u® +v°) + 25uv(u® + v* — uPv — uv?)

729
+45(u® + v — u) (U + V) pa
+15(3uv? + 3u?v — 2u® — 20%)(u — v),

+45(u — 2v)u2 4+ 90(u + V) UV,
+45(v — 2u)v? + 27(5uplipe — HVzVss

In this case, the recursion relations for p; and 6; (j >
0) are
3pjv2 = =3pjt1a + 2(u+v)pjt1 — Pian
(Ut 0)pje — (v — ug)p;

-3 Z PiPk — Z [30iPk,z

itk=j+1, itk=j,
i k>0 ik >0
—(utv)pipe] = Y pipkpr,  (39)
it+k+l=
BNy
and
0; = 200pj14 + Q0Pj13,0
2
- 5040(10 +0)pjrs + 2410541
-+ [Bl — (8 + u 4+ 'U)Al]pj —+ Alpj,z
+AL Y piptoao Y pipk (40)
itk=4, i+h=j+3,
k>0 i k>0

Then the first conservation law for Eq. (18) is

8%[—7(u5 + %)
+ 25uv(u® + v*
+45(u* + v — ) (U + V) s

+15(3uv? + 3u?v — 2u® — 20%)(u — v),
+45(u — 20)u? 4+ 90(u + v)uyv,
+45(v — 2u)v? + 27 (Fupty, —

(u+v) =

— u?v — uv?)

Vg Vg

Specially, if we choose v = 2v and ag = —9, we
can obtain an infinite sequence of conserved quantities
for the modified SK Eq. (3)

pPo = 0,
1
pl = g(’l}2 — 'Uz)7
p2 = 07
1 2
p3 = §(—2’Ux — 2’U’Umm + /U:ca:a:)u
1
P4 = §(—2U3’Uw + ’U2’U;1;w + 51}9:“9:9:
+ 2’1}1}2 + 2'U'sza: - U:mvwa:)v
A VR

+ (2403 — 60vv, —
— (1202 + 36V, )Vpw —

27000 ) Ve
120045 + 60s5,],
Oy = v° — 511’037 - 5U2U1z — SV Vss + Vgzaas

1
0, = §[5’U6 — 15v*0, + (250, — 150%)v?
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+ (30vv, + 1804, — 300% )y,

+ (1502 + 90 ) Vgae + 6VV4e — BUse).  (42)
The recursion relations for p; and 6; (j > 0) are

3pjte = —3pj+1,e + 6V 11 — Pjaa

+3vpj 2 — 2(v? = vy)p;
-3 Z PiPk — Z 3(pipr,e — VPiIPK)
ith=j41, ith=j,
ik>0 k>0
- > ko, (43)
ithti=4,
ik >0

and

0; = —18pjta — 9pji3.0 + 18vpjis
+ (v* = 302 — 140%v; + 20044 + 20502 Pj

+ 3(271171- - UIJJ) <2pj+1 + Pjx

+ Z piPk) -9 Z PiPk- (44)
itk=j, itk=j+3,
k>0 i k20

The first two conservation laws of the modified SK
Eq. (3) are

5 2 2
vy = (V7 — 5Vv; — BV Uy — BULVzs + Vagzs )a,

1
(v? — v 5[51)6 — 15v*v, + (250, — 150%)v2
+ (300v, + 1804, — 30034y
+ (151)2 + 90 ) Vaga

+6v045 — 3052] 4
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