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1. Introduction

Various forms of difference mechanical systems

appear in mathematics, computer science, engineering

to biology, and so on. The application of difference

equations and meshes provides appropriate methods

for solving some problems in these fields. In physics,

the theory of continuous symmetries and conserved

quantities is of great theoretical significance and ap-

plication value, and has developed rapidly in recent

years.[1−10] Symmetries are intrinsic and fundamental

features of the differential equations in mathematical

physics, and symmetries are also the basis for mod-

eling a given mechanical system with the use of dif-

ference equations and meshes. This is also one of the

reasons why we are interested in the continuous sym-

metries of discrete equations.[11]

In 1970, Cadzow proposed a discrete variational

principle and obtained the discrete Euler–Lagrange

equation.[12] Three years later, Logan constructed the

first integrals of the discrete Euler–Lagrange equation

by studying the invariance of the discrete Lagrangian,

which is called the discrete Noether theorem.[13] Lee

proposed a new discrete variational principle, and ob-

tained not only the equations of motion of the dis-

crete systems but also the conserved laws for the con-

servative systems.[14] Levi et al. presented a method

for calculating the Lie point symmetries of the dif-

ference equations with one or several independent

variables.[15] They also proposed an approach on the

applications of the Lie group theory to the differ-

ence equations and the discrete mechanical systems in

Refs. [16] and [17], in which the Lie group acts on the

equation, but not on the lattice. Dorodnitsyn gave

a different approach, in which the Lie group trans-

formations act both on the difference equations and

the lattice.[18,19] Based on those two approaches, re-

searchers generalized those theories to many kinds of

mechanical systems.[20−24] However, there are many

evolution equations without appropriate or natural

Lagrangian formulation. For those equations, one

may prefer the Hamiltonian viewpoint. So studies

on the discrete Hamiltonian system shoud be consid-
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ered. Dorodnitsyn and Kozlov considered the rela-

tion between symmetries and first integrals for both

continuous canonical Hamiltonian equations and dis-

crete ones[25] Chen et al. studied the total variation in

the Hamiltonian formalism and the symplectic-energy

integrators.[26] Zhang et al. obtained the discrete vari-

ational principle in the Hamiltonian formalism and the

first integrals.[27] Wang et al. obtained the discrete

analogue of Noether’s identity and the forms of the

Noether conserved quantity for the nonconservative

and nonholonomic Hamiltonian system.[28]

The Lie group theory itself started out as a the-

ory of transformation of solutions of the differential

equations.[29] Lie point transformations have a clear

geometrical interpretation, and one can construct the

orbits if the group is in a finite dimensional space of in-

dependent and dependent variables. The applications

of the Lie group theory to the difference equations

are much more recent.[30−36] Whereas, the applica-

tions of the Lie symmetries of a discrete nonholonomic

Hamiltonian with irregular lattice have not been inves-

tigated. In this paper, we apply the Lie point transfor-

mation to nonholonomic Hamiltonian systems. This

paper is organized as follows. In Section 2, we give

the equations of motion for the nonholonomic Hamil-

tonian systems. In Section 3, the Lie group transfor-

mations acting both on the difference equations and

the lattice are considered, the determining equations

of the Lie symmetries are obtained for the systems

by using the Lie point symmetries, and the discrete

analogue of the Noether conserved quantity is con-

structed. The conclusion is drawn in Section 5 after

an illustrated example is given in Section 4.

2. Generalized Hamiltonian

equations of discrete nonholo-

nomic systems

2.1.Transformation operators in the

space of discrete Hamiltonians

We consider space z of sequence (t, q,p), and de-

note the first-order linear differential operator by

D =
∂

∂t
+ q̇i

∂

∂qi
+ ṗi

∂

∂pi
+ · · · . (1)

We fix an arbitrary parameter value h > 0, and form

a pair of operators of discrete transformation to the

right and the left

S+h = ehD =
∞∑
i=0

hi

s!
Di,

S−h = e−hD =
∞∑
i=0

(−h)i

s!
Di, (s = 1, . . . , n), (2)

where D is the derivation in z operators, S+h and

S−h commute with each other and satisfy S+hS−h =

S−hS+h = 1. Consider difference Hamiltonian equa-

tions at some lattice point (t, q,p). Generally, the

lattice is irregular. The notations are given in Fig. 1.

Fig. 1. Elementary stencil for a three-point difference

equation.

Using S+h and S−h, we define a pair of right and

left discrete (finite-difference) differentiation operators

by setting

D−h =
1− S−h

h
=

∞∑
i=1

hi−1

s!
Di,

D+h =
S+h − 1

h
=

∞∑
i=1

(−h)i−1

s!
Di. (3)

Operators S+h, S−h, D+h and D−h commute in any

combination, while D+h = D−hS+h, D−h = D+hS−h.

By definition, we extend the action of discrete

shift S+h to functions in the Euclidean space A

S+h (F (z)) = F (S+h(z)) . (4)

This permits finding the difference derivatives of F ∈
A in the form

D±h (F (z)) = ±F (S±h(z))− F (z)

h
. (5)

Starting from this definition, it is easy to intro-

duce the discrete Leibniz rule for the operators of right

and left discrete differentiation

D+h(FG) = D+h(F )G+ FD+h(G)

+ hD+h(F )D+h(G), (6)

where F , G ∈ A. We simply give the proof of the

equation of the Leibniz rule by using Eqs. (4) and (5)

D+h(FG)

=
S+h (FG)− FG

h

070202-2



Chin. Phys. B Vol. 21, No. 7 (2012) 070202

=
S+h (F )G− FG

h
+
FS+h (G)− FG

h

+ h
(S+h (F )− F ) (S+h (G)−G)

h2

= D+h(F )G+ FD+h(G) + hD+h(F )D+h(G).

In the same way, we have

D−h(FG) = D−h(F )G+ FD−h(G)

− hD−h(F )D−h(G). (7)

2.2.Discrete Hamiltonian equations and

energy equations with nonholo-

nomic constraints

In this paper, the Noether conserved quantities

and the Lie point symmetries for the difference non-

holonomic Hamiltonian systems are studied. The

results will be built upon those for the continuous

canonical Hamiltonian equations with nonholonomic

constraints[5]

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
+Qs + Λs, (8)

where Qs and Λs are the nonpotential generalized

forces and the generalized nonholonomic reactive con-

straint forces, respectively, and they are functions of

t, q, p. Now we consider the difference nonholonomic

Hamiltonian equation at some lattice point (t, q,p).

Suppose an n-dimensional configuration manifold q =

{q1, . . . , qn}, p = {p1, . . . , pn} and discrete Hamilto-

nian function H = H(t, t+, q,p
+) subjected to g (g >

0) ideal bilateral discrete constraints of the form[37]

fβ = fβ(t, t+, q,p,D+h(q
i),D+h(pi)),

(β = 1, . . . , g, i = 1, . . . , n), (9)

which satisfy the Appell–Chetaev’s condition

∂fβ
∂D+h(qi)

δqi = 0, (i = 1, . . . , n), (10)

where δq̃i is the discrete virtual placement satisfying

δqi = ∆qi −
qi+ − qi

h+
∆t = ε

(
ηi −

qi+ − qi

h+
ξ

)
, (11)

with ηi and ξ being the generators of the one-

parameter infinitesimal transformation group. The

Hamiltonian equations can be obtained by using the

variational principle from the finite-difference func-

tional Hamiltonian action

Hh =
∑
Ω

[p+i (q
i
+ − qi)−H(t, t+, q,p

+)h+] (12)

and

∆Hh = −
∑
Ω

[
Qi(t, t+, q,p

+) + Λi(t, t+, q,p
+)
]

× h+δq
i, (13)

where Qi = Qi(t, t+, q,p
+) is the discrete force, λβ

is the constrained multiplier, Λi = Λi(t, t+, q,p
+) =

λβ∂fβ/[∂D+h(q
i)] is the discrete generalized nonholo-

nomic reactive constraint force. The variation of func-

tion Hh along a curve qi = φi(t), pi = ψi(t) at some

point (t, q,p) will affect only two terms of the sum in

Eq. (12)

Hh = · · ·+ pi(q
i − qi−)−H(t−, t, q−,p)h−

+ p+i (q
i
+ − qi)−H(t, t+, q,p

+)h+

+ · · · . (14)

So

∆Hh

=
∂Hh

∂pi
∆pi +

∂Hh

∂qi
∆qi +

∂Hh

∂t
∆t

= −
[
Qi(t, t+, q,p

+) + Λi(t, t+, q,p
+)
]
h+δq

i. (15)

Substituting Eq. (11) into Eq. (15), we obtain

∂Hh

∂pi
∆pi +

[
∂Hh

∂qi
+ (Qi + Λi)h+

]
∆qi

+

[
∂Hh

∂t
− (qi+ − qi)(Qi + Λi)

]
∆t = 0. (16)

With the help of Eq. (14), we obtain the expres-

sion [
qi − qi− − h−

∂H−

∂pi

]
∆pi

−
[
p+i − pi + h+

∂H

∂qi
− (Qi + Λi)h+

]
∆qi

−
[
h+

∂H

∂t
−H + h−

∂H−

∂t
+H−

+ (qi+ − qi)(Qi + Λi)

]
∆t

= 0, (17)

where H = H(t, t+, q,p
+) and H− = H−(t−, t,

q−,p).

For the stationary value of discrete Hamiltonian

action (13), the system of 2n + 1 equations can be

derived as

qi − qi− − h−
∂H−

∂pi
= 0, (18)

p+i − pi + h+
∂H

∂qi
− (Qi + Λi)h+ = 0, (19)

h+
∂H

∂t
−H + h−

∂H−

∂t
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+ H− + (qi+ − qi)(Qi + Λi) = 0. (20)

According to the total left shift and right shift op-

erators and discrete derivation operators, expressions

(18)–(20) can be written as

D+h(q
i) =

qi+ − qi

h+
=

∂H

∂p+
i

, (21)

D+h(pi) =
p+i − pi
h+

= −∂H
∂qi

+Qi + Λi, (22)

h+
∂H

∂t
−H + h−

∂H−

∂t
+H−

+ D+h(q
i)(Qi + Λi)h+ = 0. (23)

Note that the first 2n equations (Eqs. (21) and (22))

are first-order difference equations, which are the gen-

eralized discrete nonholonomic canonical Hamiltonian

equations. Equation (23) is of the second order, it

defines the lattice on which the canonical Hamilto-

nian equations with nonholonomic constraints are dis-

cretized, which is the energy equation. In the contin-

uous limit, the lattice equation disappears. Equations

(21)–(23) require the discrete equations of the non-

holonomic Hamiltonian systems.

3. Noether conserved quantities

and Lie point symmetries

3.1. Lie point symmetries of difference

equations of nonholonomic mechan-

ical systems

The first steps in the construction of the Lie

symmetries for difference equations were taken by

Maeda in 1980.[30] Later it was extended by many

researchers.[31−35] On the base of these, we general-

ize the theory of the Lie symmetry to the discrete

nonholonomic Hamiltonian equations.

We introduce the infinitesimal transformations

with respect to time, generalized coordinates, and gen-

eralized momenta as

∆t = t+ εξ(t, q,p),

∆qi = qi + εηi(t, q,p),

∆pi = pi + εζi(t, q,p), (24)

where ε is a small parameter, and infinitesimal gener-

ators ξ, ηi, ζi constitute the Lie group of the infinites-

imal transformations. The Lie group is completely

defined by the operator

X = ξ(t, q,p)
∂

∂t
+ ηi(t, q,p)

∂

∂qi

+ ζi(t, q,p)
∂

∂pi
, (25)

where q = {q1, . . . , qn}, and p = {p1, . . . , pn}. To
consider the difference equations, we need three points

of a lattice. The prolongation of the Lie group opera-

tor (25) for points (t−, q−,p
−) and (t+, q+,p

+) is[38]

PrX̄ = ξ
∂

∂t
+ ηi

∂

∂qi
+ ζi

∂

∂pi
+ ξ−

∂

∂t−
+ ηi−

∂

∂qi−

+ ζ−i
∂

∂p−i
+ ξ+

∂

∂t+
+ ηi+

∂

∂qi+

+ ζ+i
∂

∂p+i
+ (ξ+ − ξ)

∂

∂h+

+ (ξ − ξ−)
∂

∂h−
, (26)

where ξ− = ξ(t−, q−,p
−), ηi− = ηi(t−, q−,p

−),

ζ−i = ζi(t−, q−,p
−), ξ+ = ξ(t+, q+,p

+), ηi+ =

ηi(t+, q+,p
+), and ζ+i = ζi(t+, q+,p

+).

In Eqs. (7), (24), and (25),

D+h(q
i) =

qi+ − qi

t+ − t
=
qi+ − qi

h+
,

D−h(q
i) =

qi − qi−
t− t−

=
qi − qi−
h−

,

D+h(p
i) =

pi+ − pi

t+ − t
=
pi+ − pi

h+
,

D−h(p
i) =

pi − pi−
t− t−

=
pi − pi−
h−

. (27)

Equations (21)–(23) can be discretized to

E1(t, t+, t−, q,p, q−,p−, q+,p+)

= D+h(q
i)− ∂H

∂p+i
= 0, (28)

E2(t, t+, t−, q,p, q−,p−, q+,p+)

= D+h(pi) +
∂H

∂qi
−Qi − Λi = 0, (29)

Ω(t, t+, t−, q,p, q−,p−, q+,p+)

= h+
∂H

∂t
−H + h−

∂H−

∂t
+H−

+ D+h(q
i)(Qi + Λi)h+

= 0. (30)

The requirement that Eqs. (28)–(30) should be invari-

ant under the considered group translates into

PrX̄E1

∣∣
E1=0,E2=0,Ω=0

= 0, (31)

PrX̄E2|E1=0,E2=0,Ω=0 = 0, (32)
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PrX̄Ω|E1=0,E2=0,Ω=0 = 0. (33)

Equations (31)–(33) are the determining equations of

the Lie symmetries for the nonholonomic Hamiltonian

systems.

3.2.Noether conserved quantities asso-

ciated with the Lie point symme-

tries

The Lie symmetries can be carried over from the

continuous case to the discrete case, so we can use

the Lie symmetries of discrete equations to find con-

servation laws. Just as in the continuous case, the

invariance of difference nonholonomic Hamiltonian on

a specified mesh yields the first integrals of the dis-

crete system. Based on Ref. [25], Dorodnitsyn and

Kozlov gave the discrete Hamiltonian identity for the

discrete Hamiltonian equations as

ζ+i D+h(q
i) + p+i D+h(η

i)

− X(H)−HD+h(ξ) + D+h(Gi)

≡ ξ

(
D+h(H

−)− ∂H

∂t
− h−
h+

∂H−

∂t

)
− ηi

(
D+h(pi) +

∂H

∂qi

)
+ ζ+i

(
D+h(q

i)− ∂H

∂p+i

)
+ D+h

(
ηipi − ξ

(
H− + h−

∂H−

∂t

)
+Gi

)
. (34)

Similarly, we obtain the discrete Hamiltonian identity

for the discrete nonholonomic Hamiltonian

ζ+i D+h(q
i) + p+i D+h(η

i)−X(H)−HD+h(ξ)

+ (Qi + Λi)[ηi −D+h(q
i)ξ] + D+h(Gi)

≡ ξ

(
D+h(H

−)− ∂H

∂t
− h−
h+

∂H−

∂t

− (Qi + Λi)D+h(q
i)

)

− ηi

(
D+h(pi) +

∂H

∂qi
− (Qi + Λi)

)

+ ζ+i

(
D+h(q

i)− ∂H

∂p+i

)
+ D+h

(
ηipi − ξ

(
H− + h−

∂H−

∂t

)
+Gi

)
. (35)

If the left-hand side of Eq. (35) equals zero, i.e.,

ζ+i D+h(q
i) + p+i D+h(η

i)−X(H)−HD+h(ξ)

+ (Qi + Λi)[ηi −D+h(q
i)ξ] + D+h(Gi) = 0, (36)

it is called the discrete analogue of the generalized

Noether-type identity for the system. The right-hand

side of Eq. (35) equals zero when

D+h(q
i)− ∂H

∂p+i
= 0, (37)

D+h(pi) +
∂H

∂qi
+ (Qi + Λi) = 0, (38)

D+h(H
−)− ∂H

∂t
− h−
h+

∂H−

∂t
− (Qi + Λi)D+h(q

i)

= 0, (39)

which are called the generalized quasi-extremal equa-

tions for the nonholonomic Hamiltonian system. Then

the systems possess the discrete analogue of the con-

servation law

D+h

(
ηipi − ξ

(
H− + h−

∂H−

∂t

)
+Gi

)
= 0, (40)

namely

I = ηipi − ξ

(
H− + h−

∂H−

∂t

)
+Gi = 0. (41)

The difference Eq. (41) is called the difference ana-

logue of the Noether conservation laws associated with

the discrete nonholonomic Hamiltonian system.

Theorem 1 If a discrete regular function Gi =

Gi(t, t+, q,p
+) exists such that the infinitesimal trans-

formation generators ξ, ηi, ζi or the symmetry oper-

ators X satisfy the discrete Noether identity (36) and

the discrete analogue of the Appell–Chetaev condi-

tion (10), then the nonholonomic Hamiltonian system

(Eqs. (9), (21)–(23)) possesses the discrete conserved

quantity (41).

This theorem is the discrete analogue of the gen-

eralized Noether theorem associated with the nonholo-

nomic Hamiltonian system.

One of our main interests is to find the Noether

conserved quantity through the Lie symmetry of such

systems. In the Hamiltonian formulation with non-

holonomic constraints, under certain conditions, the

Lie point symmetry can lead to the Noether conserved

quantity. We state the discrete analogues of the Lie

theorem associated with the Lie point symmetry for

the nonholonomic mechanical systems.

Theorem 2 If the infinitesimal transforma-

tion generators ξ, ηi, ζi satisfy the determining

Eqs. (31)–(33), the discrete regular function Gi =

Gi(t, t+, q,p
+) exists, the discrete Noether identity

(36) is satisfied, then the Lie point symmetry of

the corresponding holonomic Hamiltonian system pos-

sesses the discrete conserved quantity (41).
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Theorem 3 If the infinitesimal transformation

generators ξ, ηi, ζi satisfy the determining Eq. (31)–

(33), the regular function Gi = Gi(t, t+, q,p
+) exists,

the discrete Noether identity (36) and the Appell–

Chetaev condition (10) are satisfied, then the Lie point

symmetry of the nonholonomic Hamiltonian system

possesses the finite-difference conserved quantity (41).

Theorem 3 is the generalized Lie theorem for the

nonholonomic Hamiltonian system.

4. An example

In this section, we present an example, which

demonstrates how the Lie symmetry of a nonholo-

nomic Hamiltonian system can be reduced and how

to obtain the conservation laws for this system. We

consider a dynamical system, the Hamiltonian and the

nonholonomic constraint are, respectively,

H =
1

2
p2+ + q, (42)

f =
h+

D+h(q)
−D+h(q)− h+ + p = 0. (43)

The Hamiltonian equations and the lattice can be

rewritten as

D+h(q) = p+, D+h(p) = −1 +
1

p+
, (44)

1

2
p2+ − 1

2
p2 + q − q− − h+ = 0. (45)

We have

E1 = D+h(q)− p+ = 0, (46)

E2 = D+h(p) + 1− 1

p+
= 0, (47)

Ω =
1

2
p2+ − 1

2
p2 + q − q− − h+ = 0. (48)

Using the determining equations of Lie point sym-

metry (31)–(33), we can obtain the following equa-

tions:

η+
1

h+
− η

1

h+
− ζ+ = 0, (49)

ζ+
1

h+
− ζ

1

h+
+ ζ+

1

p2+
= 0, (50)

ζ+p+ − ζp+ η − η− − (ξ+ − ξ−) = 0. (51)

We will check the invariance of Eqs. (49)–(51)

with the operators

X1 =
∂

∂t
+

∂

∂p
, (52)

X2 =
∂

∂t
. (53)

Operators (52) and (53) satisfy the Lie symmetries of

the nonholonomic Hamiltonian.

The Noether identity (36) has the following ex-

pression:

ζ+D+h(q) + p+D+h(η)− η
∂H

∂q
− ζ+

∂H

∂p+
− HD+h(ξ) + Λ(η −D+h(q)ξ)

+ D+h(G) = 0. (54)

The equation of the discrete Appell–Chetaev’s condi-

tion (10) can be rewritten as

∂fβ
∂D+h(qi)

ε

(
ηi −

qi+ − qi

h+
ξ

)
= 0. (55)

For the symmetry operator X1, we have the divergence

invariance condition

−1 +
1

p+
(1−D+h(q)) + D+h(G

1) = 0 (56)

fulfilled on Eqs. (49)–(51), (54), and (55) with the

function G1 = −p + t. Using Eq. (41), we can ob-

tain the discrete analogue of the Noether conserved

quantity for the system

I1 = −1

2
p2 − q− + t = const. (57)

For the symmetry operators X2, we have

−1 + D+h(G
2) = 0 (58)

satisfied Eqs. (49)–(51), and (54), not satisfied

Eq. (55), with the function G2 = t + h+/p+ − p+ −
h+ + p. Therefore, we can obtain the discrete first

integral of the corresponding holonomic Hamiltonian

system

I2 = −1

2
p2 − q− + t+

h+
p+

− p+ − h+ + p

= const. (59)

5. Conclusion

In this paper, we present the Lie symmetries

and the Noether’s theorem for discrete nonholonomic

Hamiltonian systems. Similar to the continuous case,

the approach to getting the Lie symmetries of the

continuous systems is applied to the difference ones.

The determining equations of the Lie symmetries on

the discretization of Hamiltonian equations of non-

holonomic mechanical systems are obtained. Using

the connection between symmetries and conservation

laws, we can obtain the condition under which the

Lie symmetries can lead to the conserved quantities
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for nonholonomic mechanical systems: the infinitesi-

mal generators and the regular functions satisfy the

Appell–Chetaev’s condition, the determining equa-

tions of the Lie symmetries, and the discrete Noether

identity. The results of this paper can be extended

on the Hamiltonian systems with variable mass. The

work is in progress on the Hojman conserved quan-

tities for discrete nonholonomic Hamiltonian systems

constructed by the continuous symmetries. We also

plan to study the relations between the symmetries of

the discrete systems and the corresponding continuous

ones, and discuss whether all the continuous conser-

vation laws remain under the discretization.
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